MexxayHapoaHas MaTeMaTAdeCcKass OAUMINAAA
«Popmynra EaurcTBay / «T'peTbe TEICTIeAeTHES
2022—-2023 yuebubri roa. OTOOpoUHBIT 3Tl

Sagauam aJid 7 KJjacca

Ka}KAaH 3ahava OII€CHUBAETCA B 7 6annOB. KpI/ITepI/II/I ANST OTAEADBHBIX 3aAdY Halle9aTaHbI CEPBIM.

1. EcTh OpsiIMOYTOABHBIA AMCT, O€ABI C OAHOM CTOPOHBI U CEPBIX C APY-
ro#t. Ero cormyam Tak, KakK IIOKa3aHO Ha KapTUHKe. [lepuMmeTp mepBOro 1
IPSIMOYTOABHMKA Ha 20 60ABIIE IEPUMETPA BTOPOI'0O IPSIMOYTOABHUKA. A
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IIepUMETP BTOPOT'O IPSIMOYTOABHUKA Ha 16 BoAbIe IepuMeTpa TPETHETO \7 \%
npsMoyroabHuKa. HaltauTe maoImasb UCXOAHOTO AKCTA.

Pemenne. U3 pucyHKa BUAHO, YTO IPU 3arubaHuy IEPUMETP IPSIMOYTOABHUKA YMEHbIIAET-

Csl Ha YABOEHHYIO KOPOTKYIO CTOPOHY, IIO3TOMY KOPOTKasi CTOPOHA IIPSIMOYI'OABHUMKA-1 paBHa
20/2 = 10, KOpOTKasi CTOPOHA IIPSIMOYTOABbHUKA-2 paBHa 16/2 = 8. OTciopa AAMHHASI CTOPOHA
IPSIMOYTOABHMKA-1 paBHa 18, a AAMHHASI CTOpPOHA MCXOAHOrO Amcra — 28. Toraa IAOIMaAb:
28 - 18 = 504.

Kpurepuu. B oTBeTe paH mepuMeTp BMeCTO IAomaau — 3 6aana. [Topbop AAMH B ATOOOM IPOSIBAECHUL
(MAM TPOCTO 3asIBAEHBI AAMHBI CTOPOH IPOHYMEPOBAHHEIX IIPSIMOYTOABHUKOB 6e3 obocHoBaHust) — 0

OanNOB.

2. Paspexbre pAaHHBIY TPEYTOABHUK II0 OTMEUYEHHBIM AMHUSM Ha TPU PaB-
HBIE 9acTH (TO eCThb COBIAAAIOIIWE X IO (DOPME, U IO Pa3Mepy).

Pemienne.

Kpurepun. Ecth mpumep — 7 6aanoB. «T'Bopueckuil moucky 6e3 mpuMepa HE OIEHMBAETCS.

3. Erop Hamucana Ha AOCKe YUCAO ¥ 3aIIu@pPOBaA €ro IO IpaBUAaM OYKBEHHBIX pebycoB (pasHBIM
6yKBaM COOTBETCTBYIOT Pa3Hble IUQPHI, OAUHAKOBEIM OyKBaM — OAMHAKOBEIE IUMPEI). [Toay-
4mAoCh cA0BO «['BATEMAAA». CKOABKO Pa3AMYHBEIX YUCEA Erop Mor m3HavaAbHO HAIIKWCATh,
€CAM €T0 YMCAO AEAMAOCH Ha 87

Pemenne. YTobbl Yucnao peAmAOCh Ha 8, «AANA» AOAKHO AEAUTHCS Ha 8, IPU 3TOM «Ay —
gerHast nudpa. «ANAy = 101 «A» + 10 «A» = (100 - «A» + 8- «\») + «A» + 2 - «M\», rae
3anuCaHHOEe B CKOOKAaX BBIPa’XKEHUE 3aBEAOMO AEAUTCS Ha 8, IO3TOMY AOCTATOYHO ITOTPeboBaTh,
9T0bBI («A» + 2 - «/\»):8. [lepebopom maxopum 11 BapumanmTos: (0,4), (0,8), (2,3), (2,7), (4,2),
(4,6), (6,1), (6,5), (6,9), (8,0), (8,4). B Tpex u3 HuX, TAe €CTb HOAb, AASI OCTABIIUXCS IISITH
6yks («I'», «B», «T», «BE», «M>») ocraercas A} = 8!/3! BapuaHTOB; B OCTAABHBEIX BOCBME —
7.A%=17.7/3! Uroro: 3-8!/3!+8-7-7!/3 = 67200.

