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«Popmynra EaurcTBay / «T'peTbe TEICTIeAeTHES
2022-2023 yuebubrit roa. OTOOPOUHBIZ STAl

Sagaum g 11 Kiacca

Kasxkpast 3apada omeHuBaeTcs B 7 6annoB. KpuTepuu pAAST OTAEABHBIX 33734 HAIle9aTaHbI CEPBIM.

1. Ha3oBéM HaTypanbHOE YUCAO NOAE3HBIM, ECAYL OHO HE COAEP’KUT B CBOEU AECITUYHON 3alVCU
HU HyAeH, HI OAVHAKOBBIX IIU(p, a Ipom3BeAcHNE BCeX IUdpP KpaTHO ux cyMMe. HaliauTte aBa
HAMOOABIINX ITOCAEAOBATEABHBIX (TO €CTh Pa3AMYAONIUXCS Ha 1) IOAE3HBIX YHCAQ.

Pemienne. Ywmcaa 9875213 u 9875214 moae3HBI. AOKa>keM, YTO OOABIINX IIOCAEAOBATEABHBIX
TIOAE3HBIX YUCEA HE CYLIECTBYET. Y IIOCAEAOBATEABHBIX YKUCEA U CYMMBI TP IOCAEAOBATENAD-
HBI (MHaYe MMeeM IIEPEXOA depe3 paspsip, To ecTh 0 Ha KoHIE). Ho Toraa MakcuMaabHbIE BO3-
MO>KHBIE CyMMEI Iudp — 35 u 36 (Cpepm AIOOBIX ABYX GOABIIEX CyMM XOTsI OBl OAHA HMeEET
IIPOCTO# AEAUTEAD, GOABIINY 9, HAM TPEBOCXOAUT 1+ ...+ 9 = 45). [TocaepoBaTEABHBIE TTOAE3-
HBIE YMCAa He boaee YeM ceMU3HAYHble, UHAUYe CYMMEL X IUdp 6yAyT He MeHbIe 1+...4+8 = 36
y Kaxxporo. IlocaepoBaTeNbHBIX ITOAE3HBIX YuCeA BUAA 9876 x xx He ObIBaeT, TakK KaK y TaKUX
qmceA CyMMBI ITudpp He MeHbIte 9+8+7+6-+142+3 = 36. A mocaepOBaTEABHEIE TIOAE3HEBIE YUC-
Aa BuAQ 9875 % x* MOTI'YT OTAMYATHCSI OT HaAEHHBIX TOABKO IIEPECTAHOBKOM IIOCAEAHUX UMD
(uHaYe cyMMEI X UMD 6oablre 36), TaK 9TO HaAEHHBIE YUCAA ACHCTBUTEABHO HAaNOOABIIHE.

Kpurepun. 3a omeHKy paércst 5 6aanos, 3a mpumep — 2 Haana.

2. Yersipe aBTOMObUAST A, B, C 1 D CTapTyIOT OAHOBPEMEHHO U3 OAHOR U TOH Ke TOYKU KPYT'OBOI
Tpaccel. A m B epyT mo 9acoBoi ctpeake, a C' m D — npoTtuB. Bce aBTOMOOUAY ABUXKYTCS C
IIOCTOSTHHBIMY (HO IIOIapHO PA3AUYHBIME) CKOPOCTsIMU. CIIyCTsI POBHO 7 MUHYT IIOCA€ Hadana
rouku A BuepBble BcTpedaeT C, u B 9TOT >XKe MOMeHT B BuepBble BcTpedaerT D. Uepes e
46 muryT A U B BCTpedaroTcs BIepBhle. A depe3 KakKoe BpeMsI IIOCAe Hadaaa I'OHKM BCe MAIIIAHEI
BCTPETSITCS B IIEPBLIA pa3?

Pemenne. A m C BcTpewaioTcs pa3 B 7 MUHYT, a A ¥ B — pa3 B b3 MUHYTHI. 3HAYUT, BCE
BMECTE OHU BCTPETSITCS B TaKOe BPeEMsI, KOTOPOe KpaTHO u 7, u 53, To ecTh 4epe3 7 - 53 = 371
MuHYT. [Ipu aTom B u D ToXXe BCTPEYAIOTCS Ka’KAble 7 MUHYT, IO3TOMy Ha 371-#i MuHyTe
MarmuHa D 6yaeT B TOR jKe TOYKE, YTO U OCTAAbHBIE TPU MAIIUHEL.

