MexxayHapoaHas MaTeMaTAdeCcKass OAUMINAAA
«Popmynra EaurcTBay / «T'peTbe TEICTIeAeTHES
2022-2023 yuebubrit roa. OTOOPOUHBIZ STAl

Sagauam aJid 8 KJjacca

Kasxkpast 3apada omeHuBaeTcs B 7 6annoB. KpuTepuu pAAST OTAEABHBIX 33734 HAIle9aTaHbI CEPBIM.

1. IleTs pa3peAuA KPYT TPEMS IPSIMBIMU Ha 7 4acTell ¥ XO4eT HaluCaThb B HUX 7 IIOCAEAOBATEND-
HBIX I[EABIX 4ucCeA (B KaXKAOW IIO YUCAY) TaK, YTOOBI CYMMBI 9HUCEA, CTOSIIUX IO OAHY X IIO
APYTYIO CTOPOHY OT Ka’KAOW M3 IPSIMBIX, OBIAY OAMHAKOBEI. [IpumaAyMaiTe AAST HETO TPU IIPU-
Mepa, PasAMYaoIuXCcss HabopaMy UCIOAB30BAHHBIX YUCEA.

Pentenne. BoT Tpu Bo3MOXXHEBIX IpuMepa (€CTb U APYTHE):

2. Pasaamviearuem OCTPOYyroAbHOTO TpeyroabHumKa ABC 6yaeM Ha3BIBAaThb OIEPAlWIO, KOTAA
BHYTPHX HETO CTaBsAT TaKyio Touky O, uto OA = OB = OC|, u pa3pes3aloT ero Ha TPEYTrOAbHUKYI
OAB, OAC, OBC. IleTs B3sIA TPEYrOABHUK C yraamu 3°, 88° u 89° u pasdaoman €ro Ha TPU
TpeyroAbHUKA. I10TOM BEIOpaA OAUH U3 KYCKOB (TOXKE OCTPOYTOABHEIN) X pasdaoman €ro. Tax
OH IIPOAOAXKAA AO TEX IIOP, IIOKA BCE TPEYTOABHUKU HE OKa3aAUCH TYIOYTOABHBIMU. CKOABKO
BCET'O TPEYTOABHUKOB Y HETO IIOAYYIUAOCH?!

Pernenue.

PaccmoTpumM pazaaMbIBaHME OCTPOYTOABLHOTO TpeyroabHuka ABC. Tou-
Ka O — UIEHTP OIUCAHHOA OKPYKHOCTA — AEXKUT BHYTPU TPEYIOAb-
HuKa, a Tpeyroabuuku AOB,AOC,BOC paBHObeppeHHBIE. Ecanm
/BAO = a,/CAO = B, to ZAOB = 180° — 2a, ZAOC = 180° — 28,
otkypa BOC = 2a + 28 = 2/BAC. 3ameTruM, 9YTO AASL MCXOAHOTO
TpeyroabHuKa (¢ yraamu LA = 3°, /B = 88°,/ZC = 89°) oCTPOyroAb-
HBIM 6yAeT TOABKO TpeyroabHUK BOC (Ipz 3TOM OH paBHODEADEHHBIH,
/BOC = 6°).

Danee, ecau B HEM OTMETUTE TOUKY Oa, TO OCTPOYTOABHEIM 6yAeT TpeyroabHUK Oy BC' (L02 =

12°), a ABa APYruX — PaBHBIE U TYIOYTOAbHEIE. Aanee aHaroru4HO 6ypeT LO0; = 24°, LO4 =
48°, /Os = 96°. B 3TOT MOMEHT BCE TPU HOBHIX TPEYTOABHUKA OKAXXYTCSA TYIOYTOABHBIMU, U
IIPOIIECC IIPEPBETCA. TakuM 06pa3oM, IPOU3OIIAC 5 pasaaMbIiBaHui. [Ipu Ka>kpoM U3 HUX KO-
AMYECTBO TPEYTOABHUKOB YBEAUUYMBAETCS HA 2, IIO3TOMY BCET'O MIOAYYAETCs 11 TPeyrOABHUKOB.

3. HarypaabHOe umcao n > 5 HA3BIBAETCS HOBbLM, ECAU CYIIECTBYeT YHUCAO, He KpaTHOe 7, HO
KpaTHOe BCEM HATYPAABHBIM YHCAAM, MEHBIIUM 7. Kakoe HawbOABIEe KOAUYECTBO IIOADPSIA
HAYIOUX IUCEA MOT'YT OBITH HOBBIMU?