Kpurepun. ChopMyArpoOBaH IpU3HAK AEAUMOCTH Ha 8 1 sIBHO 0003HAYUEHO, 4TO «Ay — "eTHas rudpa

— 1 6aan. Aokasazo, uTo «A» + 2«N\» maum 5«A» + 10«A» aeauTcs Ha 8 — 3 bannra. 3a KaXKABIN
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TIOTEPSTHHBIA CAyYall BapHaHTOB AASI OVKB «A» 1 «/\» oTHUMaeTcs 1 6aan. Ecam caygam ¢ 0 obcumTasbl

TaK >Xe, KaK U cAydau 6e3 0, orHuMaeTcs 2 6aanra.

Yetripe aBToMObUAST A, B, C 1 D CTapTyIOT OAHOBPEMEHHO U3 OAHOM U TOM >K€ TOUKY KPYTOBOH
Tpaccel. A m B epyT mo 9acoBoi ctpeake, a C' m D — npoTtuB. Bce aBTOMOOUAY ABUIKYTCS C
IIOCTOSTHHBIMY (HO IIOIAPHO PA3AUYHBEIME) CKOPOCTSIMU. CIIyCTsi POBHO 7 MUHYT IIOCAE HAadaAa
roHKZ A BuepBble BcTpedaeT C, ¥ B 3TOT >Xe MOMEHT B BrepBble BcTpedaeT . Uepes eme
46 muryT A u B BCTpegaioTcs BIepBhle. A depe3 KaKoe BpeMsI IIOCAe Hadaaa T'OHKY BCE MAIITAHEL
BCTPETSTCS B IIEPBBIH pa3?

Pemenne. A m C BcTpewaioTcs pa3 B 7 MUHYT, a A © B — pa3 B 53 MuUHyTHI. 3HAYUT, BCE
BMECTE OHU BCTPETSITCS B TaKOe BPEMsI, KOTOPOe KpaTHO u 7, u 53, To ecTh uepe3 7 - b3 = 371
MuHYT. [Ipu aToM B u D TOXXe BCTPEYAIOTCS Ka’KAble 7 MUHYT, I03TOMYy Ha 371-# MUHYyTE
varmuHa D 6yaeT B TOR jKe TOYKE, YTO U OCTAAbHBIE TPU MAIKHEL.

Kpurepun. Bumecto b3 MuUHYT nCIoAb30BaHEL 46 — He boaee 3 6aanoB. Ecau B peleHny nCIOAB3YETCs,

YTO Kakume-Ambo u3 ckopocTel paBHEI — 1 6aan. Toabko oTBeT 6e3 obbsicHeHusT — 0 6aAn0B.

B psip, BeIUCaHBI KBaApPATH IePBBIX 2022 HAaTypaAbHBIX duceA: 1,4,9,...,4088484. Ans Kaxk-
AOT'0 BBIIIMCAHHOT'O YUCAQ, KPOME IIEPBOTO U IIOCAEAHETO, IIOCYUTAAY CPEAHEE apUPMETUIECKOE
€ro AEBOTO ¥ IIPABOI'O COCEAEW ¥ 3aluCaA¥M IIOA HuM (HaIpuUMep, IO YUCAOM 4 HaIUCaAK
% = 5). AAst moayduBLIeHcs CTPoKu u3 2020 Yucen CAEAAAM TO K€ caMoe. TaK IPOAOATKAAY,
IIOKa He AOIIAUM AO CTPOKY, B KOTOPO# BCETO ABa YKUCAA. UeMy OHU PaBHBI?

Penienne. HOCMOTpI/IM Ha IIPOMU3BOABHOE JUCAO CTPOKH $2. HOA HUM OKa’>XE€TCA HaIIMCaHO

(z—-1P2+(x+1)? 2°-2z+1+2°+2z+1 2z°+2
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TaxuMm obpazoM, Ka’KABIN pa3 YUCAO YBEAWUMBAETCA HA €AMHUITY. VI3HawanbHO ymcea 2022, u
Ka’KABI pa3 UX CTAaHOBUTCS Ha 2 MEHBIIIE, II0O3TOMY ollepaluio IpoaeaaroT 1010 pas, 1 ocTaHyT-
CsI ABa IIEHTPaAbHBIX 9MCAA, YBEAWYeHHEIX Ha 1010: 10112 + 1010 = 1023131 u 10122 + 1010 =
1025154.