Kpurepun. Bumecto 53 MuHyT ncroab30BaHLL 46 — He boaee 3 6aanoB. Ecau B pelieHnn nCIOAB3YETCS,

4TO Kakue-Aubo u3 ckopocTe paBHBI — 1 6aan. Toabko oTBeT 6e3 0bBbsicHeHUsT — 0 6aANO0B.

3. AoOKa>kuTe, YTO MOXXHO pa3pe3aThb IPaBUABHBIM IATUYTOABHUK Ha 4 9acTW, U3 KOTOPHIX Oe3
IIPOCBETOB ¥ HANOMKEHUY COCTABASIETCSI IPSIMOYT'OABHUK.

Pentenne. OTpesaB 1 IEPEAOKUB TPEYTOABHUK, MOSKHO IOAYIUTE TPAIIEINIO (3TO CAEAYET U3
OTMEYEHHEIX YyI'AOB ¥ PaBEHCTBA CTOPOH). Aaaee, OTPe3aB OT TPAIENnu ABa IPSIMOYIOABHBIX
TPEYTOABHUKA, [IOBEPHEM UX U IOAYIUM IPSIMOYTOABHUK (CM. PUCYHOK).
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4. ByaeMm HasbIBaTb TOYKY Y006HOU AAST OKPYKHOCTH, €CAM YTOA MEXAY KacaTEAbHBIMU, IIPO-
BEAEHHBIMU U3 3TOM TOYKM K OKPY>KHOCTH, paBeH 60°. ABe OKPY>XHOCTH C IleHTpamMu A u B
KacaloTCsI APYT APYyTa, a Touka M sIBASIETCsT yAODHOM AAST KaXKAOK U3 HuX. HaliauTe oTHOIIEHME
PaAKyCOB OKpY>XHOCTeH, ecAm AABM TIpsiMOYTOABHBIHN.

Pemntenne. 3amerum (cM. puc. 1), uro Touka M ypobHaA AAS OKPY’KHOCTHZ C IeHTpoM O Torpa
¥ TOABKO TOraa, Koraa OM BaBoe Boabllle papmyca.

1 2a M 2b

He ymansis obmrHocTu, IyCcTh OKPYKHOCTY UMEIOT PAAUYCHI 74 > Tp. '1akK KaK OHUM KacaloTCH,
T0 AB = r4 + rp (IAIOC IpU BHENIHEM KaCaHWX ¥ MUHYC IPX BHYTpeHHeM, cM. puc. 2). C
Apyroit cropousl, AM = 2r, u BM = 2rg, noromy uTo M ypobHas anst obeux okpy>xuocTel. B
TpeyroabHUKe AM B cTopoHa AM SsIBASIETCSI TUIIOTEHY30M, TaK KaK 274 > 2rg U 214 > T4+ Tp.
[Toarygaem ypaBHEHZE

473 = Ar% + 7134 £ 21275 + T,

TO ecTb 3r% = 5% 427475, EcAu Kacanue BHyTpeHHee, TO Ty = T'g, HO Toraa A = B u AM B He
6yaeT TpeyroapHukoM. EcAn jke KacaHme BHeIIHee, TO 74 = 275. CAEAOBATEABHO, OTHOIIEHHE
pPapKycoB paBHO 3 : b.

Kpurepun. Ecau He yIMTBIBAETCS, YTO OKPY>XHOCTY MOTYT KaCaThbCsl BHYTPEHHUM 0Opa3oM, TO CHU-

MaeTcs 2 baana.

5. HalianuTe Bce TPOHKM BEIIECTBEHHLIX YUCEA @, b, C, AAST KOTOPBIX

27a2+b+c+1 4 27b2+c+a+1 + 27c2+a+b+1 _3

Pemienne. [lo HEpaBEHCTBY O CpPEAHUX,

27a2—|—b+c+1 + 27b2+c+a+1 + 27c2+a—|—b+1
3

2 (27az+b+0+1 . 27b2+c+a+1 . 27c2+a+b+1>1/3 —

_ qa?tbtctldb?tatctlic® Fatbtl  q(at1)?4(b+1)2+(c+1)? >
=3 =3 > 1,

IpUYIEM PaBEHCTBO AOCTUTAETCS TOABKO IIpu a = b=c = —1.

