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Sagaun g 10 KJjacca

Kasxkpast 3apada omeHuBaeTcs B 7 6annoB. KpuTepuu pAAST OTAEABHBIX 33734 HAIle9aTaHbI CEPBIM.

1. TleTs paspeAma KPYT TPEMSI IPSIMBIMY Ha 7 9acTel ¥ HaIMCaA B HUX 7 PA3AUYHBIX IIEABIX YHCEA
TaK, YTO CYMMBI YUCEA, CTOSIINX II0 OAHY U IIO APYT'YIO CTOPOHY OT Ka’KAOW M3 IPSMBIX, OBIAK
opAVHAKOBEL. OAHO M3 YMCEA PAaBHO HYAIO. JOKa>XUTe, YTO KAKOE-TO YUCAO OTPHUIIATEABHO.

Pemntenne. PaszbepéM Tpu cAygas paclIoOAOXKEHUSI HYAS (IO KapTHHKE Ha KadKABIH cAydail).
Ha xapTuHKax cyMMa >KEATHIX CEKTOPOB PaBHA CYMMe PO30BBIX (IIOCKOABKY JKEATHIE + OpaH-
JKEBEIE = PO30BBIE + OPaH>XEBBIE = IIOAYCYMMa BCEX YUCEA). BHAMM, YTO IepBLIE ABA CAyYas
BOOOIIIE HEBO3MOJKHEL (€CTh COBIIAAAIOIINE YUCAA), @ B TPETHEM CAYYaE OAHO U3 UHCEA G U —a
OTPHUIATEABHO.

Kpurepun. Ecau pasobpaHEBl He BCe CAyHay, TO AAETCH He BoabIe 2 HaANOB.

2. B ceanckoM kKaybe IPOBOAUTCS YEMIMOHAT II0 IIaXMaTaM: Ka>XABIZ YIaCTHUK AOAXKEH CHIIPATh
C Ka’XABIM IIO OAHOM HmapTuu. B KAybe TOABKO OpHA AOCKA, IIOSTOMY ABE IIAPTUM HE MOTYT
IIPOXOAUTE OAHOBPEMEHHO. [I0 pernaMeHTy 4yeMIIroOHaTa, B AI0O0M MOMEHT YKUCAO IIApPTHUi, YiKe
CHITPAHHBIX PA3HBIMU YYaCTHUKAMHU, AOAXKHO Pa3AMYIATHECS He boaee deM Ha 1. \OKa>kuTe, UTO
Ipu A0OOM YHUCAE YIACTHUKOB MOXKHO IIPOBECTH YEMIIMOHAT C CODAIOAECHMEM PErAaMeHTa.

Pemntenne. a) PaccMoTpuMm caywait ¢ YETHBIM YUCAOM UIPOKOB 7. Pa3obbéM YeMIMOHAT Ha
OTAEAbHBIE KPYT'H, TaK YTO B KPyre HOMEP ¢ UI'PAIOT YYACTHUKY, CyMMa HOMEPOB KOTOPHIX
CpaBHUMaA C 7 II0 MOAYAIO n. Toraa B Ka’KAOM KPyTe Ka>kKABIM UTPOK UI'PaeT POBHO OAWH pas, X
II0 OKOHYAHUY KPyTra BCe CHII'PaLU IIOPOBHY.

6) IlycTb UrPOKOB HEYETHOE KOAUIECTBO.

1. ITpoBeaEM BCe MaTYX C CyMMOR HOMEPOB 2 110 MOAYAIO 1 (UIpok 1 oTakixaeT). [IpoBepém MaTd
1n. IIpoBeaEM Bce MaT4M C CyMMOR HOMEPOB 7 IO MOAYAIO N (AIPOK 7 OTAbIXaeT). [lo mroram
3TOr'0 «ABOMHOI'O Kpyray BCe CHITPAAM IIO ABa MaTda ¥ B IIPOIeCcCe BCE OBINO IO PETAAMEHTY.
2. IIpoaenraeM TO ke, 3aMeHUB UIPOKOB 1 ®m Ha 2 un — 1, a cymmer — Ha 2-2 1 2(n — 1).
AeiicTByeM Tak u panee. B uTore B k-M KpPyre IPOXOAST BCE MATYM C CyMMO# MOAyAed 2k u
2(n + 1 — k), a Tak)Xe OYepPEAHON MaTY C CyMMO# MOAyAeil 1 (KoTopast He IOAYYAETCs TaKAM
criocoboMm), k meHsiercst ot 1 a0 (n —1)/2.