Kpurepun. JAokasaHo B obIeM BUAE, YTO IPU Ka*XKAOM OIIEPAIIUY UUCAO YBEAUUUBAETCT Ha 1 — 3

baana. Pemrerno BepHO 6€3 IpaMOTHOT'O AOKA3aTEABCTBA YBeAUUeHUS Ha 1 — 4 6aanra. Omubdkra B mopcHeTe

OCTAIOIITNXCA YUCEN — —2 banna.
Ha nccaepoBaTeabckoM KOCMUYECKOM KOpabae IIPOU30IIAa aBapUsi B Peak- =
TOpE, ¥ U3 HETO YTEKAIOT IAOBUTHIE BEIECTBA. Bce KOPpHAOPEL MEXKAY IIOMe- ensn T
IIeHNSIMY 060PYAOBaHLI IEPMETUYHBIMU ABEPSIMU, OAHAKO BPEMEHU Ha 3a- il —
KPBITHE OTAEABHEIX ABepel yoke HeT. TeM He MeHee, KallUTaH MOJKET YCIIETh e | B
OTAATBH KOMaHAY «3akphITh N ABepeils, IOCAE KOTOPOHR NCKYCCTBEHHBIN WH-
TEANEKT KOpabas 3aKpoeT cayudatasle N aBepeit. HeMy paBHO HauMeHbIIIEE Spsentn Mo
N, 9TObBI rapaHTIPOBAHHO XOTs OBl OAMH U3 OTCEKOB KOPabas 0CTaACS IIpU-

Cosan]T] Pyoxa

TOAHBIM AASI JKU3HU?

Opyx.

Bosyx
| st

Hagur.



Pemenne. Bcero Ha xocmuueckoM Kopabae 23 xopupopa # 14 0TCEKOB.

Bocnoab3yemcs: Teopueii rpadoB: IyCTh OTCEKX — BEPIIUHBI, & KOPUAO- m
per — pebpa. Toraa, 4ToOB TakO! rpad OCTABAACS CBSI3HBIM (T.e. YTOOBL [ Tipan.
MEXAY AOOBIME ABYMSI BEPIINHAMU OBIA IIYTh) C MUHUMAABHBIM KOAH- TT —
YeCcTBOM pebep, OH AOAYKEH OLITH AEPEBOM, a TOTAA B HEM AOAKHO OBITH S
xoTst 681 14 — 1 = 13 pebep. VIHbIMU caOBaMU, €CAM 3aKPHITH He Hoaee X |

23 — 13 = 10 pBepe#, TO MOKET OCTATbCSI OTKPBITHIM CKBO3HOM IIPOXOA Xpammme e
MEXXAY BCEMHU OTCeKaMu (CM. PUC.), TO €CTh KOMAaHAA OYAET B OIACHO- j:

ctu. Ecau e B rpade ocTaHeTcst MeHee 13 pebep, TO OH aBTOMATHYECKE Lo Pyﬁ';l_l::
CTaHET HECBA3HLIM. [I03TOMYy HEOOXOAMMO 3aKpPHITH XOTs 661 10 + 1 = 11 | —F B
ABEPEN U YKPBITHCS B T€X OTCEKAX, KOTOPEIE OYAYT IOAHOCTHIO OTPE3aHBI

OT pPeaxkTopa.

Kpurepun. Ilokasano, uTo MeHee 11 ABepeil He XBaTUT (HanpuMep, IPUBEAEH IpuMep Ha 10 ABepeit
¥ TIOKAa3aHO, YTO OCTAHETCSI IIPOXOA MEXKAY BCeMM oTcekamu) — 3 H6aanra. AokasaHo, 9To 11 3aKPEITHIX
ABepeil pocraTouHo — 3 6aana. Omwubka B IOACYETaX KOAWYECTBA OTCEKOB U/UAM KOPHAOPOB — —2

banna.

Ha3zoBéM HaTypanabHOE YUCAO MOAE3HBIM, ECAU OHO HE COAEPKUT B CBOEN AECITUYHON 3almcy
HU HYA€H, HI OAMHAKOBEIX TP, a IPOU3BEAEHNE BCEX IIUPP KPaTHO uxX cyMMe. CyIIecTBYIOT
A ABA IIOCAEAOBATEABHBIX TPEX3HAYHLIX ITOAE3HBIX YMCAA?

Pemenne. Aa, Hanpumep 578 u 579; 875 u 876.

Kpurepumn. [IpaBuabHBIZ oTBET 6€3 mpoBepKyu — 5 6aANOB.

