10-12"" degree

Task 1.

1. HaiiTu Kom4uecTBO HATYpaJbHBIX YucesJ n > 1, JijIg KOTOPBIX MPHU JIIOOOM HATYpaJIbHOM I pas-

HOCTb T2° — T KpaTHa n.

Find the amount of integers n > 1 such that for any positive integer x the number 2% — x is

divisible by n.

Answer: 31

2. Haiitu Ko/im4gecTBO HATypaJbHBIX ducesj 1 > 1, Jiiss KOTOPBIX HPHU JIIOOOM HATYPaJIbHOM T Pa3-
nocts 22! — x xpaTHa N.

Find the amount of integers n > 1 such that for any positive integer = the number 2?* — z is

divisible by n.

Answer: 15

3. Haittu kosimvyecTBO HATypaabHBIX YUCeJT 1 > 1, J/Isi KOTOPBIX MpHU JIOOOM HATYPaJbHOM X Pas-

HOCTb 37 — T KpaTHA N..

Find the amount of integers n > 1 such that for any positive integer x the number 237 — x is

divisible by n.

Answer: 127

4. Haiitu KoJim4ecTBO HAaTypaJbHbIX ducesq n > 1, juid KOTOPBIX IIPU JI0OOM HATypa/JbHOM T pa3-

HOCTb 3317 — I KpaTHa N.

Find the amount of integers n > 1 such that for any positive integer = the number x'7 — z is

divisible by n.
Answer: 15

Solution (RUS). Ilycte n = p®m, tae (m,p) = 1,p— upocroe u o > 2. Torma mojcraBum
r = p® 'm u moayunym cpasrenue 0 =, T, YTO HEBEPHO. 3HAYHT, THCIO NI CBOOOIHO OT KBAJAPATOB.
IIycTh p - MPOW3BOAHLIN MPOCTON JeauTesnb umcia n. Torma 2t =, 1 nqna scex x = 1...,p — 1. Ho
P71 =, 1 jig srux x. O6osnaunm vepes d HOM(p - 1, 24). Torpa % =, 1 jyia seex z = 1,...,p — 1.

[Toayuaercs, uto y ypasnenus ¢ — 1 =, 0 ecTb p - 1 KOpeH..

Buaunt, d = p-1mn 24 :p— 1.

MTak, MBI TOJIydaeM, 4To I JH0O0TO MPOCTOTO JEJUTEIs P YUCAa N UMeeT MeCTO JIeIUMOCTh 24 ip— 1.



Orcroma, p = 2,3,5,7,13. Takum 06pa3oM, N ABISIETCS TPOU3BEAEHUEM KAKHX-TO U3 TUX duces. Vroro
OJIy9aeM KOJIM4ecTso n, pasHoe 2° — 1 = 31 uuco.

Solution (ENG). Let n = p®m, where (m,p) = 1,p— is prime and a > 2. Then substitute
r = p*'m and get a comparison of 0 =,, x, which is wrong. So the number n is free of squares.
Let p be the derived prime divisor of the number n. Then z*' =, 1 for all z = 1...,p— 1. But 277! =, 1
for these x. Denote by d NOD(p - 1, 24).Then z? =, 1 for all x = 1,...,p — 1. It turns out that the
equation 27 — 1=, 0 has a p - 1 root.

Sod=p-1and24:p—1.

So we obtain that for any prime divisor p of n there is a divisibility 24 :p — 1. Hence, p — 2,3,5,7,13.
Thus, n is the product of some of these numbers. Total we get a number n equal to 2° —1 = 31 number.

Task 2.

1. Anuca u Bo6 urpator B urpy. Ha ctose nexar k ucros 6ymaru. CHavana Asinca mumrer Ha Kazk-
JIOM JICTe HAOOp KAKuX-TO wucesa or 1 mo 2022 (Ha pasHBIX JHCTAX YHCJA MOTYT MOBTOPATHCS;
TakzKe AJinca MOXKET He HAIMCATh HU OJIHOTO YUC/Ia Ha KAKOM-TO JINCTKE WU HAIHUCATH CPa3y BCe
ancsia). 3aTeM AJtica muier Ha 0OPaTHOl CTOPOHe KayKJI0r0 JINCTA BCe OCTABIIHECs THCIa oT 1 j10
2022 (T.e. Ha KaKJOM JIHCTe 3amucanbl Bee ducia or 1 10 2022). 3arem Bob nepeBopaunBaer HeKo-
TOpBIE JIUCTBI JIPYTOil CTOPOHON BBEPX (OH TaKzKe MOXKET He IePEeBEpHYTh HH OJHOTO JIHCTA HJTH
nepe- BepHYTh Cpa3y Bce). Bob BRIUTPBIBAET, €CJIM HA BEPXHUX CTOPOHAX BCEX JIMCTOB OY/IYT 3alu-
canbl Bce unca or 1 10 2022. [Ipu kakom HaummenbireM k Bob rapaHTHPOBAHHO CMOXKET BBIUTPATH?

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 2022 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 2022 (that is, each sheet contains all the
numbers from 1 to 2022). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 2022 are written
on the top sides of all sheets. What is the minimum k& for which Bob is guaranteed to win?