Kpurepun. Cayuait u€raoro n oueHuBaercs B 3 bannra, caydayt Heu€THOro n — B 4 Hbaana. Ecam

TIPUBEAEHA TOABKO UAESI Pa3OMeHNUsT YIaCTHUKOB Ha IIapHl, TO AA€TCs 1 Haan.

3. AoKa’kuTe, UYTO MOXXHO pa3pe3aTh IPaBUABHBIY NATUYTOABHUK Ha 4 9acTH, U3 KOTOPLIX 6e3
IIPOCBETOB ¥ HAAOXKEHUHM COCTABASIETCS IPSIMOYTOABHUK.
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Penrenue. OTpe3aB ¥ IEPENOKUB TPEYTOABHUK, MOXKHO IOAYYUTE TPAIEIUIO (9TO CAEAYET U3
OTMEYEHHEIX YyIAOB U PaBEHCTBa CTOPOH). Aaaee, OTPe3aB OT TPAIENUN ABa IPSIMOYIOABHBIX
TPEYTOABHUKA, [IOBEPHEM UX U IOAYIUM IPSIMOYTOABHUK (CM. PUCYHOK).

108°

R

4. ByaeMm HasbIBaTb TOUKY Y006HOU AAST OKPYKHOCTH, €CAM YTOA MEXKAY KacaTEAbHBIMU, IIPO-
BEAEHHBIMU U3 3TOM TOYKM K OKPY>XHOCTH, paBeH 60°. ABe OKPY>XHOCTU C IeHTpamu A u B
KacaloTCsI APYT APYyTa, a Touka M siBAsIeTCsT yAODHOM AAST KaXkKAO# U3 HuX. HaliauTe oTHOIIEHNE
PaAKYCOB OKpYy>kHOCTeH, ecAm AABM TpsiMOYTOABHBIHN.

Pemrenne. 3amerum (cM. puc. 1), uro Touka M ypobHA AAST OKPYIRHOCTH C IeHTpoM O Toraa
¥ TOABKO TOTAQ, Koraa OM BaBOe GOABIIE papmyca.

N,
60° 30 M '
| 1 2a M 2b

He ymansisg obmHoCcTH, IyCTh OKPYKHOCTYA UMEIOT PAAUYCHL 7'4 > T'p. 1aK KaK OHU KacaloTCsd,

To AB = r4 + rp (IAIOC IpU BHENIHEM KaCaHWZ ¥ MUHYC IPX BHYTpeHHeM, cM. puc. 2). C
Apyro#t cropousl, AM = 2r, u BM = 2rg, noromy uTo M ypobHas aast obeux okpy>kHocTel. B
Tpeyroabauke AM B cTropona AM SBASIETCS TUIIOTEHY30M, TaK KaK 274 > 2rg MW 274 > T4+ Tp.
[lornygaem ypaBHeHUE

4r3 = 4r3 + 13 £ 21T + T,

TO ecTb 3r% = 51r% 427475, EcAu Kacanue BHyTpeHHee, TO Ty = T'g, HO Toraa A = B u AM B He
6yaeT TpeyroabHUKOM. EcAM Jke KacaHue BHEMIHee, TO T4 = 375. CAEAOBATEABHO, OTHOIIEHHE
PaAUyCOB pPaBHO 3 : b.

Kpurepun. EcAu He yIUTEIBAETCS, YTO OKPYKHOCTH MOI'YT KacaTbCsl BHYTPEHHUM 0Opa3oM, TO CHU-

MaeTcs 2 baana.

