MexxayHapoaHas MaTeMaTAdeCcKass OAUMINAAA
«Popmynra EaurcTBay / «T'peTbe TEICTIeAeTHES
2022-2023 yuebubrit roa. OTOOPOUHBIZ STAl

Sagaum ajida 9 kJjacca

Kasxkpast 3apada omeHuBaeTcs B 7 6annoB. KpuTepuu pAAST OTAEABHBIX 33734 HAIle9aTaHbI CEPBIM.
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1. Ects au B XXI Beke Takoil roa, HOMep KOTOPOI'O MOKHO IIPEACTAaBUTL B BUAE Frghoig
g . . ’L . ]

rae a,b,c,d,e, f,g,h,1,7 — mIOIapHO Pa3sAWYHEBIE ITUPPHI?

64+4-7-8-9

————————. AHanOrWYHO MOXXHO IIPeACTaBUTL 2018,
1+0-2-3:5

Pemtenmne. Aa, mHanpuwmep, 2022 =
2020 z 2021.

2. Ilets pa3peAuA KPYT TPeMs IPSIMBIMY Ha 7 YacTel ¥ HalucaaA B HUX 7 PA3ANYHBIX IIEABIX YUCEA
TaK, YTO CyYMMBI YKCEA, CTOSIIIUX 110 OAHY ¥ II0 APYTYIO CTOPOHY OT Ka’kAOW M3 IPSIMBIX, OBIAK
opAMHAKOBEL. OAHO U3 YUCEA PABHO HYAIO. J\OKAXKUTE, YTO KAKOE-TO UUCAO OTPHUIIATEABHO.

Pemntenne. PasbepéM Tpu cAygas pacIOAOXKEHUSI HYAs (IO KapTHHKE Ha Ka’KABIH cAydail).
Ha xapTwHKax cyMMa >KEATHIX CEKTOPOB PaBHA CYMMeE PO30BBIX (IIOCKOABKY >KEATHIE + OpaH-
JKeBble = PO30BBIE + OPAH>KEBBIE = IIOAYCYMMa BCEX YUCeA). BHAUM, UTO IepBbIe ABa CAydas
BOOOIIIE HEBO3MOKHEL (€CTh COBIIAAAIOIINE YUCAA), @ B TPETHEM CAYYa€ OAHO U3 UHCEA G U —Q
OTPUIIATEABHO.

Kpurepun. Ecau pa3obpaHEBl He BCe CAyUay, TO AAETCT He BoabIe 2 HanN0B.

3. B ceabckoMm KAybe IIPOBOAMTCSH YEMIIMOHAT IIO IMaXMaTaM: Ka>XKABIH yYaCTHUK AOAXKEH ChIT-
PaTh C Ka’KABIM IO OAHOY mapTuu. B KAybe TOABKO OAHA AOCKA, IOITOMY ABE IIAPTUU HE MO-
T'yT IPOXOAUTH OAHOBPEMEHHO. [I0 pernaMeHTy yeMnmoHaTa, B AI0DOH MOMEHT YKMCAO IApPTHH,
y>K€ CHITPAHHBIX PAa3HBIMU YYaCTHUKAMM, AOAXKHO pa3AMdaThCs He bonee dyem Ha 1. IlepBuie
HECKOABKO IIapTU# YeMIIMOHATa IIPOIIAK C COOAIOAEHUMEM perAaMeHTa. Bcerpa A MOXXKHO 3a-
BEPIIUThL YEMIIMOHAT, CODAIOAAST PETAAMEHT?

Pemenune. He Bcerpa. Hanpumep, nycte B yeMnumoHaTe 6 UI'DOKOB, U IIE€PBBIE IapTUM IIPOBO-
AUAVICH B TaKOM Iopsiake: 12, 34, 56, 13, 24. Tenepb HauMeHbIllee YUCAO IAPTUYR CHITPAAU b 1
6, Mo3TOMYy HaaO OBI IIPOBECTM MaT4d MeXXAY HUMU, HO OH Y>K€ COCTOSIACH.

4. NOKa>kuTe, YTO MOXXHO pPa3pe3aThb IPaBUALHBIN ISITUYTOABHUK Ha 4 9acTH, U3 KOTOPBIX 6e3
IIPOCBETOB ¥ HAAOXKEHUY COCTaBASIETCS IPSIMOYTOABHUK.

