10-12 degree

Task 1.

1. Tpeyrombauk AOB — paBHOGeApEHHBIIT TPsIMOYTOJIBHBI ¢ TunioTeny30it AB. Touku C' u D pacro-
nozkerbl Ha orpe3kax AO, OB coorserctBenHo Tak, uro C'D || AB. ITocrpoen AC10 Dy, paBHblit
rpeyroapauky COD, npudem Touku A, CY, Dy Jle;kaT Ha OJHOI NpsAMOii B yKa3aHHOM MOPSI/IKE.
Borancaure mnomans AAD B, eciu AB =12,CD =717.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB=12,CD =1.

Answer: 23.75

2. Tpeyroabauk AOB — paBHOOeIpeHHBII TPSAMOYTOIbHBI ¢ TunoTeny30it AB. Touku C'u D pacmo-
nozkerbl Ha orpe3kax AO, OB coorserctBenHo Tak, uro C'D || AB. Ilocrpoer AC10D;, paBHblit
rpeyroapauky COD, npudem Touku A, CY, Dy Jle;kaT Ha OJHOI NpsAMOil B yKa3aHHOM MOPS/IKE.
Boraucaure mnomans AAD B, eciu AB =10,CD = 9.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AAD{B while AB =10,CD = 9.

Answer: 4.75

3. Tpeyroabauk AOB — paBHOOeIpeHHBI TPAMOYTOIbHBI ¢ TunoTeny30it AB. Touku C'u D pacrmo-
nozkerbl Ha orpe3kax AO, OB coorserctBenHo Tak, uro C'D || AB. ITocrpoer AC;0 Dy, paBHblit
rpeyroapauky C'OD, npudem Touku A, CY, Dy Jle;kaT Ha OJHOII NpsAMOii B yKa3aHHOM MOPSI/IKE.
Boraucaure mnomans AAD B, eciu AB = 15,CD = 4.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AADB while AB =15,CD = 4.

Answer: 52.25

4. Tpeyroapauk AOB — paBHoOe peHHBI TPIMOYTOIbHBIN ¢ TunoTeny30it AB. Touku C'u D pacrmo-
nozkerbl Ha orpe3kax AO, OB coorserctBenHo Tak, uro C'D || AB. ITocrpoer AC;0 Dy, paBHblit
rpeyroapauky C'OD, npudem Touku A, CY, Dy Jle;kaT Ha OJHOII NpAMOii B yKa3aHHOM MOPSI/IKE.
Borancaure mnomans AAD B, eciu AB = 16,CD = 13.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to



triangle COD, moreover, points A, Cy, Dy lie on one straight line in the specified order.
Calculate the area of AADB while AB =16,CD = 13.

Answer: 21.75

Solution (RUS). Cwm. pemenne 3amaqun Ne3 s 8-9 Ki1.
Solution (ENG). See solution of the task 3 for 8-9 degree.

Task 2.

1. Cama, nama u Jie/iynka TyJasioT B HapKe M0 3aMKHYTOl opoxKKe jauabl 6 kM. Cala eer Ha Be-
JIOCHIIEJIE CO CKOPOCTDBIO Hv, Mama 0eKUT TPYCIO# CO CKOPOCTBIO 2v, JIe/IYIIKA UJIET IPOrYJIOUHBIM
IIIaroM €O CKOpocThio v. Callla ¥ mamna Havaad IyTh OJHOBPEeMEeHHO ¢ TOUKu «CTapT», a JeIyIIKa
B 9TOT MOMEHT OTCTaBaJl OT HUX Ha paccrosuue d > 0. Haiiaure Hammenbinee d, npu KOTOpOM BCe
tpoe — Carra, narma u JIeJlyllKa — BCTPeTATCs B OHON Touke. OTBET BbIpa3uTe B KUJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 6 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 2

2. Cama, mama u jJegyIlIKa yJdi0T B MapKe 110 3aMKHYTOMH Jopoxkke Jiauabl 9 KMm. Calra egeT Ha Be-
JIOCHUIIEJIE CO CKOPOCTBIO HU, Hamla OeKuT TPYCIOil CO CKOPOCTHIO 20, JIe/IyIIKa UJIeT IIPOrYI0YHbIM
IaroM co cKopoctbio v. Callra u mana HadaId IyTh OJHOBPEMeHHO ¢ TOYKU «CTapTy, a JeayIiKa,
B 9TOT MOMEHT OTCTaBaJl OT HUX Ha paccrosuue d > (. Haiiqure nanmenbiiee d, npu KOTOPOM BCe
Tpoe — Calra, mama u Jie/IylKa — BCTPeTATCd B 0JiHOI Touke. OTBET BbIpa3uTe B KUJIOMETPAaX.