Pemienne. Otset: 3.

[Tpumep: gucao 7 HOBoe (60 KpaTHO YucAaM OT 1 A0 6, HO He KpaTHO 7);
uamncno 8 HoBoe (420 KpaTHO uucAaM OT 1 Ao 7, HO He KPaTHO 8);
ugncao 9 HoBoe (840 KpaTHO dmcAaM oT 1 Ao 8, HO HE KpaTHO 9).
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OmeHka: KaXkA0e YEeTBEPTOE YUCAO UMeeT BUA N = 4k + 2 = 2(2k + 1); ecAr KaKOe-TO YUCAO
KpaTHO 2 u 2k + 1, To oHO KpaTHO u 2(2k + 1), I03TOMY TaKoe 1 He MOXKET OLITH HOBEIM.

Cpenree apudMeTUIECKOEe HECKOABKIX HATYPAABHBIX duceA paBHO 20,22. AoKa’XuTe, 9TO Cpe-
AU 9TUX YUCeA HAMAYTCS ABa pPaBHBIX.

Pemtenne. ITockoapky 20,22 paBHO HECOKPATHMO# Apobu co 3HaMeHaTeAeM 50, TO KOAXIECTBO
qucen pAeanTcs Ha 50. OapHako ecau Bce 3T 50n YUCEA PA3AUYHBI, TO UX CpeAHee apuMeTTH-
YyecKoe He MeHbIe 25,51, To ecTh boabIe 25.

B psa BeInmucanbl KBaapaTh! epBhIX 2022 HaTypaAbHBIX guceAn: 1,4,9,...,4088484. Anrs kax-
AOT'O BBIIIKCAHHOT'O YMCAQ, KPOME IIEPBOTO U IIOCAEAHETO, IIOCUYUTAAY CPEAHEE apIPMETHIECKOE
€ro AEBOTO ¥ IIPABOTO COCEAEW M 3aluCaAM IOA HuM (HaIpuMep, IOA YUCAOM 4 HaIUCaAK
% = 5). AAst moayduBLIeHcsT CTPoKu U3 2020 Yucen CAEAAAM TO K€ caMoe. TaK IPOAOATKAAY,
IIOKa He AQIIIAY AO CTPOKM, B KOTOPOI BCETO ABa YMCAA. UEMY OHM PaBHEI?

Penienue. HOCMOTpI/IM Ha IIPOM3BOABHOE JUCAO CTPOKH £E2. HOA HUM OKa’>XETCA HaIIMCaHO

(z-12+(z+1)? 22-2c+1+2z?+2c+1 222+2
= = =T

1.
2 2 2 *

TaxkuMm obpasoM, Ka’KABIA pa3 YUCAO YBEAUYMBAETCA Ha eAMHUITY. M3HawanrbHO umcen 2022, u
Ka>XABIY pa3 UX CTAHOBUTCS Ha 2 MEHbIE, IIO3TOMY ollepariuio IipoaeaatoT 1010 pas, u ocTaHyT-
CsI ABa IIEHTPaAbHBIX 9MCAA, YBEAWYeHHBIX Ha 1010: 10112 + 1010 = 1023131 u 10122 + 1010 =
1025154.

Kpurepuu. JAokasaHoO B OOINEM BUAE, UTO IPU Ka’KAON OIEPAIIUY UUCAO YBEAWYIUBAETCS Ha 1 — 3
banna. Pemeno BepHO 6€3 I'paMOTHOT'O AOKA3aTEABCTBA YBeAWdeHNS Ha 1 — 4 baana. OmubdKa B IoACUIETE

OCTAIOIINXCSI Yrcea — —2 baana.

Yetripe aBTOMObUAS A, B, C' 1 D CTapTyIOT OAHOBPEMEHHO U3 OAHOM U TOM >K€ TOUYKY KPYTOBOH
Tpaccel. A u B epyT mo dacoBoil cTpeake, a C u D — mpotuB. Bce aBTOMOOUAY ABUXKYTCS C
IIOCTOSTHHBIMY (HO IIOIAPHO PA3AUYHEIME) CKOPOCTSIMU. CIIyCTsi POBHO 7 MEHYT IIOCAE HadaAa
roHKZ A BuepBble BcTpedaeT C, ¥ B 3TOT >Xe MOMEHT B BmepBble BcTpedaeT . Uepes eme
46 muryT A u B BCTpewaioTcs BIepBble. A depe3 KakKoe BPeMs IIOCAe Hadaad I'OHKU B IIEPBHIH
pa3 BcTpeTsatest C u D7

Pemenne. Paz A c C u B ¢ D BCTpedaroTCs pa3 B 7 MUHYT, TO UX CKOPOCTUA COAMIKEHUS
paBubl: V4 + Vo = Vg + Vp. VlHEIME chroBaMm, paBHBI ckopocTu yAanrerus A, B u C, D:
Va4 — Vg = Vp — V. Suauur, pas A u B BCTpedaroTcs B IEPBHIY pa3 Ha 53-# munyTe, To 1 C C
D B nepBhIil pa3 BCTPeTSTCA Ha 53-1 MUHyTE.

