MesxkperuoHajbHble NpeAMeTHbIe 0OTuMNuabI KOY
npopuab «Pu3uKa»
3aKJIIOYUTEJbHBIN 3Tan (peleHuss/0TBeThl)
2022/23 y4yeOHblii rog
11 kaacc

3agaua 1. (196.) Bpycok Maccel /m JIGKHT Ha HAKJIOHHOW IUIOCKOCTH, 00pa3yrolied yroi o ¢
ropu3oHTOM. Kakyro MUHHMaIbHYIO CHTy F HYKHO TIPHIIOKUTh, YTOOBI TEJIO CABHHYIIOCH C MECTa,
€CJIM MOXHO TPHIIOKUTH €€ IO/ ONTUMAIILHBIM YIJIOM B IUIOCKOCTH pHUcyHKa. Koaddunment
TPEHUs] MEXTy OPYCKOM M TUIOCKOCTBIO [1. BHEIIHSS cHiia IPUIIOKEHa TaKUM 00pa3oM, 4To OpycoK
JIBIDKETCSI TOCTYTIATEIHHO.

Bo3moxkHoe pemienue:

CnpoenupyeM Cuiibl Ha OCH X U ) U 3aluilieM BTopol 3akoH HeioToHa. /[ HaX0XKAeHUs] MUHUMaJIbHOW CUJIbI

YCKOpEHHUE PUPOBHSIEM K HYIIIO.
{ N + Fcosy =mgcosa

0 =mgsina + Fsiny — uN
u(mgcosa — Fcosy) =mgsina + F siny
mg(u cosa — sina)

F = -
siny + ucosy

Yucnurens JaHHOTO BBIPpaXXCHUA TIIOCTOAHCH, [JIA JOCTHXKCHHA MHHHUMYMa JOCTAaTOYHO BBISICHHUTDH
MAaKCHMMaJIbHOC 3HAYCHUEC 3HAMCHATCIIA

cos sin
siny + ucosy =+/1+ u? HEOSY + Y =+/1+ u?cos(y — o)
Ji+p?r J1+u2
Takum 06pa3om, 3HaMEHATEb MPUHAMAET MAaKCUMAJIbHOE 3HaUYeHHE 1/ 1 + (2. MuHHMasbHAS CHIa,

HeoOXoauMast 1J1sk TOro 4YToObl CABUHYTHh OPYCOK C MECTa, paBHa
mg(ucosa — sina)

Fmin - m

Kpurepun oneHuBanus:

Bepno 3anucan Bropoit 3akoH Herotona o Bcem ocsim. 1o 3 6asa 3a ock.

N3 ypaBHEHUI OJIy4E€HO BBIpaKEHUE JJIs1 CUJTBI.

Haiinen MUHMMYM CUJIBI (B T.Y. C IOMOIIBIO TPOU3BOAHOM).

EEN SNV, ] ko))

[TosryueHo BepHOE BbIpaK€HUE AJI1 MUHUMAIbHOMN CHJIBI.

3anaua 2. (18 6.) Tomkas cobuparomas JHMH3a IBIKETCS BIOJb CBOCH ONTHYECKOW OCH B
HaIpPaBJICHUH CTATHYHOTO UCTOYHHKA CO CKOPOCThIO V. ICTOYHHUK PACIIOIOKEH Ha ONTHYECKOH OCH A

<

A

nuH3bl.  DokycHoe paccrostHe JHH3BI F. Kakylo MrHOBEHHYIO CKOpOCTh OyIeT HMeETh

n300paXeHUE MCTOYHHKA B JIAOOPATOPHOM CHCTEME OTCYETa, €CIM B MHTEPECYIOUINA HAC MOMEHT t
paccTogHUE OT UCTOYHHUKA A0 JIUH3GI L > F.
Vkazanue: (1+x)Y =1+ yxnpux < 1.