Alex, his dad and his grandfather are walking in a park along a round path 9 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Starts point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three Alex, his dad and his grandfather will meet at one point. Express the answer
in kilometers.

Answer: 3

3. Camra, namna u jie/ynrka ryJigioT B HapKe M0 3aMKHYTOI Jopozkke fauabl 4.5 kv. Carra ejier Ha Be-
JIOCHTIEJIE CO CKOPOCTBIO Hv, Mmama OeKUT TPYCIOH CO CKOPOCTHIO 2v, JIEJIYIITKA UJIET MTPOTYJI0UYHBIM
IaroM co cKopocThio v. Calla u mama Hadasu IyTh OJHOBPEMEHHO ¢ ToUKH «(CTapTy, a JeayIiKa
B 9TOT MOMEHT OTCTaBaJ OT HUX Ha paccroguue d > (. Haiigure namvenbIee d, mpu KOTOPOM Bce



rpoe — Cala, namna u JIe/lylKa — BCTPeTaTcd B 0gHOM Touke. OTBET BbIpA3UTE B KHJIOMETPAX.

Alex, his dad and his grandfather are walking in a park along a round path 4.5 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 1.5

4. Camra, narma u Jie/ylika ryJgioT B TapKe 0 3aMKHYTOM’ JIOpozKKe JIuHbL 7.5 KM. Callta eeT Ha Be-
JIOCHIIEJIE CO CKOPOCTBIO Hv, Mama 0eKUT TPYCIO# CO CKOPOCTBIO 2v, JeAYIIKaA ST TPOTYTOUHBIM
IAroM €O CKOpocThio v. Callla ¥ 1mana Hada/Id IyTh OJHOBPEMEHHO ¢ TOYKU «CrapTy, a JeIymKa
B 9TOT MOMEHT OTCTaBaJ/l OT HUX Ha paccrosuue d > (. Haiiqure nanmenbiiee d, npu KOTOPOM BCe
Tpoe — Carrra, mamna u Jie/[yIka — BCTPeTsITCcsa B oAHO# Touke. OTBET BhIpa3uTe B KUJIOMeTpax.

Alex, his dad and his grandfather are walking in a park along a round path 7.5 km long. Alex is
cycling at a speed of 5v, his dad is jogging at a speed of 2v, and his grandfather is walking at a
speed of v. Alex and his dad started their walk at the same time from the same «Start» point,
and grandfather at that moment was behind them by a distance of d > 0. Find the smallest d for
which all three — Alex, his dad and his grandfather — will meet at one point. Express the answer
in kilometers.

Answer: 2.5

Solution (RUS). Cwm. pemenue 3amaan Ned st 7 K.
Solution (ENG). See solution of the task 4 for 7th degree.

Task 3.

1. B kaxayio kierky tabaunsl 100 X 100 BuucaHo 4uc/IO: B BEpXHEM psi/Iy CJI€Ba HAIPABO B MOPSIIKe
BO3pACTAHUS 3allMCAHbl Bce HATypaJbHble yucjia orT 1 10 100, BO Bropom psijly CBEpXY B HOPsiIKe
BO3pacTaHus CJIeBa HAIPABO 3allucaHbl Bce 4éTHble yucsa ot 2 jio 200, u Tak jaJiee — B k-0if cBepxy
CTPOKEe B IOPsIJIKe BO3pACTaHMs CJIeBa HAIPaBO 3anucanbl uucia k,2k,3k, ..., 100k. Paccmorpum
JIMaroHa b, KOTOpasd MJET W3 HUKHEI'o JIEBOro yIJia B NpaBblit Bepxuwmii. Haiigure nambosbiiee
YHUCJIO, 3aIIMCAHHOE B HEM.