Kpurepun. Bmecto 53 MunyT ncrmoab3oBaHbl 46 — He bonee 3 6annoB. Ecau B penteHun NCIIOAB3YETCS,

9TO KaKme-Anbo m3 ckopocTeil paBHEI — 1 6aan. ToabKo oTBeT 6e3 0bbsicHeHUsT — 0 6aANOB.

Ha ocTpoBe prillapeil, KOTOpPEIE BCETAA TOBOPSIT IPABAY, U AXKEI[OB, KOTOPBIE BCETAA BPYT, OT-
KPBIAZ IIKOAY. Bce 2N y4eHUKOB Pa3sHOI'O POCTa IOCTPOUAUCH B KOAOHHY IO ABO€ (TO eCTb B
ABa cTonbra). ABOe YeAOBEK, CTOSIIIUX IIEPBLIMY, CKa3aAM: «51 BEIIlE ABOMX: CBOEI'O COCEAA B
IIape ¥ YeAOBeEKa 3a MHOI». [locaepHME ABOE CKa3aAM: «51 TOKe BBIIIE ABOUX: CBOETO COCEAA B
IIape ¥ YeAOBeKa IIepeA0 MHOIy. HaKoHell, BCe OCTAaAbHBIE CKa3aAHM: «A s BBIIIE TPOUX: CBOETO
cocepa B IIape, YeAOBEKA IIEPEAO MHOM U YEAOBEKA 3a MHOM.

a) Kakoe MakcuMaAbHOE KOAMYECTBO PHIIAPEN YUUTCS B IMIKOAE?

6) MoryT AM B IIKOAE YYUTHCS TOABKO ASKEIBI?

Pemtenne. A) B kaxpoil mape He 60aee OAHOTO PBIIAPSI, TOITOMY phIIlapeil He HGoaee N
(mpuMep AOCTHTraeTCst pacCTaHOBKOM N 6oaee BEICOKMX YIEHUKOB B IIaXMATHOM IIOPSIAKE).
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B) Tak Kak BCe yYEHUKY PA3HOI'O POCTA, CAMBI BLICOKUH U3 HUX 3aBEAOMO BBIIIIE CBOUX COCEAEH,
IIO3TOMY SIBASIETCSI PHIIIAPEM, TO ECTH BCE AXKEIIAMU OBITH HE MOTYT.

Kpurepun. [IpaBuabHO CAeAaH IYHKT a) — 5 6aanoB. [IpuBeaeHa TOABKO OllEHKA — 2 6aana, TOABKO
npuMep — 2 banrnra. B KagecTBe 060CHOBaHMST pa3bupaeTcss KOHKPETHBIX npuMep — 0 6baanoB. BrimoaHeH

IyHKT 6) — 2 6aana.

Erop mamucan Ha AOCKe YHCAO U 3aIIU@POBaA €ro IO IpaBUAAM OYKBEHHBIX pebYyCOB (pa3sHBIM
6yKBaM COOTBETCTBYIOT Pa3Hble IUQPHI, OAUHAKOBEIM OYKBaM — OAMHAKOBEIE ITUMPEHI). [Toay-
4mAoCh cA0BO «['BATEMAAA». CKOABKO Pa3AMYHBIX YMCeA Erop Mor m3HavaAbHO HAIIKUCATh,
€CAM €T'0 YMCAO AEAMAOCH Ha 307

Pemenne. Byksa A ponxza paBEATHCE 0. OcTarbHBE 6 6YKB — HEHYAEBBIE IIUMPEL C CYMMOH,
KpaTHOH 3. 3aMeTUM, YTO Ka>XABI OCTATOK OT AEAEHUS Ha 3 BCTpeYaeTcs: TpPUXALL. [lepebopom
HAXOAMM BCe HaDOPBI OCTATKOB, CyMMa KOTOPBIX KpaTHa TpeéMm: 000111, 000222, 111222, 001122.
CuuTaeM 6-3/AeMeHTHBIE IOAMHOMXECTBA IIUMP: IEPBLIX TPEX TUIIOB — II0 OAHOMY, IIOCAEAHETO —
3% = 27. Kaxpoe U3 HIX MOJKHO IIE€PecTaBASITE 6! cmocobamu. MToro: 30 - 6! = 21600.