Ha ocTpose prirapeif, KOTOPHIE BCETAA TOBOPSIT IPABAY, ¥ AJKEIIOB, KOTOPEIE BCETAA BPYT, OT-
KPBIAZ IIKOAY. Bce 2N y4eHWKOB Pa3sHOI'O POCTA IOCTPOUAUCH B KOAOHHY IO ABOe (TO €CTb B
ABa cTonbra). ABOe YeAOBEK, CTOSIIIUX IEPBLIMY, CKA3aAM: «51 BEIIIE ABOMX: CBOEI'O COCEAA B
Ilape ¥ 4eAOBeKa 3a MHOy. [locaepHUME ABOE cKasanm: «51 TO>Ke BBIIIE ABOMX: CBOET'O COCEAA B
Ilape ¥ 4eAOBeKa IIEPEAO MHOMy. HakoHel, Bce OCTaAbHBIE CKa3aAU: «A s BBIIIE TPOMX: CBOETO
cocepa B IIape, YEAOBEKA IIEPEAO MHOU M YeAOBeKa 3a MHOIM.

a) Kakoe MakcHMaAbHOE KOAMYECTBO PHINAPEN YUUTCS B IMIKOAE?

6) MoryT AM B IIKOAE YYUTHCS TOABKO ASKEIBI?

Pemenne. A) B raxpo¥ mape He 60Aee OAHOTO PHIAPS, ITO3TOMY phIllapeit He HGonee N
(mpuMep AOCTHTaeTCst pacCTaHOBKOM N 6oAee BEICOKUX YIEHUKOB B IIaXMAaTHOM IIOPSIAKE).

B) Tak Kak BCe yYEHUKY PA3HOI'O POCTA, CAMBIM BLICOKUM U3 HUX 3aBEAOMO BBIIIIE CBOUX COCEAEH,
IIO3TOMY SIBASIETCS PHILIAPEM, TO €CTb BCE AXKeIlaM¥ OBITH HE MOTYT.

Kpurepun. IIpaBuabHO cAenaH IYHKT a) — 5 6aanroB. [IpuBeaeHa TOABKO OleHKa — 2 6aana, TOABKO
npuMep — 2 banrnra. B KauecTBe 060CHOBaHMSI pa3bupaeTcss KOHKPETHBIX npuMep — 0 6baanoB. BrimoaHeH

IyHKT 6) — 2 6aanra.



International Mathematical Olympiad
«Formula of Unitys / «The Third Millenniums»
Year 2022/2023. Qualifying round

Problems for grade R7

Each task is assessed at 7 points. Some problems have their own criteria (printed in gray).

1. There is a rectangular piece of paper with one side white and the other
side grey. It was bent as shown in the picture. The perimeter of the first 1
rectangle is 20 more than the perimeter of the second one. The perimeter

of the second rectangle is 16 more than the perimeter of the third one. \? \%
Find the area of the whole piece of paper.

Solution. As you can see from the picture, the perimeter of the rectangle decreases by two
lengths of the short side with each folding. So the short side of rectangle-1 equals 20/2 = 10,
and the short side of rectangle-2 equals 16/2 = 8. Hence the long side of rectangle-1 is 18, and
the long side of the original sheet is 28. Then the area equals 28 - 18 = 504.

Criteria. The perimeter of the rectangle is given as an answer instead of area — 3 points. If student
guesses rectangles’ sides in any way (or simply states the lengths of the sides without an explanation)

— 0 points.

2. Cut the triangle on the picture along the marked lines into three equal
parts (the parts are called equal if they match both in shape and size).

Solution.

3. Kate wrote a number divisible by 8 on a board and encrypted it according to the rules of
alphametic puzzles (different letters correspond to different digits, the same letters — the same
digits). She got the word “GUATEMALA”. How many different numbers could Kate write on
the board?

Solution. In order for a number to be divisible by 8, «<ALA» must be divisible by 8 with «A»
to be an even digit. «<ALA» = 101 - «A» 4+ 10 - «Ly» = (100 - «A» + 8 - «L») + «A» + 2 - «L».
The part in brackets is obviously divisible by 8, so it is enough to require for («A» + 2 - «L»)
be divisible by 8. There are 11 options for that to happen: (0,4), (0,8), (2,3), (2,7), (4,2), (4,6),
(6,1), (6,5), (6,9), (8,0), (8,4). In three of them with zero for the remaining five letters («G»,
«Us, «T's, «E», «M») there are 8!/(8 — 5)! options; in the other eight — 7-7!/(7 — 4)!. In total,
3.81/31+8.7-71/31 = 67200.

Criteria. The criteria of divisibility by 8 is said and it is clearly indicated that «A» is even — 1 point.
It is proved that «A» + 2«L» or 5«A» + 10«L» is divisible by 8 — 3 points. For each lost case for «A»
and «L» 1 point sould be deducted. If cases with O are calculated in the same way as others — 2 points
should be subtracted.