Each cell of the table 100 x 100 has a number: the first row has all positive integers from 1 to
100 in ascending order, the second row has all the even numbers from 2 to 200, and further on —
k-th line has numbers k, 2k, 3k, ..., 100k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 2550



2. B kaxyo kierky Tabsuibl 200 X 200 BircaHo 4UC/I0: B BEPXHEM Psi/ly CJieBa HALPABO B OPsIIKE
BO3pacTaHUs 3alMCaHbl BCe HaTypaJbHble uncia oT 1 10 200, BO BTOPOM psjly CBEPXY B MOPsJIKe
BO3pacTaHus CJeBa HAIPABO 3allUCaHbl Bce 4éTHbie dncsa ot 2 j1o 400, u Tak gaJiee — B k-0ii cBepxy
CTPOKE B TOPsIJIKe BO3pACTaHWs CJIe€Ba HAIPaBO 3amucanwl uucia k, 2k, 3k, ..., 200k. Paccmorpum
JIHaroOHaJIb, KOTOpas UJIET U3 HUZKHEro JIEBOro yria B mpaBblii Bepxuumii. Haiinure nambosbiiee
9HUCJIO, 3aIIMCAHHOE B HEM.

Each cell of the table 200 x 200 has a number: the first row has all positive integers from 1 to
200 in ascending order, the second row has all the even numbers from 2 to 400, and further on —
k-th line has numbers k, 2k, 3k, ..., 200k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 10100

3. B kax iy kierky Tabuibl 150 X 150 Brimcano 4uc/io: B BEpXHEM Psi/ly CJieBa HAlPABO B IOPsIIKe
BO3pacTaHUs 3alMCAHbl BCe HaTypaJbHbIe dnca oT 1 70 150, BO BTOPOM psjly CBEPXY B MOPSJIKe
BO3pacTaHus CJeBa HAIPABO 3allUCAaHbl Bce 4éTHbIe Ynca ot 2 j1o 300, u Tak gaJiee — B k-0if cBepxy
CTPOKE B IOpsIJKEe BO3pAacTaHHUs CJIeBa HAIpaBO 3alucaHbl uucia k,2k,3k, ..., 150k. Paccmorpum
JIMaroHa/ib, KOTOpasd HIET W3 HUKHETro JIeBOro yIjia B NpaBblit BepxHwmii. Haiiaure nambosbiiee
9UCI0, 3aIIMCAHHOE B Heil.

Each cell of the table 150 x 150 has a number: the first row has all positive integers from 1 to
150 in ascending order, the second row has all the even numbers from 2 to 300, and further on —
k-th line has numbers k, 2k, 3k, ..., 150k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 5700

4. B kaxyio kierky Tabsmibl 250 X 250 BIMcaHO YUC/I0: B BEPXHEM PsiJIy CJIEBa HAIPABO B HOPSJIKE
BO3paCTaHUs 3alMCAHbl BCe HaTypaJbHBIe dnucaa OT 1 70 250, BO BTOPOM psJly CBEPXY B MOPSJIKe
BO3pacTaHus CJeBa HAIPABO 3allUCAHBI BCe YéTHbIE Ync/a oT 2 10 500, u Tak gaJiee — B k-0if cBepxy
CTPOKEe B IOpsIJIKe BO3pAacCTaHHUs CJeBa HAIPaBO 3alucaHbl uucaa k,2k,3k, ..., 250k. Paccmorpum
JIMaroHa b, KOTOpasd HAET W3 HUKHEIro JIeBOro yIjia B NpaBblit BepxHwmii. Haiiaure nambosbiiee
9UCJI0, 3aIIMCAHHOE B Heil.

Each cell of the table 250 x 250 has a number: the first row has all positive integers from 1 to
250 in ascending order, the second row has all the even numbers from 2 to 500, and further on —
k-th line has numbers k, 2k, 3k, ..., 250k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 15750

Solution (RUS). Cwm. pemenue 3amaqu Ne2 s 8-9 Ki1.

Solution (ENG). See solution of the task 2 for 8-9 degree.



Task 4.

1. Pon Ywu3au moB3pocyesn u TOHs, 9TO B XOrBapTce OH U3YYUI Maruio, HO He U3YYHI MaTeMaTHKH.
l13yuenne MATEMATHKU OH HAYAJ ¢ TEOPUH MHOYKECTB W HATYPAJbHBIX unces (BKIooYas quco 0).
[TepBbIM J1e/1I0M OH 3a/lyMaJiCs, KaK IIPeJICTABUTh HATYPAJIbHbIe YUCJ/Ia MHOZKECTBAMMU.