Kpurepun. [lokazano, uro «A» paBuo 0 — 1 6aan. KombuHatuy ocTaabHBIX OYKB HallAeHBI IEpebopoM
— He CHU>XaTb, HO €CAU IOTEPSHLI CAydam — He bonee 3 6anrnros. Omubra B BEIYUCAEHUSIX — —1 Baan.

B ragecTBe oTBeTa IIPUBEACHO BBIPA’XEHNE, HE AOCUHUTAHHOE AO KOHIIa — TaK JX€ —1 6anan.
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International Mathematical Olympiad
«Formula of Unitys / «The Third Millenniums»
Year 2022/2023. Qualifying round

Problems for grade R8

Each task is assessed at 7 points. Some problems have their own criteria (printed in gray).

1. A circle is divided into 7 parts by 3 lines. Maria wants to write 7 consecutive integers into these
parts (one number in each part) so that the sum of numbers on one side of each line is equal to
the sum of numbers on the other side. Find 3 ways to do it which differ with sets of numbers
used.

Solution. Several (not all) examples:

2. Breaking of an acute triangle ABC' is the operation when a point O such that OA = OB = OC
1s chosen inside the triangle, and it is cut into triangles OAB, OAC, OBC'. Peter took a triangle
with angles 3°, 88° and 89° and broke it into three triangles. Then he chose one of the pieces
(also acute) and broke it. So he continued until all the triangles were obtuse. How many
triangles did he get in total?

Solution. The acute angle of an acute-angled triangle doubles each time: after the first cut
it is 6°, after the second 12°, then 24°, 48°, 96°. The remaining triangles are always obtuse. So
we make 5 breaks, thus there are 1 + 2 -5 = 11 triangles in total.

Consider a breaking of an acute-angled triangle ABC. O is the
center of its circumcircle, so it lies inside the triangle, and the
triangles AOB, AOC, BOC' are isosceles. If /BAO = a,/CAO = B,
then ZAOB = 180° — 2a,/ZAO0C = 180° — 2B, whence
BOC = 2a + 28 = 2/BAC. For the initial triangle (with angles
LA = 3°,/B = 88°, /C = 89°), only ABOC is acute (moreover, it is
isosceles, Z/BOC = 6°).

Further, if we mark a point O, in it, then the triangle O, BC is acute (£LO; = 12°), and the
other two triangles are equal and obtuse. Analogously, /O3 = 24°, L0, = 48°, /05 = 96°. At

this point, all three new triangles are obtuse and the process stops. Thus there were 5 breakings.
Each breaking increases the number of triangles by 2, so there are 11 triangles in total.

3. Let us call a positive integer n > b new if there exists an integer which is divisible by all
the numbers 1,2,...,n — 1 but not by n. What is the maximal number of consecutive new
integers?

Answer: 3.

Solution. Example: number 7 is new (60 is divisible by all the numbers from 1 to 6 but not
by 7);



number 8 is new (420 is divisible by all the numbers from 1 to 7 but not by 8);
number 9 is new (840 is divisible by all the numbers from 1 to 8 but not by 9).

Estimation: each fourth number if of type n = 4k + 2 = 2(2k + 1); if a number is divisible by
2 and 2k + 1, it is also divisible by 7, so it cannot be new.

. The arithmetic mean of several positive integers equals to 20.22. Prove that at least two of the
numbers are equal.

Solution. Since 20.22 is equal to an irreducible fraction with denominator 50, the number
of the integers is divisible by 50. However if all 50 numbers are different, then the arithmetic
mean of 50n distinct natural numbers is at least 25.5n, thus more than 25.

. The squares of the first 2022 natural numbers are written in a row: 1,4,9,...,4088484. For

each written number, except for the first and the last ones, the arithmetic mean of its left and
right neighbors was calculated and written under it (for example, % = b was written under

the number 4). For the resulting string of 2020 numbers, we did the same. So we continued
until we reached a line in which there are only two numbers. Find these numbers.

Solution. Let’s take a look at one of the numbers z2. Under it

(z—12+(z+1)? 22-2c+1+22+22+1 222+2
2 - 2 =T Tl

will be written, so each time numbers increase by one. Initially, there are 2022 numbers and
each time 2 of them disappears, so there will be 1011 lines of numbers, and in the very last line
there will be two central numbers increased by 1010: 1011241010 = 1023131 and 1012241010 =
1025154.