6. ITapk mpeacTaBasieT coboit kBappaT 10x10 KAeTOK. B At06yI0 KAETKY MO’KHO IIOCTAaBUTL (PO-
Hapb (HO He 6onee OAHOrO POHAPSI B KAXKAOU KAETKE).
a) [Tapk Ha3BIBaeTCS 0CBEULEHHDBIM, ECAZ, B KAKOM OBl KAETKE HU HaXOAUACS IIOCETUTEAD, Hall-
AETCsI KBaApaT 3 9 KAETOK, COAEPKAIUN M IIOCETUTEAS], U KaKOoW-HUOYyAR doHapb. KakoBo
MUHIMAABHOE KOAMYIECTBO (POHAPEN B OCBELIEHHOM ITapKe?
6) [Tapx Ha3BIBAETCSI HAOENHCHO OCEEULEHHDBIM, ECAX OH OCTAETCSI OCBEIIEHHBIM AaXKe IIOCAE
IIOAOMKHZ OAHOTO Afoboro dpoHapsi. KakoBo MUHMMAAbHOE KOAMYIECTBO (POHAPER B HAAEKHO
OCBEIIIEHHOM IIapKe?

Pemrenue. a) 4. PazobpéM mapk Ha 4 deTBepTH (KBappara 5 X 5), Toraa B Ka>XKA0# 4eTBepTH
AOAYKeH OBITH XOTsI OBl OAMH (POHApPD (AAST OCBEINEHUSI, HAIPUMED, YIAOBEIX KAeTOK ). CTaBst mo
doHapIo B IIEHTPE Ka*kKAO# YeTBEPTH, IOAYYAEM IIPUMED.
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6) 10.

Onenka. B xa>xpoM yraoBoM KBaapare 3 X 3 AOAKHO OBITH XOTsI 6BI ABa oHAPS (AASI OCBelIe-
HUSI YTAOBOM KAeTKHZ). BpeMeHHO ocTaBAM TOABKO 3TU 8 (poHapei. Ka>kApll U3 HUX OCBEIlaeT
TOABKO B IIpEA€AaX CBOEHN YeTBEPTH, IPUIEM €CAU CAOMAETCsI (POHAPD B IIEHTPE YeTBEPTH (UAK
€CAU OH TaM OTCYTCTBYET), TO KaKasi-TO ISITUKAETOYHAS TIOAOCKA BHYTPH TON YeTBEPTH, I'Pa-
HUYAIasi C APYTroil YeTBEPTHIO, TOYHO HEe OYAET OCBeINeHA. 3aMETUM, YTO OObEeAWHEHUE ABYX
TaKUX IIOAOCOK AASI IPOTUBOIIOAOKHBIX UETBEPTEN B AIOOOM CAydYae HEAb3SI OCBETUTH OAHUM
doHapEM, IIOITOMY IIOHAAODATCS eIme XoTs OBl ABa PoHAPS.

* *
* *
* *
[Tpumep:
* *
* *

Kpurepun. B mykTe a) 3a OLeHKY ¥ IpuMep Aaércs o 1 baany. B myHKTe 6) 3a OIeHKY Aaércs 3

6aana (u3 Hux 1 6ann, eCAM AOKa3aHO, 9TO 8 (poHApel HEAOCTATOUYHO), a 3a IpuMep — 2 Harra.

HaszoBéM sgppexmusrocmsbro HaTyPasbHOTO YUCAA N AOAIO BCEX HATYPAABbHEIX YUCEA OT 1 A0
N BKAIOUUTEABHO, UMEIOIUX C N obmnit AeanTendb, boabmuit 1. Hanpuwmep, sdpdekTUBHOCTD
qmcaa 6 paBHA 2.

a) CymecTByeT Al 49UCAO C 3ddeKTUBHOCTEIO 60nee 80%7 Ecau pa, HallAuTe HauMeHbIIIee
Takoe YUCAO.