Pon paccyxan ciepyomum 06pa3oM: HOJIb €CTECTBEHHO HPEJCTAB/IAThH IIYCTHIM MHOKECTBOM
(). Hy a ecam pins kakoro-ambo HaTypaabHOro umcaa n > 0 mpeacrabienme 3TOro uuciaa A,
y2Ke TOCTPOEHO, TO MOMpPOOyeM MpeJCTaBUTh ciejytomiee quciao (n + 1) maOkKecTBOM A, 411 =

{An, {An}}-

Pon Yuz/iu He 110JIEHUICSI U BBIIKCAJL IIPEJICTABIEHHE TPeX HepBbiX (HaduHas ¢ 0) HATYPaJbHBIX

quceJI:
) AO = @,
o Ay ={0,{0}};

o Ay ={{0,{0}}, {{0,{0}}}}.

Por 3amerus, uro mHOXKecTBO Ao 3ammceiBaercss 1 cumBosioM, MHOXKeCTBO A; 7 cumBosiamu,
MHOKeCTBO As — 19 cumBoaMu. A CKOJIBKO CHMBOJIOB TpeOyeTcs s 3amucu MHoxKecTBa A77

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, 11 = {A,, {A.}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° A() = @;
o A ={0,{0}};
o Ay ={{0,{0}}, {{0,{0}}}}.

Ron noticed that the Aj set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set A;?

Answer: 763

2. Pon Yuzju moB3pocJies1 u moHsJI, 9T0 B XOrBapTce OH U3Y4UUJI MAruio, HO HE U3y4Yu/l MATEeMaTUKU.
l3yuenne MaTeMaTHKN OH HAYaJ ¢ TEOPUH MHOYKECTB W HATYDPAJbHBIX dnces (BKo9as quco 0).
[IepBBIM Je710M OH 3a/IyMaJicd, KaK Ipe/ICTaBUTh HATypaJbHbIE YHCIa MHOXKECTBAMH.

Pon paccyxpan cienyomum ob6pa3oM: HOJTb €CTECTBEHHO IPEJICTABIATH IIYCTBIM MHOMKECTBOM
(. Hy a ecim aias Kakoro-nmbo HaTypaabHOro umcaa n > (0 mpeacTaBieHnme 3TOTO uuciaa A,
yZKe IOCTPOEHO, TO MONpobyeM MpejcTaBuTh ciejayiomiee quciao (n + 1) maoxkectBoM A,y =
{An (A}

Pon Yusau He TOJEHWJICST U BBITIHCAJ TPeJICTABIeHNe TPeX MepBhiX (HadmHast ¢ () HATypaJbHBIX
YHCET:

o Ay =10
o A ={0,{0}}
o Ay ={{0.{0}}.{{0,{0}}}}.



Pon 3amerwns, uro MHO)KecTBO Ay 3anuceiBaercs 1 cumMBOJIOM, MHOKeCTBO A; — 7 cumBosiamu,
MHOkeCTBO As — 19 cumBosaMu. A CKOJIBKO CHMBOJIOB TpebyeTcs Jijist 3ammucu MHOKecTBa Ag?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, = {A4,,{4.}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° Ao = @;
o Ar={0,{0}};
o Ay = {{0,{0}}, {{0,{0}}}}.

Ron noticed that the Aj set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set Ag?

Answer: 1531

. Pon Yuznu moB3pocsen u moHsI, 9T0 B XOrBapTce OH U3YUU MAaruio, HO He U3YUNJI MaTeMaTUKH.
l3y4yenne MaTeMaTHKU OH HA9YaJl ¢ TEOPUH MHOYKECTB W HATYDAJIbHBIX dncest (BKjogas quciio 0).
[TepBbIM J€710M OH 3a/lyMaJicsl, KaK MPeJICTABUTH HATYPAJIbHbIE YUC/Ia MHOZKECTBAMHU.

Pon paccyxpan ciemyoomum o6pa3oM: HOJIb €CTECTBEHHO MPEJACTAB/IATH ITYCTHIM MHOKECTBOM
(). Hy a ecm ayig Kakoro-mmbo HATypasabHOro 4dmcaa n > 0 mpeacTaBiennme 3Toro umcaa A,
yZKe MOCTPOEHO, TO TOMpPOOyeM IMpeJICTaBUTh CJeaytoree ducao (n + 1) MHOMKECTBOM A, 1 =
{An {A}}.

Pon Yusiau He mOJEHUIICSI U BBINUCAJ TIPeJICTaBIeHIe TPeX MepBhiX (HaduHast ¢ () HATYPAJIbHBIX
YHCEJT:

° AO = @;
o Ay ={0,{0}};
o Ay ={{0,{0}}, {{0,{0}}}}.