5. CKOABKO pellleHui B HaTypaAbHEIX YUCAaxX uMeeT ypaBHeHuE (a + 1)(b+ 1)(c+ 1) = 2abc?

Pemrenue. Ilepenuinem ypasuenue B Buae (1+1/a)(14+1/b)(1+1/c) = 2. B cuay cummerpun
AocTaTouHO Hatiu Bce pemenusi c a < b < ¢. Toraa (1+1/a)® > 2, Toecto a < (v2—-1)"1 < 4
ua € {1,2,3}. B caygae a = 1 BeImOAHeHO HepaseHCTBO 2(1 + 1/b)? > 2, To ecThb pemeHuit
meT. Bcam a = 2, To 3(1+ 1/6) > 2, To ectb 2 < b < (%ﬁ — 1)t < 7. B arom caydae
mmeercst 3 pemenus (a,b, c) = (2,4,15),(2,5,9),(2,6,7) (upz b = 2 u b = 3 ypaBHeHKE Ha C

He IMeeT PelIeHM# B HAaTypaAbHBIX dncAax). Hakomem, ecam a = 3, To 3(1 + 1/b)? > 2, To

ectb 3 < b < (\/g —1)7! < 5. Oro paér emgé 2 pemenus (a,b,c) = (3,3,8),(3,4,5). C yuérom
IIepPeCTaHOBOK BCETO UMeeTCsI 27 pelleHuil.

Kpurepun. Ecam zHajipeHa TOABKO 9acThb PELIEHUR, TO AAETCs He boablle 2 6aAnoB.

16



6. Ilapk mpeacTaBasieT coboir kBaapar 10x 10 kaeTok. B A106yi0 KAETKY MOYKHO IIOCTaBUTH (PO-
Hapb (HO He 6onee OAHOrO POHAPSI B KAXKAOU KAETKE).
a) [Tapk HasBIBaeTCS 0CBEULEHHDBIM, ECAT, B KAKOM OBI KAETKE HU HaXOAUACS IIOCETUTEAD, Hall-
AETCST KBaApaT U3 9 KAETOK, COAEPIKAIIUN U IIOCETUTEASI, U KaKOW-HUOyAR doHaph. KakoBo
MUHEMAABHOE KOAMYECTBO (DOHAPEN B OCBELIEHHOM ITapKe?
6) [Tapx Ha3BIBAETCSI HAOENHCHO OCBEWLEHHDBIM, ECAX OH OCTAETCSI OCBEIIEHHBEIM AAXKe IIOCAE
IIOAOMKHK OAHOTO Afoboro ¢onapsi. KakoBo MUHMMaAbHOE KOAWYECTBO (POHAPEN B HAAEKHO
OCBEIIIEHHOM IIapKe?

Pemtenue. a) 4. Pa3obpéM mapk Ha 4 deTBepTH (KBappara 5 X 5), Toraa B Ka>KAO#M 4eTBepTH
MOAIKEH OBITH XOTsT OBI OAMH POHAPE (AAST OCBEIIEHWSI, HAIPUAMED, YIAOBBIX KAETOK ). CTaBst 1o
doHapIO B IIEHTPE KA>KAOH YETBEPTH, IIOAYUIAEM IIPUMEP.

6) 10.

Onenka. B xa>xpaoM yraoBoM KBaapare 3 X 3 AOAKHO OBITH XOTs 6B ABa oHAPS (AASI OCBelIle-
HUSI YTAOBOM KAeTKHZ). BpeMeHHO ocTaBUM TOABKO 3TU 8 poHapei. Ka>KAbIi U3 HUX OCBEIIAeT
TOABKO B IIPEAEAAX CBOEH UETBEPTH, IPUIEM ECAU CAOMAETCS (POHAPE B I[EHTPE YETBEPTH (UAK
€CAZ OH TaM OTCYTCTBYET), TO KaKasi-TO ISITUKAETOYHAS TIOAOCKA BHYTPH TON YeTBEPTH, I'Pa-
HUYAIAasi C APYyro#l 4eTBEPTHIO, TOYHO He OYAET OCBeleHa. 3aMeTuM, UTO OObeAMHEHME ABYX
TaKUX IIOAOCOK AASI IPOTUBOIIOAOXKHBIX UETBEPTEN B AIOOOM CAydYae HEAB3SI OCBETUTH OAHUM
doHapPEM, ITOITOMY IOHAAODATCS eImme XoTs OBl ABa PoHAPS.