6) CymecTByeT AM IUCAO, 3DDEKTUBHOCTE KOTOPOr0 MAaKCHMaAbHA (TO €CTh He MEHBbIIe, YeM
y Atoboro apyroro uucaa)? Ecau aa, HalfiaAuTe HauMeHBIIee TaKOe TUCAO.

Pentenue. Ilepeiipém K usydenuo HeaddekTuBHOCTH (1 MuHyC 3¢hdeKTrBHOCTS). 13 dhopmy-
ABI AASI PYHKIUE DfAepa CAEAYET, YTO OHA PaBHA 1";—;1 . ”’;—;1, TAE D1, ..., Pr — BCEBO3MOXK-

HBIE PA3AWYHBIE IPOCTBIE AEAUTEAU 7. TOTAQ, AODABASISI HOBBIM IIPOCTOM MHOXXUTEAL, MOXKHO
IIOBBLICATH 3 PEKTUBHOCTE, TO €CTh B NYHKTE (6) OTBET «HET».

Haumenburee gucao ¢ adpderTuBHOCTEIO HoabIIe 80% — 3T0 2-3-5-7-11-13 = 30030. Ero

1 2 4 6 10 12 _ 809
9 PeRTUBHOCTE PaBHA 1 — 5 5 £ 2" 17" 13" = 1001

MEHBIINE €I'0 9HCAA. AefICTBI/ITeABHO, HaAMYUE IIPOCTOI'O MHOJKUTEAS B CTEIICHU BEBIIIIE HepBOI‘;I
HE BAUSET Ha 3(1)(1)6KTI/IBHOCTB, 3HA4YUT, Y UICKOMOI'O YACAA BCE MHOXUTEAN B HepBOfI CTCIICHN.

Aokra>keM, 4TO OHO 3¢ PEKTUBHEE, IEM BCE

BEcau MHOXUTEAU He SIBASIIOTCS IIOAPSIA MAYIIUMYU IIPOCTHIMU YMCAAME, TO IIPX 3aMEHE OAHOT'O
U3 IIPOCTBIX YUCEA Ha MeHbINee 3(P(PEKTUBHOCTD YBEAUUIUTCS. SHAYUUT, «PEKOPABI 3D PEeKTUB-
HOCTU» MOI'YT CTaBUTBh TOABKO YMCAA BUAA «IIPOU3BEAEHUE IIEPBBIX HECKOABKUX IIPOCTBIXY ; HO
3 PeKTUBHOCTE YnCcAd 2 -3 -5 711 cAMIIKOM Mana.

Kpurepun. IIyHKT a) omeHuBaercst B 5 6aAn0B, IYHKT 6) — B 2 Haana.

Hekast menpepriBHas pyukius f Takosa, 94To f(f(f(f(f(0))))) = 0. Aoka>kuTe, YTO ypaBHEHUE
f(f(z)) = = umeeT x0T 6Bl OAUH KODPEHD.

Pemenue. Aoxaxewm, uto f(z) = = uMmeeT pemerue. \eACTBATEABHO, ECAX 9TO HE TaK, TO (B
cuAy HenpepeiBHOCTE DyHKIMY f(z) —z) f(z) Aubo Bceraa boablre, AubO BCeTaa MEHBINE, Y€M
T, TO eCThb IPU IIPUMEHEHWN [ Pe3yAbTAaT BCE BPeMsi MEHSIETCS B OAHY U Ty JXe CTOpoHY. Ho
TOrAQ YCAOBHE 33Aa4YU HE MOXKET OLITH BepHBIM. VTak, CyIIeCcTBYET Takoe Iy, 9TO f(Zp) = Zo.
Ho rorpa u f(f(zo)) = zo.
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4. We will call a point convenient for a circle if the angle between the tangents drawn from this
point to the circle is equal to 60°. Two circles with centers A and B are tangent, and the point
M is convenient for each of them. Find the ratio of the radii of the circles if AABM is a right
triangle.

Solution. Note (see fig. 1) that point M is conventent for a circle with center O if and only
if OM 1is twice the radius.