Pemrenne. OTpe3aB U IEPENOKUB TPEYTOABHUK, MOXKHO IIOAYYUTE TPAIEIUIO (3TO CAEAYET U3
OTME€YEHHEIX YIAOB U PaBEHCTBa CTOPOH). Aaaee, OTPe3aB OT TPAIENUU ABa IPSIMOYTOABHBIX
TPEYTOABHUKA, [IOBEPHEM UX U IIOAYIUM IPSIMOYTOABHUK (CM. PUCYHOK).
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5. Yerripe aBTOMObUAST A, B, C 1 D CTapTyIOT OAHOBPEMEHHO U3 OAHON 1 TOH K& TOYKM KPYT'OBOI
Tpacchl. A u B epyT mo dacoBoit ctpeake, a C' u D — npotus. Bce aBTOMOOUAM ABEXKYTCS C
IIOCTOSTHHBIMY (HO IIOIIaPHO PA3AUYHBIME) CKOPOCTsIMU. CIIyCTsI POBHO 7 MUHYT IIOCAE Hadana
rouku A BuepBble BcTpedaeT C, ¥ B 3TOT >Xe MOMEHT B BmepBble BcTpedaeT D. Uepes eme
46 MuHYT A m B BCTpeYaloTCs BIEpBble. A depe3 Kakoe BpPeMsI IIOCAE HadaAd T'OHKY B IIEPBBIX
pas BcTpeTsaTcss C u D7

Pemteane. Pa3z A c C u B ¢ D BcTpedaloTcs pa3 B 7 MUHYT, TO UX CKOPOCTU COAMIKEHUS
paBubl: V4 + Vo = Vg + Vp. VlHEIME choOBaMmu, paBHBI ckopocTu yaanreHus A, B u C, D:
Vi — Vg = Vp — V. Suauur, pas A u B BCTpewaroTcs B IEPBEHIE pa3 Ha 53-# MunyTe, To u C C
D B miepBBI# pa3 BCTPETATCS Ha 53-i1 MUHYyTE.

Kpurepun. Bumecto 53 MuHyT ncroab30BaHEL 46 — He boaee 3 6aanoB. Ecau B pelteHny nCIOAB3YETCs,

4TO KakKme-Ambo u3 cKopocTel paBHEI — 1 6aan. Toabko oTBeT 6e3 obbsicHeHUst — 0 6aAn0B.

6. CKOABKO pElIeHN B HATypPaAbHBIX YucAax uMmeeT ypaBHeHue (a + 1)(b+ 1)(c+ 1) = 2abc?

Pemenne. Ilepenmmewm ypasrerue B Buae (1+1/a)(1+1/b)(1+1/c) = 2. B cuny cummerpun
AocTaTouHO Haittu Bce pemenusi c a < b < ¢. Toraa (1+1/a)® > 2, Toectb a < (v2—-1)"1 < 4
ua € {1,2,3}. B cayuae a = 1 BumoaHeHo HepaBeHCTBO 2(1 + 1/b)2 > 2, To ecThb pemieHui
mer. BEcam a = 2, To 3(1+1/b)? > 2, To ectb 2 < b < (%ﬁ —1)7! < 7. B aroM caydae
mmeercst 3 pemenus (a,b, c) = (2,4,15),(2,5,9),(2,6,7) (upz b = 2 u b = 3 ypaBHeHZE Ha C
He UMeeT PelleHuil B HaTypPaAbHBIX ducAax). HakoHern, ecau a = 3, TO %(1 +1/b)? > 2, TO
ectb 3 < b < (\/g —1)7! < 5. 9o paér emg 2 pemenus (a,b,c) = (3,3,8),(3,4,5). C yuérom
TIEPECTAHOBOK BCETO UMEETCSI 27 PEIIeHn.

Kpurepun. Ecau HalipaeHa TOABKO YaCTh PEIIEHUH, TO AAETCS He OOABbIIE 2 HaNNOB.

7. Ha3soBéMm HaTypanbHOE YUCAO NOAE3HBIM, ECAYL OHO HE COAEPIKUT B CBOEN AECATUIHON 3ammcy
HU HYA€H, HM OAMHAKOBBIX ITU(P, a IPOU3BEeAEHNE BCeX IUMP KpaTHO ux cyMMme. HaliauTe ABa
HAMOOABIINX ITOCAEAOBATEABHBIX (TO €CTh PAa3AMYAONIUXCS Ha 1) IOAE3HBIX YUCAQ.