Pon 3amermn, uro mMHOXKecTBO Ao 3ammcbiBaeTcss 1 CEMBOJIOM, MHOXkKeCTBO A; — 7 cuMmBosamu,
MHOKeCTBO As — 19 cumBoiaMu. A CKOJIBKO CUMBOJIOB TpedyeTcs sl 3aimucu MHoxkecTBa Ag?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, 1 = {A4,,{A,}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° AO = @;
o A ={0.{0}}
o Ay = {{0,{0}}, {{0,{0}}}}.



Ron noticed that the Ag set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set Ag?

Answer: 3067

4. Pon Ywuszmm moB3pocies U MOHS, 9TO B XOI'BapTCe OH N3YUHUJ MAaruio, HO He U3yINJT MaTeMaTUKH.
I3yuenne MATEMATHKU OH HAYAJ ¢ TEOPUH MHOYKECTB W HATYDPAJbHBIX unces (BKIooYas quco 0).
HepBbIM JeJIOM OH 3aJyMaJiCid, KaK IIpeACTaBUTh HaTypaJibHble YUCJIa MHO2KECTBaAMMU.

Pon paccyxpan ciepyomum 0o6pa3oM: HOJb €CTECTBEHHO PEJICTAB/IAThH IIYCTHIM MHOKECTBOM
(). Hy a ecam nins kakoro-ambo HaTypaabHOro umcaa n > 0 mpeacrabienme 3TOro uuciaa A,
y2Ke TOCTPOEHO, TO MOMpPOOyeM MpeJCTaBUTh ciejytoiiee quciao (n + 1) muokKecTBOM A, 411 =

{An, {An}}-

Pon Yusjiu He 110JIEHUICSE U BBIIKCAJL [IPEJCTABIEHHE TPeX HepBbiX (HaduHast ¢ 0) HATYPaJbHBIX

quceJI:
) AO = @,
o Ay ={0,{0}};

o Ay = {{0,{0}}, {{0,{0}}}}.

Por 3amerus, uro mHONKecTBO Ao 3ammceiBaercss 1 cumBoJIOM, MHOXKeCTBO A — 7 cumBosiamu,
MHOKeCTBO Ay — 19 cumBoaMu. A CKOJIBKO CHMBOJIOB TpebyeTcs s 3amucu MHOoxKecTBa Ag?

Ron Weasley grew up and realized that at Hogwarts he studied magic, but did not study mathematics.
He began studying mathematics with the theory of sets and natural numbers (non-negative
integers including the number 0). First of all, he thought about how to represent natural numbers
as sets.

Ron reasoned as follows: zero is naturally represented by the empty set (). Well, if for some integer

n > 0 the representation of this number A, has already been constructed, then we represent the
next number (n + 1) by the set A, 11 = {A,, {A.}}.

Ron Weasley wrote out the representation of the first three (starting from 0) non-negative integers:

° AQ = @;
o Ay ={0,{0}};
o Ay ={{0,{0}}, {{0,{0}}}}.

Ron noticed that the Ay set is written with 1 character, A; — with 7 characters, and A, set — with
19 characters. How many characters are required to write the set Ag?

Answer: 379

Solution (RUS). [lycrb a, - KOJM4ecTBO B CUMBOJIOB B 3a1ucu A,.
s magasa pacemorpum GOPMYILY JUist Gp 4o = 1(OTKpbIBafoImasi cKoOKa) + a,41 + 1(3ansaras) + 1(o1-
KpBIBAIOIast CKOOKa) + an11 + l(3akpbiBatomias ckobka)+ 1(3akpeiBaomnias ckoOKa) = 2a,41 + 5 =
2(2a, +5)+5 =2%a, +2'-5+2°-5 = 2%(2a,,_1 +5) +2"-5+2°.5 = 2%, ; +22.5+2' . 54+20.5 =
230,_1 + 5%(cyMMa PeOMETPHUYECKOI POrPeccun ).
Ha 3TOM 0CHOBAHUM MOKHO BLIABHHYTL THIOTE3Y:
dopwmyJia s 001Iero YjeHa mocje0BaTe/ IbHOCTH UMeeT JIINHY a, = 2"ag + 52;__11 =6-2"-5
Jokazkem 31y popmyy unayKimei mo n > 0.