60° 30°

1

Without loss of generality, let the circles have radii r4 > rp. Since they are touching, AB =
74+ 75 (plus when touching externally and minus when touching internally, see fig. 2). On the
other hand, AM = 2r, and BM = 2rg because M is convenient for both circles. In triangle
AMB, side AM is the hypotenuse, since 2r, > 2rg and 2r4 > r4 = 75. So we get the equation

4r3 = 4r3 + 13 £ 21T + T,

l.e. 37’?4 = 57’23 + 2r47p. If the tangency is internal, then 74 = r5, but then A = B and AMB
is not a triangle. If the tangency is external, then r4 = %'r 5. Therefore, the ratio of the radii is
3:5.

Criteria. If it is not taken into account that the circles can touch internally, then 2 points are deducted.

5. Find all real a, b, c such that
2 2 2
270. +b+c+1 27b +c+a+1 276 +a+b+1 3.

Solution. According the means inequality,

27a2+b+c+1 + 27b2+c+a+1 + 27c2+a+b+1
3

> (27a2+b+c+1 L gpbPHetatl 27c2+a+b+1)1/3 _

_ qa?+btetltbPtatetltPtatb+l _ g(at+1)24(b+1)2+(c+1)2 >
=3 =3 > 1,

and the inequality turns into equality only ifa =b=c = —1.

6. A park has a shape of a 10 x 10 cells square. A street light can be placed in any cell (but no
more than one light in each cell).
a) A park is called illuminated if, no matter in which cell a visitor stands, there exists a square
of 9 cells containing the visitor and a light. What minimal number of lights is required to
illuminate the park?
b) A park is called securely illuminated if it remains illuminated even when one arbitrary
street light is broken. What is the minimal number of lights in a securely illuminated park?

Solution. a) 4. Let’s divide the park into 4 quarters (5 x 5 squares), then each quarter contains
at least one light (otherwise e. g. the corner is not illuminated). Placing a light in the center
of each quarter, we get an example.

b) 10.
Estimation. Each 3 x 3 corner square must contain at least two lights (to illuminate the corner
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cell). Let us temporarily leave only these 8 lights. Each of them illuminates only within its
quarter, and if a light in the center of a quarter is broken (or if it doesn’t exist), then there is
a “dark” five-cell strip along the border of this quarter. Note that the union of two such strips
for opposite quarters in any case cannot be illuminated with one light, so we need at least two
more lights.

* *

* *

* *
An example:

* *

* *

Criteria. Part (a) costs 2 points (1 for the example an 1 for an estimation). In the part (b), 2 points
are given for an example and 3 points for an estimation (1 point of them for a that 8 lights are not

enough).

. Let’s call effictency of a positive integer n the fraction of all integers from 1 to n that have a

common divisor greater than 1 with n. For example, the efficiency of the number 6 is %

a) Is there a number with efficiency more than 80%7? If so, find the smallest such number.
b) Is there a number whose efficiency is maximal (that is, not less than that of any other
number)? If so, find the smallest such number.

Solution. Let’s study inefficiency (i. e. 1 minus efficiency). It follows from the formula of
Euler’s function that inefficiency equals to ”1},—;1 - ...”’;—;1, where pi,...,pr are all possible
different prime divisors of n. Then, by adding a new prime factor, we can increase efficiency,

that is, in point (b) the answer is no.

The smallest number with efficiency greater than 80% is 2-3-5-7-11-13 = 30030. Its efficiency
is1—1-2.2.2.10. 2. Let us prove that it is more efficient than all its smaller numbers.
Indeed, if a number is divisible by p* (k > 1) then we can divide it by k without changing the
efficiency. So all prime factors of the desired number are different. Further, if the factors are
not consecutive prime numbers, then replacing one of them with a smaller one will increase
efficiency. This means that “efficiency records” can only be set by numbers of the form “product
of the first few primes”, and the efficiency of 2-3 -5 - 7 is less than 80%.

Criteria. 5 points for part (a), 2 points for (b).

. There is a continuous function f such that f(f(f(f(f(0))))) = 0. Prove that the equation
f(f(z)) = z has at least one solution.

Solution. Let us prove that f(z) = z has a solution. Indeed, if it is not, then f(z) is either
always greater or always less than z (because f(z) — z is continuous). So, when f is applied,
the result always changes in the same direction. But in this case the condition of the problem
cannot be true. So there exists zo: f(zo) = zo. But then f(f(z0)) = zo.
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