Answer: 11

2. Anuca u Bob urpator B urpy. Ha crose mexar k aucros 6ymaru. Cragana Anmca mumeT Ha KazxK-
JIOM JiucTe HAbOp Kakux-1o quces or 1 1o 2077 (Ha pasHbIX JIMCTAX YUCJIA MOIYT HOBTOPATHCS;
Takzke AJrca MOYKeT He HAIMCATH HU OJJHOIO YUC/Ia HA KAKOM-TO JIMCTKE WJIM HAINCATh CPa3y BCe
anca). 3aTeM AJtica muTeT Ha 0OPATHOl CTOPOHe KayKJI0r0 JINCTa BCe OCTABIITHECST YHCIa oT 1 J10
2077 (T.e. HA KazKJOM JILCTE 3alHCAHBI Bee qucya oT 1 10 2077). 3arem Bob nepeBopaunBaer HEKO-
TOpBIE JIUCTBI JIPYTOil CTOPOHOH BBEPX (OH TAKyKe MOXKET He IEePEeBepHYTh HU OJHOTO JUCTA WITH
1iepe- BEpHYTh cpa3y Bce). Bob BbIUIPbIBAET, €C/IM HA BEPXHUX CTOPOHAX BCEX JIMCTOB OY/IyT 3aliu-
caubl Bce unca ot 1 10 2077. IIpu kakom nanmenbiem k Bob rapanTupoBaHHO CMOYXKET BBIUTPATH !

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 2077 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 2077 (that is, each sheet contains all the
numbers from 1 to 2077). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 2077 are written
on the top sides of all sheets. What is the minimum k for which Bob is guaranteed to win?



Answer: 12

3. Aunuca u Bo6 urpator B urpy. Ha crose mexar k aucros 6ymaru. Cragana Anmca mumeT Ha Kazxk-
JIOM JiucTe Habop Kakux-1o guces or 1 1o 1005 (Ha pasHbIX JIMCTAX YUCJIA MOIYT HOBTOPATHCS;
Takzke AJirca MOXKeT He HAIMCATH HU OJJHOI'O YUC/Ia HA KAKOM-TO JIMCTKE WJIM HAINCATH CPa3y BCe
ancsa). 3aTeM AJtica muieT Ha 0OPATHOl CTOPOHe KayKJI0r0 JINCTa BCe OCTABIITHECs YHCIa oT 1 J10
1005 (T.e. HA KazKIOM JIHCTE 3aHCAHBI Bee uncaa or 1 1o 1005). 3arem Bob mepeBopadnBaer HEKO-
TOpBIE JIUCTBI JPYTOil CTOPOHOHN BBEPX (OH TAKzKe MOXKET He IePEeBepHYTh HU OJHOTO JIHCTA W
1lepe- BEpHYTh cpa3y Bce). Bob BblUIPbIBAET, €C/IM HA BEPXHUX CTOPOHAX BCEX JIMCTOB Oy/IyT 3aliu-
caubl Bce unca ot 1 1o 1005. ITpu kakom nanmenbiem k Bob rapanTupoBaHHO CMOYXKET BBIUTPATD !

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 1005 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 1005 (that is, each sheet contains all the
numbers from 1 to 1005). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 1005 are written
on the top sides of all sheets. What is the minimum k for which Bob is guaranteed to win?

Answer: 10

4. Anuca u Bo6 urpator B urpy. Ha crosie siexkar k ucros 6ymaru. Cuadana Ajmca nunier Ha Kaxk-
JIOM JiucTe Habop Kakux-1o unces or 1 g0 5000 (Ha pasHBIX JHCTAX YUCIa MOTYT IIOBTOPSTHCS;
Takzke AJrca MOYKeT He HAIMCATH HU OJHOI0 YMC/Ia HA KAKOM-TO JINCTKE WJIM HAINCATH CPa3y BCe
ancsa). 3aTeM Astrca muier Ha 0OpaTHOl CTOPOHe KayKJI0r0 JILCTA BCe OCTABIIHECS THCIa OT 1 J10
5000 (T.e. HA KazKJOM JILCTE 3amucanbl Bee qucaa ot 1 1o 5000). 3arem Bob mepeBopaunBaeT HEKO-
TOPBIE JIMCTHL JPYIOii CTOPOHOI BBEPX (OH TAKzKe MOXKET HE 1I€PEBEPHYTh HU OJHOIO JIMCTA WU
epe- BepHyTh cpa3dy Bce). Bob BeIUTPBIBAET, €Cii Ha BEPXHUX CTOPOHAX BCEX JIMCTOB OY/IyT 3alu-
caubl Bce unca ot 1 1o 5000. [Tpu kakom nHanmenbiem k Bob rapanTupoOBaHHO CMOYKET BBIUTPATH !

Alice and Bob are playing a game. There are k sheets of paper on the table. First, Alice writes on
each sheet a set of some numbers from 1 to 5000 (numbers can be repeated on different sheets;
Alice can also leave an empty sheet or write all the numbers at once). Then Alice writes on the
back of each sheet all the remaining numbers from 1 to 5000 (that is, each sheet contains all the
numbers from 1 to 5000). Then Bob turns some of the sheets upside down (he can also turn none
of the sheets, or turn them all over at once). Bob wins if all numbers from 1 to 5000 are written
on the top sides of all sheets. What is the minimum k for which Bob is guaranteed to win?