Baza ungaykmuu: ap =1 =6-2° -5

[Tpeanonoxkenne uHAYKIUU: a, = 6-2" — 5

[MTar uHIYKIAU: Gy :2an—|—5:2~(6-2”—5)+5:6-2”+1—1O+5:6-2”+1—5
Takum obpasom, a, = 62" — 5.

Solution (ENG). Let a,, be the number of characters in the entry A,.
To begin with, consider the formula for a, o = 1(opening curly brace) + a,41+1(comma) + 1(opening
curly brace) + a,y1 +1(closing curly brace)+ 1(closing curly brace) = 2a,.1 +5 = 2(2a, +5) + 5 =
22a, +2' 54205 = 22(2a, 1 +5) + 2" edot5 +2°-5 = 2a, ; +22-5421-5+20.5 = 2%q, ; +52=L(
the sum of the geometric progression).
On this basis, we can hypothesize:
formula for a common term of a sequence has length a,, = 2"ag + 5
Let’s prove this formula by induction on n > 0.
Induction base: ap =1=6-2°—5
Induction assumption: a,, =6-2" — 5
Induction step: a,41 =2a, +5=2-(6-2"-5)+5=6-2""1 —10+5=6-2""1 -5
Thus, a, =6-2" — 5.

-l _g.9"n 5

n—1
2—-1

Task 5.

1. Pemmre JJId ITOJIOZKHUTEJIbHBIX BEHICCTBCHHBIX X!

27 =100

Solve for real z > 0:
2" =100

2. Pemmre JJIA TTOJIO?KUTEJIbHBIX BEIIIECCTBEHHBIX I

2% =144

Solve for real z > 0: ,
2 = 144

3. Permure JJIA ITOJIO?KUTEJIbHBIX BEIIECTBECHHbBIX I

2% =729

Solve for real z > 0: ,
7 =729

4. Pemure JJI4 ITOJIOZ?KUTEJIbHBIX BEIIECCTBCHHbBIX I

2° =196

Solve for real z > 0:
2% =196

Solution (RUS). (pemenne Bapuanra 1, ocragbHBIe PEIMAOTCS AHAJIOTHTHO)
Pacemorpum dynkuuio f(x) = x% jjis BEIIECTBEHHBIX T U JIOKAXKEM, Y4TO OHA MOHOTOHHO BO3pacTaer
npu z > 1. Urax, f/(z) = (2%) = (*"%) = 0% . (Inz + 1). Jna > 1 uveem Inx > 0 > —1, orkya
f'(x) > 0, u3 vero ciaeayer MoHOTOHHOE Bo3pacTanue f(x) aist x > 1.



Bamerum, yro upu 0 < z < 1 dbyukuua f(r) upunumaer 3HadeHusi, He HpeBocxosiinue 1 (4ucio, MeHb-
mee 1, BO3BOAUTCS B OJIOKUTEJNBHYIO cTerenb). VI3 Bcero ckazanHoro caemyer, 4to ypasuenue f(z) = a
nMeer He 6oJIee OJHOrO MOJOKUTEJILHOrO KOPHS Iph a > 1.

Teneps pemny ypasuenne #° = 100, cuauana npeoGpasosas ero K suay (z% )% = 100° = 100 =
(25)*" =100 = f(2®) = 10'° > 1 ;s BBeeHHOM panee GyHKIHE f (). 3aMETHM, UTO 3TO ypABHEHIE
uMeeT Kopeb T = /10, 1pu 3ToM (COIJIacHO JIOKA3aHHOMY BbIIIE) JPYTHX TOJIOZAKUTE/ILHBIX KOPHEH y
HETrO HET.

Solution (ENG). (solution of version 1, the others are solved similarly)
Consider the function f(z) = 2 for real = and prove that it is monotonically increasing for x > 1. We
have f'(z) = (z%) = (e*"®) = ¢*® . (Inz + 1). For > 1 we have Inz > 0 > —1, whence f'(x) > 0,
which implies the monotonically increasing of f(x) for x > 1.
Note that for 0 < x < 1 the function f(z) takes values not exceeding 1 (a number no bigger than 1
is raised to a positive power). It follows from the above that the equation f(z) = a has at most one
positive root for a > 1.

Now lets solve the equation z*° = 100 by first converting it to the form (x‘”5)5 = 100° = 10"Y =
(z5)*° =10 = f(2®) = 10" > 1 for the previously defined function f(z). Note that this equation has
a root x = v/10, while (according to what has been proven above) it has no other positive roots.

Task 6.