Criteria. It is proved generally that each time every number increases by 1 — 3 points. If the problem
is solved correctly without a competent proof of the increment — 4 points. Any mistake in counting the

remaining numbers — —2 points.

. Four cars A, B, C and D start simultaneously from the same point of a circular track. A and B
travel clockwise, while C and D — counter-clockwise. All cars move at constant (but pairwise
different) speeds. After exactly 7 minutes of the race A meets C for the first time, and at the
same moment B meets D for the first time. 46 minutes later, A and B meet for the first time.
How long does it take from the start to the first meeting of C' and D?

Solution. If A meets C and B meets D every 7 minutes, then their convergence speeds are
equal: V4 + Vo = Vg + Vp. Therefore, the removal speeds of A with B and C with D are equal:
Va4 — Vg = Vp — V5. So, since A meets B for the first time at the 53" minute, then C and D
will meet for the first time at the same moment.

Criteria. 46 minutes are used in calculations instead of 53 — 3 points. If it is stated that any of cars’

speeds are equal — 1 point. Only the answer is given without any explanation — O points.

. A school was opened on the island of knights and liars (a knight always tells the truth, a liar
always lies). All 2N students are of different heights. They lined up in pairs one after another
(in other words, in two equal columns). The two people standing first said: “I am taller than
2 people: my neighbor in a pair and the person behind me”. The last two said: “I am also taller
than 2 people: my neighbor in a pair and the person in front of me”. Finally, everyone else said:
“l am taller than 3 people: my neighbor in a pair, the person in front of me and the person
behind me”.

a) Find the largest possible number of knights among the students.

b) Is it possible for all the students to be liars?
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Solution. A) There is no more than one knight in each pair, so there are no more than N
knights (this amount can be achieved by placing N higher students in chess order).
B) No. All the students are of the different heights, so the heighest of them is always a knight.

Criteria. Problem a) is fully solved — 5 points. If only one part of the solution is given (either an
estimation or an example) — 2 points. One or few examples are given as a proof — 0 points. Problem

b) is fully solved — 2 points.

. Kate wrote a number divisible by 30 on the board and encrypted it according to the rules of
alphametic puzzles (different letters correspond to different digits, the same letters — the same
digits). She got the word “GUATEMALA”. How many different numbers could Kate write on
the board?

Solution. The letter A should be equal 0. The other 6 letters are non-null digits whose sum is
divisible by 3. Note that each remainder modulo 3 occurs 3 times. Checking all possible sets of
remainders we conclude that the combinations whose sum is divisible by 3 are 000111, 000222,
111222, 001122. Now count 6-element subsets of {1,2,...,9} for each combination: there is
only 1 set for each of the first three combinations and 3* = 27 sets for the last one. Each subset
of digits can be rearranged in 6! ways, so the answer is 30 - 6! = 21600.

Criteria. 1 point if it is shown that A = 0. If combinations of the remaining letters are found by brute
force — it is OK, but if some cases are lost — no more than 3 points. —1 point in case of calculation

error(s) or if the answer is an expression which is not counted.
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8. A park has a shape of a 10 x 10 cells square. A street light can be placed in any cell (but no
more than one light in each cell).
a) A park is called illuminated if, no matter in which cell a visitor stands, there exists a square
of 9 cells containing the visitor and a light. What minimal number of lights is required to
illuminate the park?
b) A park is called securely illuminated if it remains illuminated even when one arbitrary
street light is broken. What is the minimal number of lights in a securely illuminated park?

Solution. a) 4. Let’s divide the park into 4 quarters (5 x 5 squares), then each quarter contains
at least one light (otherwise e. g. the corner is not illuminated). Placing a light in the center
of each quarter, we get an example.

b) 10.

Estimation. Each 3 x 3 corner square must contain at least two lights (to illuminate the corner
cell). Let us temporarily leave only these 8 lights. Each of them illuminates only within its
quarter, and if a light in the center of a quarter is broken (or if it doesn’t exist), then there is
a “dark” five-cell strip along the border of this quarter. Note that the union of two such strips
for opposite quarters in any case cannot be illuminated with one light, so we need at least two
more lights.

* *

* *

* *
An example:

* *

* *

Criteria. Part (a) costs 2 points (1 for the example an 1 for an estimation). In the part (b), 2 points
are given for an example and 3 points for an estimation (1 point of them for a that 8 lights are not

enough).
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