Bo3moxkHoe pemienue:
[lepeitnem B cucteMy OTCYETa, CBSI3aHHYIO C JIMH30M. O003HA4YMM 3a d PAcCTOSHHE MEXIY MCTOYHHKOM M
JMH30H, 3a f — paccTOsSHUE MEXy JIMH30M U H300pakeHHeM



[To dhopmyse TOHKOM JIMH3BI

1_1+1
F d f
_ Fd
I=a=F

d

f
CKOpOCTh M300pakeHUsI 3TON CUCTEME OTCUeTa paBHA U = - p

[TpuBenem naBa BapuaHTa HAXOKICHUS CKOPOCTH MU300paXKEeHUs B IBUXKYIIEHCS CUCTEME OTCUETA.
1) Bo3pmeM HCKOMYIO IPOU3BOIHYIO HANIPSAMYIO U MOJIOKHUM t = 0

_ F(L—wt)
Uy
df (—UF+ FLv )_ F?
ait . \L—F ' -F2)" " w-r2"
2) PaccmoTtpum Gopmyiy TOHKOI JTHMH3BI B IIEPBOM HOPSIKE [0 MAIOMY HHTEPBAIly BpEMEHU dt
F L
11 1 L+f0—(u+v)dt L+ fo— (u+v)dt
F-L—vdt fo—udt  Lfy— (Lu+vfe)dt _Qutvfy) 4 -
Lo\l =7
(Lu+v fo)
(L+ fo — (u+v)dt) 1+T
~ 7 ~
L+ Lu+v
<( fO)l(lfO fO) _ (u + U)) dt L4 f
0
Lfo Lfo
L+ Lu+v
( fo)L<f ) w0
0
LPu+vff =
_ vfy _ F 2
B A= Vi
B nabGopaTopHoii cucteme oTcyera HCKOMasi CKOPOCTh Oy/ie paBHa
FZ
I — 1———
u ( = F)2> v
Kpurepun oueHuBanms:
YpaBHEHNE TOHKOM JTUH3BI. 3

Nnes mepexoma B cUCTEMYy OTCYETa, CBS3aHHYIO € JMH30M. B ciydae anbTepHATMBHOIO pELICHHS | 2
3aCUUTHIBACTCA.
[Tomydyena BepHasi CKOPOCTh H300pakKeHHS JIOOBIM CIOCOOOM. (B J1a0OpaTOpPHOW WM TOABHKHOM | 9
cucreMe oTcueTa) JlomyckaeTcst HCOIb30BaHNuE (OPMYIIBI Il TPOAOIBHOTO YBEJINYCHUSI.
[Tonyden BepHBIN OTBET. 4

3agaua3. (200.) Ha koHmax HEBECOMOTO  phbluara
pacIoJIOKEHBI TOYCYHBIC MAacChl m; W m,; W TPHUKPEIUICHBI  [m
HEBECOMBIE TIPY)KHHBI XKECTKOCTBIO k; W k,. PaccrosHums ot
KOHIIOB phlUara JIo0 TOYKH ONOPBI PaBHBI /; U [, COOTBETCTBEHHO.

/1 /2

A /\—3

~

gy
Nt




JImuHBI IPYKUH B Hele(hOPMUPOBAHHOM COCTOSIHHH MOI00paHbl TAKUM 00pa3oM, YTOOBI phlYar HaXOAWICS B PABHOBECHU
B TOPU30HTAIHLHOM TMOJIOKEHUU. HallTh 4acTOTy Manbix KojeOaHWH phluara mociie HeOOJBIIOrO OTKIOHEGHHUS €ro OT
ropu3oHTanu. Ppruar B mporecce KomeOaHW HE OTPHIBAETCS OT TOYKH OMOpPHI. [IMWHBI MPYXHUH MHOTO OOJbIIe
aMIUTATY Bl KOJIeOaHui.