Pemtenne. Yucna 9875213 m 9875214 moae3Hbl. AOKaXKeM, YTO HOABIINX ITOCAEAOBATEABHBIX
TIOAE3HBIX YUCEA HE CYIIECTBYET. Y IIOCAE€AOBATEABHBIX YUCEA X CYMMBI TGP IIOCAEAOBATEAD-
HBI (MHAYEe MMeEM IIEPEXOA Yepe3 paspsip, To ecTh 0 Ha koHIE). Ho Toraa MakcuMaAabHBIE BO3-
MO>KHBIE CyMMBI Iudp — 35 u 36 (Cpepm AIOOBIX ABYX OGOABIIEX CyMM XOTsI OBI OAHA HMeEET
IIPOCTOM AEAUTEAD, GOABIINY 9, UAM IPEBOCXOAUT 1+ ...+ 9 = 45). [Tocaep0BaTEABHEIE TOAE3-
HEBIe 9uCAa He bonee YeM CEMU3HAYHEIE, MHAYE CYMMBI X Iudp 6yAyT He MeHbIe 1+4-...+8 = 36
y Kaxporo. ITocaepoBaTEABHBIX ITOAE3HBIX YUCEA BHAA 9876 * x*x He OLIBaeT, Tak KakK y TaKUX
qmuceA CyMMEI Tudp He MeHbine 9+8+7+6+1+2+3 = 36. A mocaepOBaTEABHEIE ITIOAE3HBIE YKC-
Aa BuAA 9875 * x* MOI'yT OTAMYATHCS OT HalAEHHBIX TOABKO IIE€PECTAaHOBKOM ITOCAEAHUX IUMP
(vuHaYe cyMMEL uX UM 6oabe 36), TaK YTO HAKAEHHBIE YUCAA ACHCTBUTEABHO HAUOOABIIHE.

Kpurepun. 3a oneHKy paérca b 6aanos, 3a mpumMep — 2 banna.
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8. Tlapk mpeacTaBasieT coboir kBaapar 10x10 xkaeTok. B A106yI0 KAETKY MOYKHO IIOCTaBUTH (PO-
Hapb (HO He 6onee OAHOrO POHAPSI B KAXKAOU KAETKE).
a) [Tapk HasBIBaeTCS 0CBEULEHHDBIM, ECAT, B KAKOM OBI KAETKE HU HaXOAUACS IIOCETUTEAD, Hall-
AETCST KBaApaT U3 9 KAETOK, COAEPIKAIIUN U IIOCETUTEASI, U KaKOW-HUOyAR doHaph. KakoBo
MUHEMAABHOE KOAMYECTBO (DOHAPEN B OCBELIEHHOM ITapKe?
6) [Tapx Ha3BIBAETCSI HAOENHCHO OCBEWLEHHDBIM, ECAX OH OCTAETCSI OCBEIIEHHBEIM AAXKe IIOCAE
IIOAOMKHK OAHOTO Afoboro ¢onapsi. KakoBo MUHMMaAbHOE KOAWYECTBO (POHAPEN B HAAEKHO
OCBEIIIEHHOM IIapKe?

Pentenne. a) 4. Pa3obpéM mapk Ha 4 geTBepTH (KBappara 5 X 5), Toraa B Ka>KAO# 4eTBepTH
MAOAIKEH OBITH XOTsI OB OAMH POHAPE (AAST OCBEIIEHWSI, HAIPUMED, YIAOBBIX KAETOK ). CTaBst 1o
doHapIo B LIEHTPE Ka>XAO YeTBEPTH, IIOAYHIAEM IIPUMED.

6) 10.

Omnenka. B xa>xaoM yraoBoM KBaapare 3 X 3 AOAKHO OBITH XOTsI 6BI ABa oHAPST (AASI OCBelIle-
HUSI YTAOBO# KAeTKHZ). BpeMeHHO ocTaBUM TOABKO 3TH 8 poHapei. Ka>kAplh U3 HUX OCBEIIAeT
TOABKO B IIPEAEAAX CBOEM YETBEPTH, IPUIEM ECAU CAOMAETCSI (POHAPE B IIEHTPE YETBEPTH (UAK
€CAZ OH TaM OTCYTCTBYET), TO KaKasi-TO ISITUKAETOYHAS TOAOCKA BHYTPH 3TON YeTBEPTH, I'Pa-
HUYaIast ¢ APyroil 4eTBepTbhIO, TOYHO He OYAET OCBellleHa. 3aMeTUM, YTO OObeAVHEHUE ABYX
TaKUX IIOAOCOK AASI IIPOTUBOIIOAOKHEIX UeTBEPTEN B AIOODOM CAyHUae HEAB3SI OCBETUTH OAHUM
doHapEM, ITOITOMY IIOHAAODATCS emme XoTs OBl ABa oHAPH.

* *

* *

* *
[Ipumep:

* *

* *

Kpurepun. B myHKTe a) 3a OIEHKY ¥ IPUMepP AAE€Tcs mo 1 6aary. B myHkTe 6) 3a OIeHKY AaéTcs 3

baana (u3 HuX 1 6ann, ecAM AOKa3aHO, ITO 8 poHApel HEAOCTATOUYHO), a 3a IpUMep — 2 Haara.
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International Mathematical Olympiad
«Formula of Unitys / «The Third Millenniums»
Year 2022/2023. Qualifying round

Problems for grade R9

Each task is assessed at 7 points. Some problems have their own criteria (printed in gray).

b-c-d-
1. Is there a year in the 21st century whose number can be represented as M where
a,b,c,d,e, f,g,h,1,7 are the digits 0 to 9 in any order?
6+4-7-8-9

————— . There are analogous examples for 2018,
1+0-2-3-5

Solution. Yes, for example, 2022 =
2020, 2021.