1. B maremaTndeckoii JlabopaTopuu CTOsiIa OOJIBITIAS Tapeaka, KOTOPYI0 COTPYAHUKHU PEITAIN Tpe-
BPaTHTb B apT-O0bEKT: OHH OTMETHJIH YEPHBIM MapkepoMm 20 TOYeK, a 3aTeM, BOOPYZKHBIIUCDH
[BETHBIMHA MapKepaMu IMLATH I[BETOB, COCJMHHIIN KayKAYI0 TMapy TOUYeK JMHHeil OJHOTO U3 STHX
naTH nBeToB. JJoKaknuTe, 9T0 Ha 3TOM apT-00bEeKTe MOXKHO CTEPETh BCE JIMHUU KAKOTO-TO OTHOI'O
1BeTa Tak, 9ToObl OT 1000 OTMedeHHO#t TOUKM BCE eIé MOYKHO OBLJIO J0OpaThCst 0 JIFOOOH JIpy-
roil, IBUTAsCh BIOJb OCTABITUXCA JINHUAMA.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 20 points with a black marker, and then, using five colored markers,
connected each pair of points with a line of one of these five colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

2. B maTemaTudeckoii JabopaTopuu CTOsIa OOJIBINAg Tapeaka, KOTOPYIO COTPYAHUKH PEIlnIn IIpe-
BpaTuTh B apT-O0bEKT: OHU OTMETH/IN YEpPHBIM MapkepoMm 30 TOYEK, a 3aTeM, BOOPYKUBIIUCH
[BETHBIMU MapKepaM# YeThIPeX I[BETOB, COJIMHUJIN KaXK/IYI0 Mapy TOYeK JUHHeil 0JHOTO U3 ITUX
JeThipex 1BeToB. /lokakuTe, 9TO HA 3TOM apT-00hEKTe MOYKHO CTepPeTh BCe JUHUU KAKOTO-TO OJI-
HOI'O IIBETa TaK, 9TOOBI OT 1000 OTMeUYeHHOII TOUKN BCE eIré MOXKHO OBLIO J00paThes A0 JIF0OOi
ApPYTOii, IBUTadACh BIOJb OCTABIIUXCI JIUHUAMN.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 30 points with a black marker, and then, using four colored markers,
connected each pair of points with a line of one of these four colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

3. B maremarudeckoii jjabopaTropun crosija 00JIbIIasi Tapeaka, KOTOPYIO COTPYIHUKH PEIluif ITpe-
BPATHTh B apT-O0bEKT: OHW OTMETHJIM YEPHBIM MapkepoMm 40 ToYek, a 3aTeM, BOOPYZKHUBIIUCH



IBETHBIMHA MapPKePAMH HIECTH I[BETOB, COCJIMHUIN KAaXK/YIO IIapy TOYEK JIUHHEH OJHOI0 U3 YTHX
mectu 1BeToB. /loKakute, 4T0 HA 9TOM apT-00beKTe MOYKHO CTE€PETh BCE JIMHUKM KAKOIO-TO OJHO-
ro IBeTa Tak, 9TOObI OT JIFOOOW OTMEYeHHON TOYKH BCE elré MOYKHO OBLIO J100paThCs 10 JIF0OO
JAPYTOW, JIBUTAACH BJOJb OCTABIIUXCA JIAHUA.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 40 points with a black marker, and then, using six colored markers,
connected each pair of points with a line of one of these six colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

4. B maremaruveckoii jaboparopun cTostaa 00JbIlas TapejKa, KOTOPYI0 COTPYJIHUKHA PEITuiIn 1mpe-
BPATHTh B apT-O0BHEKT: OHW OTMETHJIM YEPHBIM MapkepoMm 50 TOYeK, a 3aTeM, BOOPYZKHUBIIHCH
IBETHBIMH MapKepaMU TpeX I[BeTOB, COCJMHIIN KaxKIYI0 Hapy TOYeK JIMHUEH OTHOTO U3 STHX
Tpex 1mBeToB. JloKakuTe, 4TO Ha 3TOM apT-00bLEKTe MOYKHO CTE€pPETh BCE JIMHUHM KaKOTO-TO OIHOIO
nBera Tak, 9Tobbl 0T J1I000 OTMedYeHHO#t TOYKM BCE elé MOKHO ObLJIO J0OpaThest 0 JIFOOOH JIpy-
roil, IBUTasACh BJAOJb OCTABIIUXCA JIMHUAMA.