Answer: 13

Solution (RUS). /lokazkem GoJiee obIee yTBep:KIeHIE: €CIN JaHbl 9ucaa ot 1 10 2", T0O MUHH-
MaJIbHOE KOJIMYECTBO KapTO4YeK, HeOOXOJUMOe JIjIsi BbIUTpbIA, paBHo n. 1o, uro Bob Bbiurpaer Ha n
KapTOYKax, CJaeayer u3 Takoro ajaropurva. OH CMOTPUT HA MEPBYIO KAPTOYKY, M €CJAU Ha Heil Hamuca-
HO MEHBIIEe MOJIOBUHBI YHCEJI, OH €€ MepeBopadnBaeT. Tenepb XoTs Obl TMOJIOBUHA YHUCEJ MPUCYTCTBYET.
Jlamee oH CMOTPHUT Ha BTOPYIO KapTOUKY, U €CJIM HA Hell HAIMCaHa MeHbIe MOJOBUHBI U3 OCTABIIHXCS
YHUCes, OH ee TaKyKe IepeBOpavmBaeT, u T.J. Takum o0pazoM, mocje KazKI0TO CBOEro Imara OH yMeHb-
[IaeT KOJUYIECTBO HEHAIMCAHHBIX HA KAPTOYKAX YHCE/ KAaK MUHUMYM B 2 pa3a. SHAYUT, MOCJIe N TAKUX



sieiictBuit bob jodwbercs xetaemoro. To, aro n — 1 He XBaTUT, MOXKHO JlI0Ka3aTh UHAyKIHed 1o n. s
9TOTO 3aHYMEPYEM BCe YKCJIa, B JIBOMYHON cucTEMe, U Ha MEPBOI KapTOYKe Ha OJHOU CTOPOHE 3aIUIIEM
qucJIa, y KOTOPHIX mepBas nudpa B aBondHoil cucreme papHa 0, a Ha Apyroit — y KOTOPhIX paBHa 1.
Ha Bropoit kapTouke — y KoTOphix BTOpas mudpa pasua 0 wan 1, u 1.1. Torma, youpast nmepByo Kap-
TOYKY, HAIPIMep, ¢ YHCJIaMH, HAUMHAIOMIMACT Ha 1, MBI oCTaBUM n — 2 KapTodku u 2" ' — 1 gmcern,
HaunHAIOMuXcd Ha 0, 9TO JaeT BO3MOXKHOCTbh MPUMEHUTD ITPENON0KeHne NHAYKINA. ba3a mHIyKIun
odeBHiHA. B Hammem ciydae Hy’KHO B3sTh B KadecTBe orBera k = [log, 2022] = 11.

Solution (ENG). Lets prove a more general statement: if the numbers from 1 to 2" are given,
then the minimum the minimum number of cards needed to win is n. It follows from this algorithm
that Bob will win on n cards. He looks at the first card, and if less than half of the numbers are written
on it, he turns it. Now at least half of the numbers are present. Next, he looks at the second card, and
if it has less than half of the remaining numbers written on it, he turns it, and so on. Thus, after each
step he reduces the number of numbers not written on the cards by at least 2 times. So, after n of
such actions Bob will get what he wants. The fact that n - 1 is not enough can be proved by induction
on n. To do this, we will number all the numbers in binary, and on the first card, on one side, write
the numbers whose first digit in binary is 0, and on the other side, those whose first digit is 1. On the
second card, write numbers whose second digit equals 0 or 1, and so on. Then, removing the first card,
for example, with numbers beginning with 1, we will leave n - 2 cards and 2" -1 numbers beginning
with 0, allowing us to apply the induction assumption. The basis of induction is obvious. In our case,
the answer is k = [log, 2022] = 11.

Task 3.

1. Ha maxwmarHoii jocke 6 X 6 paccraB/ieHBI JaJbH TaK, YTO OHH OBIOT BCe YepHble KjaeTKH. Kakoe
HanOOJIbIIIee BO3MOYKHOE KOJINYECTBO HEOOUTHIX OeJIbIX KJIeTOK MOYKET ObITh!

Some chess rooks are placed on a 6 x 6 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 9

2. Ha mraxmarHoit mocke 8 X 8 paccraBjeHbI JIaJbU TaK, 9TO OHW ObIOT Bce UepHbie KiaeTKu. Kakoe
HanOOoJIbIIIee BO3MOYKHOE KOJINYECTBO HENOOUTHIX OeJIbIX KJIETOK MOYKET OBbITh !

Some chess rooks are placed on a 8 x 8 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 16

3. Ha maxmarnoii mocke 10 x 10 paccTaBjeHbl Ja/Ibl TaK, 9TO OHU OBIOT BCe YepHbie KaeTKu. Kakoe
HanOoJIbIIee BO3MOKHOE KOJINYECTBO HENOOUTHIX OeJIbIX KJIETOK MOYKET OBbITh !

Some chess rooks are placed on a 10 x 10 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 25



4. Ha maxmarHoit mocke 12 X 12 paccraBieHbBI JTaIbK TaK, YTO OHU OBIOT BCE YepHbIE KJIeTKu. Kakoe
HarOOJIbIIEee BO3MOKHOE KOJIMIECTBO HEIMOOUTHIX OEJIBIX KJIETOK MOYXKET OBITH?

Some chess rooks are placed on a 12 x 12 board so that they beat all the black cells. What is the
largest possible number of unbeaten white cells?