2. A circle is divided into 7 parts by 3 lines. Maria wrote 7 different integers into these parts
(one number in each part) so that the sum of numbers on one side of each line is equal to the
sum of numbers on the other side. One of the numbers is 0. Prove that some other number is
negative.

Solution. Let’s analyze three cases of zero location. On the pictures, the sum of the yellow
sectors is equal to the sum of the pink ones (because yellow + orange = pink + orange = half
the sum of all numbers). We see that the first two cases are impossible (because some numbers
are equal), and in the third case one of the numbers a and —a is negative.

a -a
0 a a

Criteria. Not more than 2 points if not all the cases are considered.

3. A chess championship is held in a village club: each participant must play one game with each
other. There is only one board in the club, so two games cannot be played at the same time.
According to the rules of the championship, at any moment the number of games already played
by different participants must differ by no more than 1. First several games of the championship
were played in accordance with the rules. Is it always possible to complete the championship,
following the rules?

Solution. No, not always. For example, let there be 6 players in the championship, and the
first games were played in the following order: 12, 34, 56, 13, 24. Now the least number of
games were played by 5 and 6, so we should have a match between them, but it has already
taken place.

4. Prove that it is possible to cut a regular pentagon into 4 parts and rearrange them to make a
rectangle without gaps and overlays.

Solution. By cutting off and shifting the triangle we obtain a trapezoid (this follows from
the angles marked on the picture and the equality of the sides). Next, cutting off two right
triangles from the trapezoid, we rotate them and get a rectangle (see figure).
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5. Four cars A, B, C and D start simultaneously from the same point of a circular track. A and B
travel clockwise, while C and D — counter-clockwise. All cars move at constant (but pairwise
different) speeds. After exactly 7 minutes of the race A meets C for the first time, and at the
same moment B meets D for the first time. 46 minutes later, A and B meet for the first time.
How long does it take from the start to the first meeting of C' and D?

Solution. If A meets C' and B meets D every 7 minutes, then their convergence speeds are
equal: V, + Vo = Vg + Vp. Therefore, the removal speeds of A with B and C with D are equal:
Va4 — Vg = Vp — V. So, since A meets B for the first time at the 53"¢ minute, then C and D
will meet for the first time at the same moment.

Criteria. 46 minutes are used in calculations instead of 53 — 3 points. If it is stated that any of cars’

speeds are equal — 1 point. Only the answer is given without any explanation — 0 points.

6. How many solutions in positive integers the equation (a + 1)(b+ 1)(c + 1) = 2abc has?

Solution. Let’s rewrite the equation as (1 + 1/a)(1 + 1/b)(1 + 1/c) = 2. By symmetry, it
suffices to find all solutions with a < b < c¢. Then (1 +1/a)® > 2,ie.a < (V2-1)1 < 4
and a € {1,2,3}. In the case a = 1 the inequality 2(1 + 1/b)? > 2 is satisfied, i.e. there are no
solutions. If @ = 2 then (1 +1/b)? > 2,ie. 2 < b < (%ﬁ — 1)t < 7. In this case, there are
3 solutions (a,b,¢) = (2,4,15),(2,5,9),(2,6,7) (for b = 2 and b = 3 the equation on ¢ has no
solutions in natural numbers). Finally, if a = 3, then $(1+1/0)% > 2,1.e.3 < b < (\/g—l)*l <5.
This gives 2 more solutions (a,b,c) = (3,3,8),(3,4,5). Including permutations, there are 27
solutions in total.

Criteria. Not more than 2 points if only a part of the solutions is found.

7. Let us call a positive integer useful if its decimal notation contains neither zeroes nor equal
digits, and if the product of all its digits is divisible by the sum of these digits. Find two
maximal consecutive (i. e. differing by 1) useful numbers.

Answer: 9875213 and 9875214.

Solution. These two numbers satisfy all conditions. Let us prove that they are maximal. For
consecutive numbers, the sums of digits are consecutive (otherwise we have a transition through
the digit, that is, 0 at the end). But then the maximum possible sums of digits are 35 and 36
(among any two larger ones, from 37 to 45 = 1+...+49, at least one has a prime divisor greater
than 9). Consecutive useful numbers have no more than seven digits, otherwise the sum of their
digits will be at least 1 + ... + 8 = 36 each. There are no consecutive useful numbers of the
form 9876 x * *, since the sum of digits of such numbers is at least 9+8+7+6+1+2+3 = 36.
And consecutive useful numbers of the form 9875 % * % can differ from those found only by
permutation of the last digits (otherwise the sum of their digits is greater than 36), so the
numbers we found are really the largest.

Criteria. 2 points for the answer and 5 points for an estimation.
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