* *
* *
* *
[Tpumep:
* *
* *

Kpurepun. B myHKTe a) 3a OLEHKY ¥ IpuMep Aaércs o 1 baany. B myHKTe 6) 3a OIeHKY AaéTcs 3

baana (u3 Hux 1 6ann, ecAM AOKa3aHO, 4TO 8 (poHApel HEAOCTATOUYHO), a 3a IpuMep — 2 Harra.

7. f(z) — auneliHas pyHKIusa, npudéM ypaBHerue f(f(z)) = = + 1 He uMeeT pemenuit. HaiiauTe
Bce BoaMoxkHbIe 3HaveHus Beandnsrl f(f(f(f(f(2022))))) — f(f(f(2022))) — f(f(2022)).

Pemenne. Ilycts f(z) = kz + b, Torpa f(f(z)) = k(kz + b) + b = k*z + kb + b. YpaBHeHuE
MOPKET He UMETb PellleHuit TOALKO pH k2 = 1, To ecTb AAST QYHKINI T + b UAM —ZT + b, IO3TOMY
B OTBeTe HoAydaeTcss aubo (2022 + 5b) — (2022 + 3b) — (2022 + 2b) = —2022, Aubo

(—2022 + b) — (—2022 + b) — 2022 = —2022.

OrBer: —2022.

Kpurepun. 3a npobenbl B A0OKAa3aTEALCTBE TOTO, UTO k = +1, cuuMaeTcst He boable 2 6aANOB.

8. HazoBém sgppexmusrHocmsbro HaTYyPAABHOTO YUCAA 1L AOAIO BCEX HATYPAABHBIX YUCEA OT 1 A0
7. BKAIOYUTEABHO, UMEIOIINUX C 7 obIIuit peAmTendb, boabmuit 1. Hanpumep, s3dbdeKTUBHOCTD
qmcaa 6 paBHa 2.

a) CymectByer Au 4ucao ¢ 3dderTuBHOCTEIO 60nree 80%7? Ecau pa, HallAuTe HauMeHBIIEE
TaKO€ YUCAO.

6) CymecTByeT AKX IUCAO, 3DDEKTUBHOCTE KOTOPOT0 MaKCHMaAbHa (TO €CTh He MeHbIIe, YeM
y Atoboro apyroro ducaa)? HEcau aa, HafiaAuTe HauMeHbIee TaKoe YUCAO.
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Pemrenue. Ilepeiipém K usydenuro HeaddekTuBHOCTH (1 MuHyC 3¢hdekTrBHOCTS). 13 hopmy-
ABL AAST QYHKIIYE D#aepa CAEAYeT, YTO OHa paBHA p;—zl . p’;—;l, TA€ D1, ..., Pr — BCEBO3MOXK-

Hble Pa3AWYHLIE IPOCTBIE AEAUTEAU 7. Torpa, A0DABASS HOBBIM IIPOCTOM MHOMXUTEAL, MOYKHO
IIOBEICUTE 3 (EKTUBHOCTD, TO €CTh B IYHKTE (6) OTBET «HETY.