Answer: 36

Solution (RUS). Paccmorpum Genyro HemoOGUTYIO KIeTKy jgocku 6 X 6. TToCKOJBKY B OTHOl
CTPOKe ¢ Heil ecTb He Oosiee 3 YePHBIX KJIETOK, KAayK/IYI0 U3 KOTOPBIX JA0JIZKHA OUTh KAKas-TO JIabs, TO
B COOTBETCTBYIOIIUX CTOJIOIAX CTOUT XOTsI ObI OJIHA JiaAbsd. AHAJOIMYHO, B OJIHOM CTOJIOIE ¢ HEIOOUTOI
OeJI0it KJIeTKOi ecTh He 60J1ee 3 4ePHBIX KJIETOK, KaXKIyI0 N3 KOTOPHIX JOIKHA OUTH KaKas-TO JIaIbs, TO
B COOTBETCTBYIOIIUX CTPOKAX CTOUT XOTd ObI OJHA JIa/Ibd. JHAUYUT, €CTh He MeHee 3 IEeJIUKOM ITOOUTHIX
CTOJIOIOB U He MeHee 3 IeJHMKOM HMOOHTHIX CTPOK. JHAYUT, OCTAHETCs He Oojee 3 MEeJHKOM HeIMOOUTHIX
CTOJIONOB W He Oosee 3 MeTUKOM HemoOUTHIX cTpoK. Ha mx mepecedenun OymeT He Gosee 9 HEMOOUTHIX
OeJIbIX KJIETOK.

JIerko mpuBecTH MpUMEpP, MOKA3LIBAIOIINI TOYHOCTH HaIleil OIEHKH: MOCTaBbTe JIaJAbI0 B OIHY W3
VIJIOBBIX OEJIBIX KJIETOK. 3aTeM MOCTaBbTe Mo 2 JaJbh Yepe3 1 u depe3 3 KJIeTKH B CTPOKE M B CTOJIOIE
BBIOPAHHON YTJIOBOMl KJIETKH.

Solution (ENG). Consider the white unbroken cell of the 6 x 6 board. Since there are no more
than 3 black cells in the same row with it, each of which must be beaten by some rook, then there is at
least one rook in the corresponding columns. Similarly, in one column with an unbroken white cell there
are no more than 3 black cells, each of which must be beaten by some rook, then there is at least one
rook in the corresponding rows . This means that there are at least 3 completely broken columns and
at least 3 completely broken rows. This means that there will be no more than 3 completely unbroken
columns and no more than 3 completely unbroken lines. At their intersection there will be no more than
9 unbroken white cells.

It is easy to give an example showing the accuracy of our estimate: put a rook in one of the corner
white squares. Then put 2 rooks through 1 and through 3 cells in the row and column of the selected
corner cell.

Task 4.

1. Hana xosiomga u3 11 xapt. Paspernraercs TacoBaTh KOJIOLY CJAEAYIOMIMMA CIIOCOOAMM.
1) Cuarb J11060€ KOJTUIECTBO KAPT ¢ BepXa KOJIOJbl M He MeHssl UX MOPsJIKA MOJOXKHUTH MO/ HU3
KOJIOJTBI.
2) Cugarb 5 KapT ¢ Bepxa KOJOIbI W He MEHSs WX MOPSAIKA MOJTOKUTH B MPOMEKYTKH MEKIY
ocTaBmuMucs 6 KapTamu.
Kakoe ko/im4ecTBO pa3uvHbIX MOJIOKEHUIT KapT B KOJIOJI€ MOYKHO IOJIYYUTh, BBITIOJIHSS ITU Ta-
COBKH?!

A deck of 11 cards is given. It is allowed to shuffle the deck in the following ways.

1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.

2) Remove 5 cards from the top of the deck and put them in the gaps between the remaining 6
cards without changing their order.

How many different positions of cards in the deck can be obtained by performing these shuffles?



Answer: 110

2. Jlana xonoma u3 13 kapt. Pa3perraercs TacoBaTh KOJIOLY CJAEAYIOINIIMU CIIOCOOAMHU.
1) CusTb J11000€ KOJMYECTBO KAPT C BepXa KOJIOJAbl M HE MEHHS UX MOPIKa HOJOXKUThL 110/ HU3
KOJIOJTHI.
2) Cusath 6 KapT ¢ Bepxa KOJIOJBI W He MEHsisl UX TOPSIKa MOJOKHUTHh B MPOMEKYTKH MEKIY
OCTABITUMUCS 7 KapTaMH.
Kakoe Kom4aecTBO pa3IndHBIX MOJOKEHUH KapT B KOO MOXKHO TOJIYIUTH, BBITTOTHAT 3TH Ta-
CcOBKH?

A deck of 13 cards is given. It is allowed to shuffle the deck in the following ways.

1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.

2) Remove 6 cards from the top of the deck and put them in the gaps between the remaining 7
cards without changing their order.

How many different positions of cards in the deck can be obtained by performing these shuffles?

Answer: 156

3. /lanma xosnona u3 15 kapt. Pa3perraercsa TacoBaTh KOJIOLY CJIEAYIONIIMU CIIOCOOAMHU.
1) Cuarp 11060€ KOJIUIECTBO KAPT C BepXa KOJOJIBI M HE MEHs s WX MOPS/IKA MOJOKUTH MO HU3
KOJIOBI.
2) Cusarh 7 KapT ¢ Bepxa KOJIOJBl M He MEHsisl UX MOPsJKa MOJOKHTHh B IPOMEKYTKH MEXKLY
OCTaBIUMUCS 8 KapTaMHu.
Kakoe KommiecTBO pa3IndHBIX MOJOKEHHH KapT B KOJO/e MOXKHO TOJIYIUTh, BBITOTHAT 3TH Ta-
COBKH?!