Bo3moxkHoe pemenne
PaccmoTpuM cHavana ycioBue paBHOBECHS phlyara. 3anuiieM 0allaHC MOMEHTOB OTHOCUTEIBHO TOUYKH OTIOPHI.
ILbmyg + kyl,Ax, — Iimyg — kl1Ax; =0
3anuiem BBIPAXKCHUC IJIA MOJIHOM MEXaHUYECKOU OHCPIrUn CUCTCMBI. Ilonoxenue pbryara 1 CKOpoCTb BCEX €ro
TOYCK OJHO3HAYHO OIPECACIAIOTCA HAKJIOHOM pbhlyara K TOPHU3OHTAIN @ U COOTBGTCTByIOH.[GfI YTHOBOﬁ
CKOpPOCTBIO ¢.
ml2¢p? myl¢p? ki(Ax; — 1y sin @)? N k,(Ax, + 1, sin @)?

E= > + > —mqglysing + mygl, sing + > >

B aTOM paBeHCTBE MBI Y4, UTO JJIMHA MIPYKUH MHOTO OOJIbIlIe aMIUIUTY/bI Konebanuid. [{nst manoro yria sin
¢ = (@, BEIPOXEHHOTO B paJIiaHaXx.

mI29?* m,l2¢p? ki(Ax; — Lip)?  k,(Ax, + 1,p)?
B~ 121<P n 222(P —mygly 0 +mygle + 1( 12 19) n 2( 22 20) _
_ (mylf + myl3)@? ki Ax,® + kyAx,*

2
+ (_mlgll + nglz - klelll + szlez)(p + + (p?(kll% + kzl%)

2
Bropoe ciiaraemoe paBHO HYJIIO B CUJLY YCJIIOBHUSI PABHOBECHSL.

CpaBHHM 3TO BBIPOKEHHE C SHEPTHEH OJTHOMEPHOTO TAPMOHHUYECKOTO OCHMILISATOPA:

2

* 22 * 2
m m
E, = Zq + w? Zq + const
rae g ¥ q — 0000IeHHas KOOpIMHATa U 0000IIEHHAs! CKOPOCTh, B JAHHOM 3a71a4e YroJl U yIiioBasi CKOPOCTh.
F= (mylf + my13)¢?  (kylf + kyl3) (mylf +m,13)¢?

+ const
2 (mql2 + m,l3) 2
[ukanueckas 4acToTa U MepuoJi MajbIX KoieOaHun
"= k2 + kyl5 T =2 my 2 +m,l3
mylZ +myl3’ k12 + k13
Kpurepun oueHuBanms:
Bepno 3anucano ycioBUe paBHOBECHS pbluara. 4

BepHo 3alrMcaHa mojJHad MEXaHU4YCCKas SHEPTHA WK BO3Bpallaromas cujia Ijsd CUCTEMEIL, BI)IBG,I[CHHOI\/'I 6
N3 IMOJIOKCHUA PAaBHOBCCHA.

IIpoBeneHo pasyioxkeHHe M0 MaJOMYy MTapaAMETPy. 4
DHeprust UM ypaBHEeHHE KoJIeOaHU PUBEACHA K KAHOHUYECKOMY BHUJTY. 4
Haiinen nepuon konebaHmil. 2

3agaua 4. (21 6.) IlpoBosmias mepemMbIdKa CKOJIB3UT MO V 00pa3sHOMY MPOBOJSIIEMY KOHTYPY U3

OJTHOPOJTHOM TIPOBOJIOKH. [lepeMbIuka MBMIKETCS TaKUM 00pa3oM, 4To V 00pa3HBIA KOHTYp BMECTE C

Hell 00pa3yloT paBHOOCPEHHBIH TPEYTOIBHUK, CTOPOHBI KOTOPOTO YBEIHMYUBAIOTCS CO BpeMeHeM. B —
HayaJlbHBIA MOMEHT BpPEMEHH IUIOWIAAs TpeyronbHuka paBHa (. [IpoBOIHUK M IMepeMblUKa HMEIOT B
OJIMHAKOBOE COIMPOTHUBIICHUE HA €AUHUIY JUIMHBI. CHCTEMa HAaXOIUTCS B MOCTOSHHOM U OJHOPOJHOM / \Lﬁ \