Haunmenburee gucao ¢ adpderTuBHOCTEIO 6oAbIIe 80% — 9T0 2-3-5-7-11-13 = 30030. Ero

1,2, 4,6, 10 12 _ 809
3 eRTUBHOCTE PaBHA 1 — 5 5 £ 2 17" 15" = Too1-

MEHBIIINE €T'0 YMUCAA. AEfICTBI/ITeAbHO, HaAWYHE IIPOCTOI'O MHOJKUTEAS B CTEIICHU BEIIIIE HepBOfI

Aokra>keM, 4TO OHO 3¢ PEKTUBHEE, IEM BCE

He BAUSIET Ha 3P(PEKTUBHOCTD, 3HAUUT, ¥ UCKOMOT'O YUCAA BCE MHOKUTEAU B IIEPBOY CTENIEHMU.
BEcau MHOXKUTEAU HE SIBASIIOTCS IIOAPSIA MAYIIUMYU IIPOCTBIMU YMCAAME, TO IIPX 3aMEHE OAHOTO
U3 IIPOCTBIX YUCEA Ha MeHbINee 3(p(PEKTUBHOCTD YBEAUUUTCSI. SHAYUUT, «PEKOPABI 3D PEeKTUB-
HOCTU» MOI'YT CTaBUTBh TOABKO YMCAA BUAA «IIPOU3BEAEHUE IIEPBBIX HECKOABKUX IIPOCTHIXY ; HO
3 PEKTUBHOCTE YncAd 2 -3 -5 7+ 11 cAMITKOM Mana.

Kpurepun. IIyHKT a) omeHuBaercst B 5 6aAn0B, IYHKT 6) — B 2 Haana.
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International Mathematical Olympiad
«Formula of Unitys / «The Third Millenniums»
Year 2022/2023. Qualifying round

Problems for grade R10

Each task is assessed at 7 points. Some problems have their own criteria (printed in gray).

1. A circle is divided into 7 parts by 3 lines. Maria wrote 7 different integers into these parts
(one number in each part) so that the sum of numbers on one side of each line is equal to the
sum of numbers on the other side. One of the numbers is 0. Prove that some other number is
negative.

Solution. Let’s analyze three cases of zero location. On the pictures, the sum of the yellow
sectors is equal to the sum of the pink ones (because yellow + orange = pink + orange = half
the sum of all numbers). We see that the first two cases are impossible (because some numbers
are equal), and in the third case one of the numbers a and —a is negative.

a -a
0 a a

Criteria. Not more than 2 points if not all the cases are considered.

2. A chess championship is held in a village club: each participant must play one game with
each other. There is only one board in the club, so two games cannot be played at the same
time. According to the rules of the championship, at any moment the number of games already
played by different participants must differ by no more than 1. Prove that, for any number of
participants, it is possible to hold the championship in compliance with the rules.

Solution. a) Consider the case with an even number of players n. Let’s divide the championship
into separate circles, so that in circle number 7 there are participants whose sum of numbers
equals 2 modulo n. Then in each round each player plays exactly once, and at the end of the
round everyone has played the same number of games.

b) Let there be an odd number of players.

1. Let’s play all matches with the sum of numbers 2 modulo n (player 1 rests). Let’s play a 1n
match. Let’s play all the matches with the sum of the numbers 0 modulo n (player n rests).
As a result of this “double round”, everyone played two matches, and all the rules are followed.

2. Let’s do the same, replacing the players 1 and n with 2 and n — 1, and the sums — with 2-2
and 2(n — 1).

We continue to do so. As a result, in the kth round (k =1,2,...,(n — 1)/2), all matches with
the sum of remainders 2k and 2(n + 1 — k) take place, as well as the next match with the sum
of remainders 1 (which cannot be obtained in this way).

Criteria. The case of even 7 is worth 3 points, the case of odd n — 4 points. If only the idea of splitting

participants into pairs is given, then 1 point is given.

3. Prove that it is possible to cut a regular pentagon into 4 parts and rearrange them to make a
rectangle without gaps and overlays.
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Solution. By cutting off and shifting the triangle we obtain a trapezoid (this follows from
the angles marked on the picture and the equality of the sides). Next, cutting off two right
triangles from the trapezoid, we rotate them and get a rectangle (see figure).

108°

. We will call a point convenient for a circle if the angle between the tangents drawn from this
point to the circle is equal to 60°. Two circles with centers A and B are tangent, and the point
M is convenient for each of them. Find the ratio of the radii of the circles if AABM is a right
triangle.