A deck of 15 cards is given. It is allowed to shuffle the deck in the following ways.

1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.

2) Remove 7 cards from the top of the deck and put them in the gaps between the remaining 8
cards without changing their order.

How many different positions of cards in the deck can be obtained by performing these shuffles?

Answer: 210

4. Jlana xomoma u3 17 kapt. Pa3zpentaercst TacoBaTh KOJIOMLY CJIEAYIONIMMHI CIIOCODAMMU.
1) Cuarb J110060€ KOJTMYIECTBO KAPT ¢ BepXa KOJIOJbI M He MeHssl X MOPsJIKA MOJOXKHUTH MO/ HU3
KOJIOJTBI.
2) CHgarb 8 KapT ¢ Bepxa KOJIOJbl M He MEHsid UX IOPSJIKA [OJOXKUTb B IIPOMEXKYTKH MEZKJLy
OCTaBIMUMUCS 9 KapTaMu.
Kakoe ko/im4ecTBO pa3udHbIX MOJIOKEHUIT KapT B KOJIOJI€ MOYKHO IOJIYYUTh, BBITIOJIHSS ITU Ta-
coBku?

A deck of 17 cards is given. It is allowed to shuffle the deck in the following ways.
1) Remove any number of cards from the top of the deck and put them under the bottom of the
deck without changing their order.



2) Remove 8 cards from the top of the deck and put them in the gaps between the remaining 9
cards without changing their order.
How many different positions of cards in the deck can be obtained by performing these shuffles?

Answer: 272

Solution (RUS). Ilycth KoIH4YECTBO KapT B KOJIOJAe paBHO 2n + 1. O6o3HaYMM 4Yepes [iy, TMEePBYIO
TACOBKY, TJle CHUMaeTcsd Kk BEPXHHUX KapT, a depe3 A - BTOPYIO TACOBKY. 3aMETHM, UTO [iifly = [+,
A" =1 u My A = g, vie | =941 (n + 1)k. Tosromy J1106ast KOMOMHAIMA LHEPECTAHOBOK A M [ig
cBOAUTCA K KoMOMHammsM Buaa i A2""1 ... N\ m p;, OpaueM Bce Taknme MEePeCTAHOBKH Pa3/IMYHbBL.
SlcHO, 9TO TepecTaHOBOK KayKI0ro BHJA POBHO 21 a Bcero ux 2n + 1. Mroro noxywaem 2n(2n + 1).

Solution (ENG). Let the number of cards in the deck be 2n 4 1. Denote by iy the first shuffle,
where k of the top cards are removed, and by X - the second shuffle. Note that jyu, = pr, A** = 1 and
AN~ = gy, where | =5,,11 (n + 1)k. Therefore, any combination of permutations A and gy reduces to
combinations of the form g, A**~1, ... A and py, and all such permutations are different. It is clear that
there are exactly 2n permutations of each kind, and there are 2n+1 in total. In total, we get 2n(2n+1).

Task 5.

1. Myxa ceia Ha BepXHIOI KPOMKY MIIHHIPUIECKON KpyKKH (6e3 pydKH) U TOMOJI3/Ia M0 €€ Ha-
PY?KHO CTEHKe BHH3 IO/ YIJIOM K BepTHKa/m U ropu3oHTa n. OKa3aj0oCh, 9TO BECh CBOIl MyTh
JI0 CTOJIA MyXa MepeMeInaach ¢ MOCTOSHHBIMI BEePTUKAIBHON M YIJIOBOil cKOpocTsivMu (yrioBast
CKOPOCTH B JIAHHO CUTYyaIllu U3MePSeTCs] B OPTOrOHAJIBHON TTPOEKIINT Ha MTOBEPXHOCTH CTOJIA OT-
HOCHUTEJIbHO MEHTPA MPOEKINH KPYKKH). TakzKe 0Ka3aa0Ch, 4TO MyXa COBEpINNJIA JiBa IOJHBIX
000pOTa BOKPYT KPYZKKH M KOCHYJIACh MOBEPXHOCTU CTOJA B TOYHOCTH TOJ TOYKOMH, U3 KOTOPOii
cBoit nyTh Haudaja. Harypasuct Kojisi 3aunTepecoBasicss TpaeKkTopueil nepemMeniennss MyxXu U Ha-
KJIEHJT TIOJIOCY JIMIIKOM JIEHTHI MUPUHBI 2¢M TOBEPX MYyTH MYXH TaK, YTO CepPeInHa TMOJOCH UIET B
TOYHOCTH TI0 3TOMY MyTH, 00pe3aB 3Ty MOJIOCY BJOJb BEPXHEr0 U HUKHET0 KpaéB KpyxKKu. Ompe-
JIeJTATE TLIONIA/h HAKJIEEHHOIO KYCKa, JINIKOfi JIEHTHI, €CJIN BHICOTA KPYZKKH 7CM, & PATHYC 4/ cMm.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. It turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation
is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 2 ¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 7 ¢m, and the radius is 4/7 c¢m.