MarHUTHOM TI0JIe, TIEPIECHAUKYJIIPHOM TIPOBOJAIIEMY KOHTYpY W Tiepembluke. CONpOTUBICHHEM

KOHTAKTa MEePEMBIYKH U TTPOBOIHUKA MTPpeHeOpedb. HIYKTUBHOCTEIO KOHTYpa MPeHEeOpeyb.

a) (15 6.) Ilpu kakoit 3aBUCUMOCTH CKOPOCTH TEPEMBIYKH OT BPEMEHHU TOK B KOHTYpE OYJET OCTaBaThCS MOCTOSHHBIM?
(PexoMeHIyeTCsl HAUaTh C 3TOTO BOIIPOCA)

6) (+6 0.) IIpu Kakoi 3aBUCHMOCTH CKOPOCTH IEPEMBIYKH OT BPEMEHHU TEILIOBAsh MOITHOCTH, BEHIACISIEMAas KOHTYpPOM,
OyJeT MOCTOSTHHON?

B 00oux ciaydasx JOCTaTOYHO MPEICTABUTH XOTS ObI OJIUH BUJ| 3aBUCUMOCTH CKOPOCTH OT BPEMEHH.



Bo3moxkHoe pemenne:
[Tnomans TpeyroiapHuka S ¢ (UKCHPOBAHHBIMHU yIJIaMU MPONOPIMOHAIbHA KBaApaTy JI000H ero CTOpOHBI
(popmyna I'epona) wnm BbicOoTH. [lepumerp, odeBHAHO, OyAEeT MPOMOPIHOHAICH JIIOOOH W3 CTOPOH WIIH
BbIcOTe. Ecnu Hayamo KOOpAMHAT MOMECTHTH B BEpIIMHY V  00pa3HOro KOHTYpa, KOOpJAWHATa IICHTpa
NepEeMbIUKH Oy/IeT COBMAIaTh C BBICOTON TPEYrOJIbHHKA.

S =ah? P = bh; a,b = const
CornacHo 3akony @apanes, 91C UHAYKIIUN B KOHTYpE

db_ BdS_ _ dh_
dt . dr | cWPgr T e

TAC vV — CKOPOCTHb NCPCMBIYUKH.

ConpoTHBIeHHE KOHTYpa MPOMOPIIMOHAIBHO TIepuMeTpy R = vh. Moayns Toka 1o 3akony Oma

¢ 2aBhv
I—E—y—h—const-v
OTBeTUM Ha BOIMPOC 33]a4H a)
[TocTostHHOM CKOPOCTH OYAET COOTBETCTBOBATH MOCTOSIHHBIN TOK
v(t) = const
OTBeTHM Ha BOTPOC 3a71a4u 0)
1o 3akony Jl>xoyia-JIeHna, Tennosast MOIHOCTh
P = &I = const - hv?
Y 1006HO HCKaTh 3aBUCUMOCTD /1(?) B BUJI€ CTETICHHON (YHKIIUU
h = ktP, k = const
v =kpth1
Torga ycioBre MOCTOSITHHOM MOLTHOCTH UMEET BUJ
const = tP+26-2

B+2-2=0;8=

-1/3

v(t) =const -t
Kpurepun oneHuBanus:

3aKOH 3JIEKTPOMArHUTHON MHAYKIINH.

CBs13b CONPOTHUBIIEHNUS U IEPUMETPA KOHTYpa.

CBs13b NepUMETPa/BBICOTHI TPEYTOJIbHUKA M IJIOIIAIHN.

Bblpa)KeHI/Ie JJI1 TOKa B 3aBUCUMOCTU OT CKOPOCTH.

OTBeT Ha BOIIPOC a).

BripaskeHue a1 MOIITHOCTH Yepe3 BBHICOTY/TIEPUMETP U CKOPOCTb.

N~ NN

OTtBet Ha Borpoc 0).