Solution. Note (see fig. 1) that point M is convenient for a circle with center O if and only
if OM 1is twice the radius.

A B
° 30°
60 M
1 2a M 2b

Without loss of generality, let the circles have radii r4 > rp. Since they are touching, AB =

74+ 75 (plus when touching externally and minus when touching internally, see fig. 2). On the
other hand, AM = 2r, and BM = 2rg because M is convenient for both circles. In triangle
AMB, side AM is the hypotenuse, since 2r, > 2rg and 2r4 > r4 +75. So we get the equation

4r3 = 4r3 + 13 £ 21T + T,

l.e. 37’31 = 57’23 + 2r47p. If the tangency is internal, then 74 = r5, but then A = B and AMB
is not a triangle. If the tangency is external, then r4 = 2

575 Therefore, the ratio of the radii is
3:5.

Criteria. If it is not taken into account that the circles can touch internally, then 2 points are deducted.

. How many solutions in positive integers the equation (a + 1)(b+ 1)(c + 1) = 2abc has?

Solution. Let’s rewrite the equation as (1 + 1/a)(1 + 1/b)(1 + 1/c) = 2. By symmetry, it
suffices to find all solutions with a < b < c¢. Then (1 +1/a)® > 2,ie.a < (vV2-1)1 < 4
and a € {1,2,3}. In the case a = 1 the inequality 2(1 + 1/b)* > 2 is satisfied, i.e. there are no
solutions. If @ = 2 then (1 +1/b)? > 2,ie. 2 < b < (%ﬁ —1)"! < 7. In this case, there are
3 solutions (a,b,¢) = (2,4,15),(2,5,9),(2,6,7) (for b = 2 and b = 3 the equation on ¢ has no
solutions in natural numbers). Finally, if a = 3, then $(1+1/0)% > 2,1.e.3 < b < (\/g—l)*l <5.
This gives 2 more solutions (a,b,c) = (3,3,8),(3,4,5). Including permutations, there are 27
solutions in total.

Criteria. Not more than 2 points if only a part of the solutions is found.

. A park has a shape of a 10 x 10 cells square. A street light can be placed in any cell (but no
more than one light in each cell).
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a) A park is called illuminated if, no matter in which cell a visitor stands, there exists a square
of 9 cells containing the visitor and a light. What minimal number of lights is required to
illuminate the park?

b) A park is called securely illuminated if it remains illuminated even when one arbitrary
street light is broken. What is the minimal number of lights in a securely illuminated park?

Solution. a) 4. Let’s divide the park into 4 quarters (5 x 5 squares), then each quarter contains
at least one light (otherwise e. g. the corner is not illuminated). Placing a light in the center
of each quarter, we get an example.

b) 10.

Estimation. Each 3 x 3 corner square must contain at least two lights (to illuminate the corner
cell). Let us temporarily leave only these 8 lights. Each of them illuminates only within its
quarter, and if a light in the center of a quarter is broken (or if it doesn’t exist), then there is
a “dark” five-cell strip along the border of this quarter. Note that the union of two such strips
for opposite quarters in any case cannot be illuminated with one light, so we need at least two
more lights.

* *

* *

* *
An example:

* *

* *

Criteria. Part (a) costs 2 points (1 for the example an 1 for an estimation). In the part (b), 2 points
are given for an example and 3 points for an estimation (1 point of them for a that 8 lights are not

enough).

. f(z) is a linear function such that the equation f(f(z)) = z + 1 has no solutions. Find all

possible values of f(f(f(f(f(2022))))) — f(f(£(2022))) — F(F(2022)).

Solution. Let f(z) = kz+b, then f(f(z)) = k(kz+b)+b = k*z+kb+b. The equation may not
have solutions only for k? = 1, that is, for the functions z + b or —z + b, so the answer is either
(2022 + 5b) — (2022 4 3b) — (2022 4 2b) = —2022, or (—2022 + b) — (—2022 + b) — 2022 = —2022.

Answer: —2022.