2. Myxa cejia Ha BEPXHIO KPOMKY IMJIMHIAPHYECKONH KPYzKKH (6e3 PydYKH) W TOMoJ3/Ia Mo eé Ha-
PY2KHOII CTEHKe BHH3 IIOJI YIJIOM K BepTHUKa/JIH U ropu3oHTa . OKa3ajaoch, YTO BeCh CBOH IyTb
JI0 CTOJIA MyXa MepeMeInaiach ¢ MOCTOSHHBIMU BEPTUKATBHON W yIJIOBOil cKOpocTsiMu (yrioBast
CKOPOCTH B JIAHHOU CUTyaInuu U3MepsaeTcd B OPTOrOHAJIBHON IMIPOEKIUY HA TOBEPXHOCTH CTOJIA OT-
HOCHTEJIBHO MEHTPa HPOEKINH KPYKKH). TakzKe 0Ka3aJaoCh, 4TO MyXa COBEDIINJIA JBa ITOJHBIX
000poTa BOKPYT KPYZKKH U KOCHYJIACh MOBEPXHOCTHU CTOJIA B TOYHOCTH IOJ, TOYKO, U3 KOTOPOi
cBoil myTh Hadasa. Hatypanucr Kosg 3amaTepecoBasicsas TpaeKTopHeil mepeMenieHns MyXu U Ha-
KJIEWJT TIOJIOCY JIUTIKOM JIEHTHI TMUPUHBI 3CM TMOBEPX YT MYXH TaK, 9YTO CEpPeIMHA MOJOCH UIET B



TOYHOCTH 110 TOMY IIyTH, 00PE3aB 3Ty HOJIOCY BJOJIb BEPXHEIO U HUKHEr0 KpaéB KpyzKKu. Oupe-
JIeJIUTE ILJIOIIA/ (b HAK/JIEEHHOIO KYCKA JIMIIKOM JIEHTbI, €CJIU BBICOTA KPYXKKH 8CM, & PAJAUYC /T cM.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. It turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation
is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 3 ¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 8 ¢m, and the radius is 5/7 cm.

. Myxa cesa Ha BEpXHIOI KPOMKY MIJIHHIPHIECKONl KpyKKu (6e3 pydKH)  TOMOJI3/Ia 1Mo €€ Ha-
PY2KHOI CTEHKe BHH3 10/ YIVIOM K BepTuKa/ju u ropu3oHTaau. OKa3ajoCh, 9TO BECh CBOil MyTh
JI0 CTOJIA MyXa MepeMeInaiach ¢ MOCTOSHHBIMU BEPTUKAIBHON M YIJIOBOil cKOpocTsiMu (yruioBast
CKOPOCTH B JIAHHO CUTYyallu U3MepPSeTCcsl B OPTOrOHAJIBHON MTPOEKIINT Ha TOBEPXHOCTH CTOJIA OT-
HOCHUTEJIBHO MEHTPa MPOEKINH KPYKKH). TakzKe 0Ka3aa0Ch, 4TO MyXa COBEpINUJIA JiBa IOJHBIX
000poTa BOKPYT KPY:KKH U KOCHYJIACh MOBEPXHOCTHU CTOJIA B TOYHOCTHU IO, TOUYKOI, U3 KOTOPOi
cBoit nyTh Haudaja. Harypasucr Ko 3aunTepecoBasicsi TpaeKkTopueil nepemMeniennss Myxu 1 Ha-
KJIEHJT TIOJIOCY JIMIKOM JIEHTHI TMUPUHBI 4cMm TTOBEPX MYyTH MYXH TaK, YTO CepPeInHA TOJOCH UJIET B
TOYHOCTH TI0 3TOMY IyTH, 00pe3aB 3Ty MOJIOCY BJOJb BEPXHEr0 U HUKHET0 KPaéB KpyxKKu. Onpe-
JIeJTATE TLIONIA/h HAKJIEEeHHOIO KYCKa, JINIKOfi JIEHTHI, €CJIH BHICOTA KPYZKKH HCM, & PATHYC 2/ cM.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. It turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation
is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 2 ¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 5 ¢m, and the radius is 2/7 c¢m.

. Myxa cejia Ha BEPXHIOIO KPOMKY HUJINHIPHYIECKON KPYKKH (6e3 PyUKH) W MOMOJI3JIa 10 €€ Ha-
PY2KHOIl CTEHKe BHH3 IIOJI YIJIOM K BepTHUKa/JIH U ropu3oHTa . OKa3ajaochb, YTO BECh CBOM MyTb
JI0 CTOJIA MyXa MepeMeInaiach ¢ MOCTOSHHBIMU BEPTUKATBHON W YIJIOBOil cKOpocTsiMu (yrioBast
CKOPOCTH B JIAHHO# CUTYyaIllu U3MepseTcss B OPTOTOHAIBHON MTPOEKITNT HA MTOBEPXHOCTH CTOJA OT-
HOCHTEJIBHO MEHTPa HPOEKINH KPYKKH). TakzKe 0Ka3aJoCh, 4TO MyXa COBEDIINJIA JBa ITOJHBIX
000poTa BOKPYT KPYZKKH U KOCHYJIACh MOBEPXHOCTHU CTOJIA B TOYHOCTH IOJ, TOYKOW, U3 KOTOPO
cBoil myTh Hadasa. Hatypanucer Kosst 3amAaTepecoBasicss TpaeKTopueil mepeMeniennss MyXu 1 Ha-
KJIEHT TIOJTOCY JIMIKO#M JIEHTHI IMUPUHBLI 3cM MOBEPX MYyTH MYXH TaK, YTO CepeInHa MOJOCH UIET B
TOYHOCTH TI0 3TOMY IIYTH, 00pe3aB 3Ty MOJOCY BIOJIb BEPXHEr0 U HUKHEro KpaéB KpyxKKu. Ompe-
JIeJIUTE IJI0IIA/ (b HAK/JIEEHHOIO KYCKA JIMIIKOH JIEHTbI, €CJIU BBICOTA KPYXKKH TCM, & PAJAUYC 3/T CM.