4. Four cars A, B, C and D start simultaneously from the same point of a circular track. A and B
travel clockwise, while C and D — counter-clockwise. All cars move at constant (but pairwise
different) speeds. After exactly 7 minutes of the race A meets C for the first time, and at the
same moment B meets D for the first time. 46 minutes later, A and B meet for the first time.
How long does it take from the start to the first meeting of all four cars?

Solution. A and C meet once every 7 minutes, and A and B — once every 53 minutes. So,
all together they will meet at such time that is a multiple of both 7 and 53, hence once in
7-53 = 371 minutes. From the other hand, B meets D every 7 minutes as well, so at the 3715
minutes D will be at the same place as the rest 3 cars.

Criteria. 46 minutes are used in calculations instead of 53 — 3 points. If it is stated that any of cars’

speeds are equal — 1 point. Only the answer is given without any explanation — 0 points.

5. The squares of the first 2022 natural numbers are written in a row: 1,4,9,...,4088484. For
each written number, except for the first and the last ones, the arithmetic mean of its left and
right neighbors was calculated and written under it (for example, % = 5 was written under

the number 4). For the resulting string of 2020 numbers, we did the same. So we continued

until we reached a line in which there are only two numbers. Find these numbers.

Solution. Let’s take a look at one of the numbers z°. Under it

(:1;—1)2+(:I:+1)2_m2—2x+1+x2+2x+1_2m2+2_x2+1
2 B 2 2

will be written, so each time numbers increase by one. Initially, there are 2022 numbers and
each time 2 of them disappears, so there will be 1011 lines of numbers, and in the very last line
there will be two central numbers increased by 1010: 1011241010 = 1023131 and 10122+1010 =
1025154.

Criteria. It is proved generally that each time every number increases by 1 — 3 points. If the problem
is solved correctly without a competent proof of the increment — 4 points. Any mistake in counting the

remaining numbers — —2 points.

6. A research spacecraft has a reactor failure and some poisonous substances
leak from the reactor. All corridors between rooms are equipped with

Reactor

airtight doors, but there is no time to close individual doors. However, AN poy 4 P
the captain can give the command «Close N doorsy, after which the ship’s H
artificial intelligence will close random N doors. What is the smallest N to [ [

guarantee that at least one of the compartments of the ship will be safe?

Storage Cafeteria

Com. [T]Admin
| LY
Shields 9

Nav.




Solution. There are 23 corridors and 14 compartments in the spacecraft.

It can be interpreted as a graph, where the compartments are vertices and m
the corridors are edges. In order for such a graph to remain connected (so o

that there is a path between any two vertices) with a minimum number
of edges, it must be a graph-tree, so it must have at least 14 — 1 = 13
edges. In other words, if you close no more than 23 — 13 = 10 doors,

Storage

then it is possible to a way between all the compartments exist(see Fig.),

what puts the team in danger. Therefore, it is necessary to close at least  [com [Jadmin
10 + 1 = 11 doors and hide in those compartments that are completely |JAE_|:: i
«cut off» from the reactor (indeed, closing any other corridor in the figure -

Nav.
will lead to the «cutting offs part of the compartments from the reactor).

Criteria. It is shown that less than 11 doors will not be enough (e.g. an example is given for 10
doors and it is shown that there will be a passage between all compartments) — 3 points. It is proved
that 11 closed doors are enough — 3 points. Any mistake in counting the number of corridors and/or

compartments — —2 points.

. Let us call a positive integer useful if its decimal notation contains neither zeroes nor equal
digits, and if the product of all its digits is divisible by the sum of these digits. Are there any
two consecutive 3-digit useful numbers?

Solution. Yes. For example: 578, 579 or 875, 876.

Criteria. If only the right example is given without justification — 5 points.

. A school was opened on the island of knights and liars (a knight always tells the truth, a liar
always lies). All 2N students are of different heights. They lined up in pairs one after another
(in other words, in two equal columns). The two people standing first said: “I am taller than
2 people: my neighbor in a pair and the person behind me”. The last two said: “I am also taller
than 2 people: my neighbor in a pair and the person in front of me”. Finally, everyone else said:
“I am taller than 3 people: my neighbor in a pair, the person in front of me and the person
behind me”.

a) Find the largest possible number of knights among the students.

b) Is it possible for all the students to be liars?

Solution. A) There is no more than one knight in each pair, so there are no more than N
knights (this amount can be achieved by placing N higher students in chess order).
B) No. All the students are of the different heights, so the heighest of them is always a knight.

Criteria. Problem a) is fully solved — 5 points. If only one part of the solution is given (either an
estimation or an example) — 2 points. One or few examples are given as a proof — 0 points. Problem

b) is fully solved — 2 points.