Criteria. No more than 2 points are taken away for gaps in a proof that k = £1.

. Let’s call effictency of a positive integer n the fraction of all integers from 1 to n that have a

common divisor greater than 1 with n. For example, the efficiency of the number 6 is %

a) Is there a number with efficiency more than 80%7? If so, find the smallest such number.
b) Is there a number whose efficiency is maximal (that is, not less than that of any other
number)? If so, find the smallest such number.

Solution. Let’s study inefficiency (i. e. 1 minus efficiency). It follows from the formula of
Euler’s function that inefficiency equals to ”1}7—;1 . ...”’;—;1, where pi,...,pr are all possible
different prime divisors of n. Then, by adding a new prime factor, we can increase efficiency,
that is, in point (b) the answer is no.

The smallest number with efficiency greater than 80% is 2-3-5-7-11-13 = 30030. Its efficiency
is1—1.2.2.8.10 12 16t yg prove that it is more efficient than all its smaller numbers.

2 3 5 7 11 13
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Indeed, if a number is divisible by p* (k > 1) then we can divide it by k¥ without changing the
efficiency. So all prime factors of the desired number are different. Further, if the factors are
not consecutive prime numbers, then replacing one of them with a smaller one will increase
efficiency. This means that “efficiency records” can only be set by numbers of the form “product
of the first few primes”, and the efficiency of 2-3-5 -7 is less than 80%.

Criteria. 5 points for part (a), 2 points for (b).
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International Mathematical Olympiad
«Formula of Unitys / «The Third Millenniums»
Year 2022/2023. Qualifying round

Problems for grade R11

Each task is assessed at 7 points. Some problems have their own criteria (printed in gray).

1. Let us call a positive integer useful if its decimal notation contains neither zeroes nor equal
digits, and if the product of all its digits is divisible by the sum of these digits. Find two
maximal consecutive (i. e. differing by 1) useful numbers.

Answer: 9875213 and 9875214.

Solution. These two numbers satisfy all conditions. Let us prove that they are maximal. For
consecutive numbers, the sums of digits are consecutive (otherwise we have a transition through
the digit, that is, 0 at the end). But then the maximum possible sums of digits are 35 and 36
(among any two larger ones, from 37 to 45 = 1+...+49, at least one has a prime divisor greater
than 9). Consecutive useful numbers have no more than seven digits, otherwise the sum of their
digits will be at least 1 + ... 4+ 8 = 36 each. There are no consecutive useful numbers of the
form 9876 * x *, since the sum of digits of such numbers is at least 9+8+7+6+1+2+3 = 36.
And consecutive useful numbers of the form 9875 * x % can differ from those found only by
permutation of the last digits (otherwise the sum of their digits is greater than 36), so the
numbers we found are really the largest.

Criteria. 2 points for the answer and 5 points for an estimation.

2. Four cars A, B, C and D start simultaneously from the same point of a circular track. A and B
travel clockwise, while C and D — counter-clockwise. All cars move at constant (but pairwise
different) speeds. After exactly 7 minutes of the race A meets C for the first time, and at the
same moment B meets D for the first time. 46 minutes later, A and B meet for the first time.
How long does it take from the start to the first meeting of all four cars?

Solution. A and C meet once every 7 minutes, and A and B — once every 53 minutes. So,
all together they will meet at such time that is a multiple of both 7 and 53, hence once in
7-53 = 371 minutes. From the other hand, B meets D every 7 minutes as well, so at the 3715
minutes D will be at the same place as the rest 3 cars.

Criteria. 46 minutes are used in calculations instead of 53 — 3 points. If it is stated that any of cars’

speeds are equal — 1 point. Only the answer is given without any explanation — 0 points.

3. Prove that it is possible to cut a regular pentagon into 4 parts and rearrange them to make a
rectangle without gaps and overlays.

Solution. By cutting off and shifting the triangle we obtain a trapezoid (this follows from
the angles marked on the picture and the equality of the sides). Next, cutting off two right
triangles from the trapezoid, we rotate them and get a rectangle (see figure).

108°
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