A fly landed on the upper edge of a cylindrical mug (without a handle) and crawled down its
outer wall at an angle to the vertical and horizontal. It turned out that the fly moved all the way
to the table with constant vertical and angular velocities (the angular velocity in this situation



is measured in an orthogonal projection on the surface of the table relative to the center of the
projection of the mug). It also turned out that the fly made two full turns around the mug
and touched the surface of the table exactly under the point from which it started its journey.
Naturalist Kolya became interested in the trajectory of the fly and pasted a strip of sticky tape
width 3 ¢m on top of the fly path so that the middle of the strip goes exactly along this path,
cutting this strip along the upper and lower edges of the circle. Determine the area of the glued
piece of sticky tape if the height of the circle is 7 ¢m, and the radius is 3/7 cm.

Solution (RUS). /Tokazkem, 94T0O €CJI OTKJIEATH MOJIOCY, TO OHA GYJIeT ABIATHCS MAapaJLIeJorPaM-
MOM. Bo-mepBbIX, mpeacTaBuM, MyXa MOJI3Ia He 10 MOBEPXHOCTH KPYZXKKH, & M0 OYMarKHON MOIKIAIKe,
B KOTOPYIO IPEIBAPUTEIHHO O0EPHYJIN KPYZKKY: IMOJIK/IA/IKA MIPIMOYTOJIHHON (hopmbl, pazmep 7 X [, rje

[ - nJIMHA OKPYZKHOCTH JHA KPYZXKKH, TO €CTb 27 - —= 8. Kak m3BecTHO, TaKOi JINCT MOXKHO CBEPHYTD

B IIJIMH/P BBICOTHI 7 U pajmyca 4/m, To ecTh Kak pa3 MOAXOISAININM, YTO0bI TOMECTHTh BHYTPb KDY 7K-
Ky u3 ycyaoBust. [ToMecTnm 3TOT JIHCT Tak, 9TO0Obl BEPTUKATIBHBIN TTOB (BI0IH KOTOPOIO COBMEIIAITCS
IIPOTUBOTIOJIOKHbBIE KPas ITOrO JIMCTA JITTUHBI 7) HAYMHAJCS M 3aKAHIUBAJICS COOTBETCTBEHHO, B TOY-
KaxX HAYaJa U OKOHYAHUS IIYTH MYXU OHH KaK pa3 HAXOJAATCS HA OTHOU BEPTHKATIM OTHOCHTETHHO JTHA
KDY 2KKH.

Bo-BTOpBIX, TIOBTOPUM MapIIPYT MyXH Ha 9TOH 06EpTKe (KapaHJamoM) 91o OyIer JnHUs, KOTOpas Ha-
YUHAETCS] B OJTHOM YIJIY TPSIMOYTOJIBHOI OOEPTKM M 3aKAHIMBAETCSI B MPOTHUBOIMOJIOKHOM YTy, TPUI)M
9Ta JINHUS TEPeceKaer IoB (TO ecTh 00e CTOPOHBI JINCTA JITTUHBI 7) OJUH Pa3, TAK KAK Ha MOBEPXHOCTH
MUJTAHPA, TTOKPBITOTO STUM JIICTOM, COBEPIIAET JIBA MOTHBIX 00opoTa. /lokakeMm, 9YTO Ha pa3BEPHYTOM
jcre Oymaru (CMOTperb WJIOCTPALUIO) 9Ta JIMHUS HPEBPAIIACTCs B JBa OTpe3ka. JleficrBure/ibHO,
[0 yCJIOBHIO, MyXa IepeMellaach C MOCTOSHHON BEePTHKAJbHONU CKOPOCTHbIO. BeprukajibHas CKOPOCTD
(OTHOCHTEJNBLHO KPYZKKH), TIPH HOBTOPEHUH [BHKEHHsI Ha PAa3BEPHYTOM JIHCTe OOjPTKHU, MPEBPAIAETCsI
B CKOPOCTB IepeMelleHns TOYKN MO MOBEPXHOCTU JUCTA BJOIb CTOPOHBI JuHBI 7. To ecTh BUpTyasb-
Hasd MOJETb MyXH, TOBTOPSIONIAs TPAEKTOPUIO MyXH HA OOEPTKE CO CKOPOCTBIO PeaTbHOIl MYyXH, NMeeT
HOCTOSHHYIO CKOPOCTH BJOJIb HAPABJICHUS] CTOPOHBI JTUHBI 7.