3agaua 5. (22 6.) YeTslpe OIMHAKOBBIX pPE3UCTOpPa COCOMHEHBI KaK TMOKA3aHO Ha PHUCYHKE (CM. pHC. a), M 3amasiHbl B
JUAJICKTPUUECKU KyO C BHICOKOW TEIUIONPOBOAHOCTHIO. [10MyYHBIIMIACS YETHIPEXMOMIOCHUK MOIKIIOYAIOT € TIOMOIIBIO
COEJIMHUTENbHBIX IPOBOJOB, COIPOTUBICHUE KOTOPBHIX IPEHEOPEKUMO Majl0 IO CPaBHEHUIO C COIPOTUBICHUEM
pes3ucTopa, BO BCEX CiIydasx K OAMHAKOBOMY HJ€aIbHOMY UCTOUHHUKY HanpspkeHus. llpu nmoaxirodeHuu Kk kiiemmMaMm A U
B yepe3 ncrounuk npotekaet Tok /; = 1.00 A (cMm. puc a). [Ipu nogxmouennu k kiemmam A u BC —toxk ,=1.25 A (cm.
puc. 0). Kakoit Tok OyaeT mpoTekarh 4yepe3 MCTOYHHK, €CIIM MOAKIOYUTH ero K kiemmam AD um BC (cM. puc. B)?
ComnpoTuBiieHHE PE3UCTOPOB 3aBUCUT OT TEMIEpaTyphl IO JHMHEHHOMY 3akoHy. CuMTaTrh, 4TO H3-3a BBICOKOH
MHTEHCUBHOCTU TETJIOOOMEHA BHYTPH IUDJIEKTPUUECKOTO KyOa M0 CpaBHEHHUIO C TEIJIOOOMEHOM Ky0a C OKpy)Karomien
CpeloH, TeMIepaTyphl pe3UCTOPOB MPAKTUYECKU PaBHBI MIPU JIIOOOM BapHaHTe MOAKIIOYeHUs. Temmneparypa u mpodue
HapaMeTphsl OKpYy’Karolel cpeIbl BO BCEX CIIydasX OJMHAKOBHI. PannannoHHbIM TeriooOMeHoM npenedpeds. Bee Toku B

AD




3a/1age MoIpa3yMEBaIOTCs YCTAHOBUBIITUMHUCS (depe3 MPOI0DKUTEIIHFHOE BPEMS TTOCIIC TTOMKITIOYCHIS ).
Bo3moxkHoe penienue:
B ycraHoBuBHIEMCS peXHME TEIOBas MOIIHOCTh TOKAa  pPaBHA MOLIHOCTH TEIUIOBBIX IOTEPbh YEpe3
MOBEPXHOCTh JAMANIEKTpHUeckoro kyba. O6o3Hauum 3a U HampspkeHHEe Ha HMCTOYHHMKE, & — KO3 (UIMEHT,
CBSI3BIBAIOLIUI Pa3HOCTh TEMIIEpATyp OKpY’Karolleld cpesbl U KyO0a M TEIUIOBYIO MOIIHOCTH IMOTEPh SHEPrUU
4yepes ero NOBEPXHOCTb.

kAT, = Ul

{kATz =Ul,
C npyroii croponsl 3akoH OMa C y4eToM TeMIIepaTypHOW 3aBHCHMOCTH COIPOTHUBIICHUS Ui ciaydas a) u 0)
uMeeT BUJL

(I _ U
17 2Ro(1 + aATy)
| U
I, =
U? 7 1.5Ry(1 + aAT,)
( I U
1 =
2Ry (1+ “Z’l)
| U
12 ==
aUl
| 15R (1+52)

3nech U — HanpskeHUE Ha UCTOYHMKE, R) CONPOTUBIIEHUE OJHOIO PE3UCTOPA MPU TEMIIEPATYPE OKPYKAIOLIEH
Cpelbl, 0. XapaKTepU3yeT 3aBUCUMOCTb CONPOTUBIICHUS OT TEMIIEPATYPBHI.

Beenem napamerpsl Iy = Rﬂ ub= ak—U
0
Iy
L =———
2(1+bl)
Iy
k]z =
1.5(1 + bl,)

pothm3l & g Slhla-h) _ 30
312-412 ~ 11 : > 70 312-412 11

Tox npu noakmouenuu K kiemmam AD u BC /3 MOXHO HallTH U3 aHAJIOTUYHOTO YpaBHEHUM.