There was a large plate in the mathematical laboratory, which the staff decided to turn into an
object of art: they marked 50 points with a black marker, and then, using three colored markers,
connected each pair of points with a line of one of these three colors. Prove that on this art object
it is possible to erase all lines of some one color so that from any marked point it is still possible
to get to any other by moving along the remaining lines.

Solution (RUS). (pemenne Bapuanta 1, ocTaabHbIE PEHIAIOTCS AHAJTOTHYIHO)
Pacecmorpum npousBosibabie 4 npera u3 usrtu. Ilsaroiii user nazopém uper A. Ilepekpacum jimHum, npo-
BeJIEHHBIE KAK/IBIM U3 BBIOPAHHBIX YETHIPEX IBETOB B HEKOTOPBIA HOBBIN I[BET, KOTOPBII HA30BEM IBET
B u 6ymem moka3bBaTh 3319y W3 YCJIOBUSI JIJIsT BYX IIBETOB.
OrmMedeHHBIE TOYKH Oy/IeM HA3BIBATH BEPIINHAMHE, & JIMHUH, COEJIMHAMONINE HAPBl TOUEK - PEOpPaMM.
[IycTh HEBepHO, UTO KazKJas BEpINHHA COeIUHEeHa ¢ JIr000ii apyroil HekoTopbiM myTéM nBera A. Torma
€CTb KOHKPETHBIE JIBE BEPIIMHbL U7 U U, KOTOPbIE HE COCJUHEHbl HU OJHUM IIyTEM LEeJMKOM COCTOSAIIUM
u3 pébep nBera A. Ilycts Torma V) - 910 rpymnna Bcex BepInH, B KOTOPbIE MOYKHO TIONACTH U3 U] TOJIBKO
no péopam mBera A, a V5 - ocTasibHBIE BEPIIMHBI, TO €CTh T€, 10 KOTOPHIX MO péOpam mBeta A u3 v
IIONIACTh HEBO3MOKHO. 10r1a JIerko BHETD, 9TO, BO-IIEPBBIX, ¥ HPHHAIEKAT V), a vy MPUHAITEZKAT
V5. Bo-Bropeix, u3 Vi B Vo He uaér Hu oaHoro pebpa mnsera A, mHade Vi COIEp:KHUT He BCE BEPIIMHLI,
KOTOPbIe JOTKHA COMEPKATH MO OMpeIeIeHuI0 (KOTOpbie MOCTHKUMBL 10 pébpam meeta A u3 vy). Ho
rpynnbl Vi u Vo BMecTe COCTaB/ISIIOT BCE BEPIINHBI, 00€ 3TH JiBe TPYIIbI HEIYCTHI, & TAKyKe BCe pedopa
MeZK/ly BePIIMHAMH STUX Py (KOTJa OJHA BePITHHA U3 OJHOI TPYIIbI, a ApyTras - U3 JAPYTroii) UMeroT
user B.
Torma 04eBHIHO, YTO JIIOObIE J[Be BEPIIUHBI CBA3AHBI JAPYT ¢ APYroM myTéM IBera B (mpuuém cocTos-
muM He GoJiee 4eM U3 JIBYX pédep), 4To U TpebGOBaIOCh JOKA3ATD.

Solution (ENG). (solution of version 1, the others are solved similarly)

Consider arbitrary 4 colors out of five. The fifth color will be called the color A. We will recolor the
lines drawn by each of the selected four colors into some new color, which we will call the color B and
we will prove the problem from the condition for two colors.

The marked points will be called vertices, and the lines connecting pairs of points will be called edges.
Suppose it is not true that each vertex is connected to any other by some path of the color A. Then
there are specific two vertices v; and vy that are not connected by any path consisting entirely of edges
of the color A. Let then V; be the group of all vertices in which can be reached from v; only by the



edges of the color A, and V5 are the other vertices, that is, those that cannot be reached by the edges of
the color A from v;. Then it is easy to see that, firstly, v; belongs to Vi, and vs belongs to V5. Secondly,
not a single edge of the color A goes from V; to V5, otherwise V; does not contain all the vertices that
it should contain by definition (which are reachable by edges of the color A from v;). But the groups V;
and V5 are together make up all the vertices, both of these two groups are non-empty, as well as all the
edges between the vertices of these groups (when one vertex is from one group and the other is from
another) have the color B.

Then it is obvious that any two vertices are connected to each other by a path of color B (and consisting
of no more than two edges), which was required to be proved.