~ 2.72;

U
I; = —————
Ro(1 + aAT3)
kAT3 = UI3
lo
I3 = ———=
(1+bly)
Pemas kBagpaTHOE ypaBHEHHE, OJTydaeM I3
_ —14+4bly +1 169 A
3T 2b T

Kpurepun oueHnBaHus:

PaBeHCcTBO TEmIoBOM MOIMHOCTHU TOKAa U MOIUTHOCTHU TCILUIOBBIX INIOTEPH YEPE3 MTOBEPXHOCTD.

3akon OMma jy1st citydast a) ¥ 0) ¢ y4eTOM 3aBUCHMOCTH OT TEMIIEPATYPHI.

BBGIIGHI/IG napamMeTpoOB, NOAXOAAIUX IJIA IIaJII:HeI\/’HJ_IeFO pClICHUS 3a1a4u.

OnpeneneHHe BBCICHHBIX BBILIC ITAPaMETPOB U3 U3BCCTHOI'O COOTHOIICHHA TOKOB.

YPaBHeHI/Ie JJIs1 KICKOMOTI'O TOKa.

N W W IN B

ITonyyeH BepHBIA OTBET.




Kazan Federal University Interregional Olympiads
Physics
final stage (solutions/answers)
academic year 2022/23
11th (final) school year

Problem 1. (19 points) A bar of mass m lies on an inclined surface forming an angle o with the
horizon. It is possible to apply the force F at the optimal angle in the plane of the figure. What is
the minimal value of the force F' that is necessary to move the body? The friction coefficient
between the bar and the surface is . The external force is applied in a way that the bar moves
translationally.

Possible solution:

Let's project the forces on the x- and y-axes and write Newton's second law of motion. To find the minimum
force, equate the acceleration to zero.

{ N + Fcosy =mgcosa
0 =mgsina + Fsiny — uN
u(mgcosa —Fcosy) =mgsina + Fsiny

B mg(u cosa — sina)

siny + ucosy
The numerator of this expression is constant. To reach the minimum it is enough to find the maximum value of

the denominator
cos sin
siny+,ucosy=\/1+u2<u ]/+ Y >=w/1+uzcos(y—<p)
Vit+u? J1+p?

Thus, the denominator takes the maximum value {/1 + p2. The minimum force required to move the bar from
its place is

__mg(pcosa —sina)

Fmin m

Evaluation Criteria:

Newton's second law is correctly written for all axes. 3 points per axis

An expression for the force is obtained from the equations

The minimum force is found (including using the derivative).

EENE NV, o)

Correct expression for the minimum force is obtained




Problem 2. (18 points) A thin converging (collecting) lens moves with velocity v along its
optical axis towards a static light source. The light source is located on the optical axis of A
the lens. The focal length of the lens is F. The distance from the light source to the lens at
the moment of interest is L > F. What is the instantaneous velocity of the image in the
laboratory frame of reference? Note: (1 + x)¥ = 1 + yx atx«<1.

|

N
A

y
~
P
-

Possible solution:
Let us use the reference frame associated with the lens. Denote by d the distance between the source and the
lens, by f the distance between the lens and the image. According to the thin lens equation

1_1+1
F d f
_ Fd
f_d—F

. e . d
The image velocity in this reference frame is u = - d—/:

There are two variants of finding the image velocity in a moving frame of reference.
1) Let's take the desired derivative directly and set 1 =0

_ F(L—wt)
o S =T w=F ,
—vF FLv F
_EE:_<L—F+(L—FV):_KL—FP“

2) Consider the thin lens equation in the first order by small time interval dt

FL
h=1—F
lz 1 N 1 zL+f0—(u+v)dt= L+ fo— (u+v)dt -
F L—vdt fy—udt Lfy—(Lu+vfydt Lfo(l—(Lu;}vaO)dt>
~@+m—w+vmﬂQ+@%%#ﬁa)
~ 3 ~
(L + fo)(Lu + vfp)
( Lfo _{u+v»dt+L+ﬁ_
L+ ) o) e
L+ fo)(Lu + vf, _
L7, —(u+v)=0
LPu+vf¢ =0
v F?
U= — _

Z - (L=F2"’

In the laboratory reference frame, the desired velocity will be

FZ
- 1 -
y ( = F)2> .
Evaluation Criteria:

Thin lens equation 3

The idea of the transition to the reference system associated with the lens. In the case of the alternative solution is | 2
scored

The correct image velocity is obtained by any method (in a laboratory or moving frame of reference) It is allowed | 9
to use the equation for linear magnification.

The correct answer is obtained 4




Problem 3. (20 points) At the ends of a weightless lever there ; )
are point masses m; and m, and attached weightless springs with ! :
stiffness &, and k,. The distances from the ends of the lever to
the fulcrum are /, and /,, respectively. The lengths of the springs
in an undeformed state are chosen so that the lever is in

~

gy
oy S

A
equilibrium in the horizontal position. Find the frequency of
small vibrations of the lever after its small deviation from the horizontal position. The lever does not move away from its
fulcrum in the course of the oscillations. The lengths of the springs are much longer compared with the amplitude of the
oscillations.

Possible solution:
Consider first the equilibrium condition of the lever. Write the balance of moments with respect to the fulcrum

lzng + kzlexz - llmlg - klllel =0

Write the expression for the total mechanical energy of the system. The position of the lever and the velocity of
all its points are uniquely determined by the inclination of the lever to the horizontal ¢ and the corresponding
angular velocity ¢

- mylig? mylig?

ki(Ax; — Iy sin@)?  k,(Ax, + 1, sin @)?
E = > > +

2 2

—mqglysing + mygl, singp +

In this equality we have taken into account that the length of the springs is much greater compared with the
amplitude of the oscillations. For a small angle sin ¢ = ¢, expressed in radians. Then using a series expansion

ml?¢p? m,l2¢? ki(Ax; — Li@)?  k,(Ax, + 1,p)?
E~ 121<P n 222(P — mygly @ +maglye + 1( 12 19) + 2( 22 20) _
_ (m§ + my15)@? kiAx,? + kyAx,”

+ (—mygly + mygl, — kyAx Ly + ko Ax, 1)@ +

(pZ

2 2

The second term is zero due to the equilibrium condition.
Compare this expression with the energy of a one-dimensional harmonic oscillator:

m*qz m* 2

E, = 5 + w? 5 + const
where g and g are generalized coordinate and generalized velocity, in this problem the angle and angular

velocity. Then

E= (milf + mpl)@?  (kilf + kp13) (mylf + myl)?
B 2 (M2 + m,l2) 2

+ const

Thus the angular frequency and period of small oscillations are:

ka3 + kyl3 my % + m, |2
myl2 + myl2’ kil? + k2

Evaluation Criteria:

The equilibrium condition of the lever is correctly written

The total mechanical energy or restoring force for a system out of equilibrium position is correctly written

A small parameter expansion is performed

The energy or equation of vibration is reduced to the canonical form

N[~

The frequency (period) of oscillations is found




Problem 4. (21 points) A conductive jumper slides on a V-shaped conductive contour made of
homogeneous wire. The jumper moves in a way that the V-shaped conductor together with jumper
forms an isosceles triangle circuit, the side lengths of which increase with time. At the initial
moment the area of the triangle is 0. The conductor and the jumper have the same resistance per B
. : . ) . ®
unit length. The system is located in a constant and homogeneous magnetic field B perpendicular

conductor is negligible. The inductance of the circuit is neglected.

a) (15 points) Find the dependence of jumper velocity versus time when the current in the circuit

remain constant. (It is recommended to start with this question)

b) (+6 points) Find the jumper velocity versus time when the thermal power emitted by the circuit is constant.
In both cases, it is sufficient to present at least one type of dependence of velocity versus time.

to the plane of the conducting circuit and jumper. The contact resistance of the jumper and the / \L —
1% \

Possible solution:

The area of a triangle S with fixed angles is proportional to the square of any side (Heron's equation) or height.
The perimeter will obviously be proportional to any of the sides or heights. If the coordinate origin is placed at
the vertex of V-shaped contour, the coordinate of the jumper center will coincide with the height of triangle:

S =ah? P = bh; a,b = const

According to Faraday's law, the electromotive force (EMF) induction in the circuit is

dod BdS dh
= = —2aBh— = —2aBhv,

T TS at

where v is the jumper velocity.
The loop resistance is proportional to the perimeter R = yA. The current modulus according to Ohm's law is

R yh

¢ 2aBhv
= = const - v

Let's answer the question of problem a)
A constant velocity will correspond to a constant current
v(t) = const
Let's answer the question of problem b)
According to Joule-Lenz law, the heat power
P = &I = const + hv?
It is convenient to look for A(¢) dependence in the form of a power function

h =ktP, k= const
v =kpth1
Then the constant power condition is
const = tP+26-2

2
B+28—2=0; B==

3
v(t) = const - t~1/3

Evaluation Criteria:

Faraday's law of electromagnetic induction.

Relation for resistance and perimeter of a circuit

Relation between the perimeter/height of a triangle and the area

Expression for current as a function of velocity

Correct answer to question a)

Expression for power versus height/perimeter and velocity
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Correct answer to question b)




Problem 5. (22 points) Four identical resistors are connected as shown in the figure (see Fig. a), and soldered into a
dielectric cube with high thermal conductivity. The resulting quadrupole is connected with connecting wires, whose
resistance is negligibly small compared to that of the resistor, in all cases to the same ideal voltage source. When
connected to terminals A and B, a current /; = 1.00 A flows through the source (see Fig. a). When connected to terminals
A and BC, current /, = 1.25 A (see Fig. b). What current will flow through the source when it is connected to terminals
AD and BC (see Fig. ¢)? The resistance of the resistors depends on the temperature according to a linear law. Consider
that because of the high intensity of heat exchange inside the dielectric cube compared to the cube's heat exchange with
the environment, the resistors' temperatures are almost equal at any connection option. The temperature and other
environmental parameters are the same in all cases. The radiative heat transfer is neglected. All currents in the problem
are assumed steady-state (after a long time after connection).

B
BC

a)

AD

Possible solution:
In steady-state mode, the thermal power of the current is equal to the power of heat loss through the surface of
the dielectric cube. Denote by U the voltage at the source, & the coefficient relating the temperature difference
between the environment and the cube and the heat loss power through its surface.
kAT, = UL

{kATZ =Ul,
On the other hand, Ohm's law, taking into account the temperature dependence of resistance for the cases a) and
b), is

U
L, =
17 2R, (1 + aATy)
L U
27 1.5R,(1 + aAT,)
, U
1 =
2R, (1+ “%Il)
; U
2 =
15R, (1+ “%12)

Here U is the voltage at the source, Ry resistance of one resistor at ambient temperature, o characterizes the
dependence of resistance versus temperature.

Let's introduce the parameters [, = Rl ub= aTU
0
Iy
[ =—2
2(1+bly)
Iy
k]z | .
1.5(1 + bl,)

41, -3I 4 6l,11(I—1 30
=03 _ 2 203641, = 220l 30 5 90,
312-412 11 313412 11

The current when connected to terminals AD and BC /5 can be found from a similar equation.

U

~ Ro(1 + aATs)
kAT3 = UI3

I3



Iy
I3 = ———
(1+bl3)
Solving the quadratic equation, we obtain I;
L= -1+ ./4bl, +1

= ~1.69 A4
3 2b

Evaluation Criteria:

Equality of thermal power of current and power of heat loss through the surface.

Ohm's law for cases a) and b) taking into account the temperature dependence.

Introduction of parameters suitable for further solution of the problem.

Determination of the parameters introduced above from the known relation for currents.

The equation for the required current.

The correct answer is obtained.
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