JIerko BujieTh, 4TO yIjiOBasi CKOPOCTb MyXH IIPEBPAIAETCs B CKOPOCTh BUPTYaJIbHOU MYXHU BJI0JIb CTOPO-
HBI JIJTUHBL 8 JIUCTa OyMaru mpocTo JIOMHOKeHeM Ha Kodddumuent 27. 3HAYUT, CKOPOCTH BUPTYAIbHOIT
MyXHW B 9TOM HalpaBIeHWN TaKzKe TMocTosgHAA. Torma, cauras cToponsl jucta objpTkn ocimu O, n O,
uMeeM, 9TO T U Y KOMIOHEHTHI CKOPOCTH BUPTYATbHOI MyXu MOCTOAHHBI. Torma m obmumii BEKTOp CKO-
pPOCTH BUPTYAJbHON MYXW, KOTOPBIil PABEH CYMMe CBOUX T— W Yy— MPOEKIHii, ABISIETCSI MOCTOSHHBIM.
To ectb, KpOMe MOMEHTa, IepecevdeHns NBa 0OEPTKU, TPACKTOPHUSI JIBUKEHUSI MYXH HPSMOJIUHEIHA.
Takum obpa3om, noJjiydaeMm, 4TO JUINKas JIEHTA MPUK/ICEHA BJOJb MPSIMON JIMHUH, €CJIH CMOTPETh 110
00épTKe, U obpe3aHa BJOJIb CTOPOH JJIMHBI 8 3TOW OOEPTKU, TO €CTh BJOJH HMPSAMBIX Hapa/lieIbHbIX
auHul Ha pasBéprke. To ecTh JumKasi JeHTa uMeer (HOpMy mapasuiesorpaMma (Opu OTKIeHBAHUHU W
BBIDABHUBAHUN HA IJIOCKOCTH), & CPEJIHSS JIMHHUs ITOrO MapajlIeJIorpaMMa COBIAJAET ¢ TPAaeKTOpHeii
myxu. Tpaekropusi Myxu 910 JiBa orpeska Ha 00éprke (orpesku FEC — F B), KOTOpble MOXKHO LIPEJCTa-
BUTH B BH/Ie OJIHOI 11€JION JuaroHasm Jucra pasMepa 7 X (2 - 8), KOTOPbIi MOJIyYaeTcsi MPUKJIA/IbIBAeM
JBYX 9K3EMILTSIPOB 00SPTKH BIOJD 1iBa. TaKuM 06pa3oM, JyiHa TpaekTopun pasaa v/ 72 + 162 = /305,
a TUJIOMA/Ib JIUIKON JIEHTBI JJINHA CPe/IHell JIMHWH HapaJjejlorpaMMa Ha TOJIUHY HapaJjieorpaMMa
(To ectn 2 cm). Utoro, otser 24/305 2.



3ameuyanue: MHorne y9acTHUKH PACCMATPUBAIN CIydail MPSIMOYTOIbHON JIEHTHI, OTYEr0 B CBOUX pe-
MMEHNSIX OHN BBIYUTANN ' JIMMTHION " 9acTh, 32 TaKwWe perreHnst Mbl TaK YK€ CTaBUJIN TOJTHBIH OaJlI.

Solution (ENG). We prove that if we peel off the strip, then it will be a parallelogram. First,
imagine that the fly was crawling not on the surface of the mug, but on the paper lining in which the
mug was previously wrapped: a rectangular lining, size 7 x [, where [ is the circumference of the bottom

4
of the mug, that is, 27 - — =8. As you know, such a sheet can be rolled into a cylinder with a height of

7 and a radius of 4/, thﬂémt is, just right to put a mug from the condition inside. Let’s place this sheet
so that the vertical seam (along which the opposite edges of this sheet of length 7 are combined) begins
and ends, respectively, at the points of the beginning and end of the fly’s path, they are just on the
same vertical relative to the bottom of the circle.

Secondly, we will repeat the route of the fly on this wrapper (with a pencil) this will be a line that starts
in one corner of the rectangular wrapper and ends in the opposite corner, so this line crosses the seam
(that is, both sides of the sheet of length 7) once, since it makes two complete turns on the surface of
the cylinder covered with this sheet. Let’s prove that on an expanded sheet of paper (see illustration)
this line turns into two segments. Indeed, by convention, the fly moved at a constant vertical speed. The
vertical velocity (relative to the circle), when repeating the movement on the unfolded sheet of paper,
turns into the velocity of the point moving along the surface of the sheet along the side of the length
7. That is, a virtual model of a fly repeating the trajectory of a fly on a wrapper at the speed of a real
fly has a constant velocity along the direction of the side of the length 7.

It is easy to see that the angular velocity of a fly turns into the velocity of a virtual fly along the
side of the 8 length of a sheet of paper by simply multiplying by a factor of 2. This means that the
speed of the virtual fly in this direction is also constant. Then, counting the sides of the sheet of paper
with the axes O, and O,, we have that the x and y components of the velocity of the virtual fly are
constant. Then the general velocity vector of the virtual fly, which is equal to the sum of its x— and
y— projections, is constant. That is, except for the moment of crossing the seam of the wrapper, the
trajectory of the fly is rectilinear.

Thus, we get that the sticky tape is glued along a straight line, if you look at the wrapper, and cut
along the sides of the length 8 of this wrapper, that is, along straight parallel lines on the scan. That
is, the sticky tape has the shape of a parallelogram (when peeling off and aligning on a plane), and the
middle line of this parallelogram coincides with the trajectory of the fly. The trajectory of the fly is two
segments on the wrapper (segments FC — F'B), which can be represented as one whole diagonal of a
sheet of size 7 x (2-8), which is obtained by applying two copies of the wrapper along the seam. Thus,
the length of the trajectory is equal to /72 + 162 = sqrt305, and the area of the adhesive tape is the



length of the middle line of the parallelogram by the thickness of the parallelogram (that is, 2 ¢cm). In
total, the answer is 2v/305 cm?.

Note: Many participants considered the case of a rectangular ribbon, which is why they deducted the
"extra'part in their decisions, we also gave a full score for such solutions.

Task 6.

1. @yukuus f HA3BIBAETCS MEPUOAMIECKON, €CIIM OHA MIPUHAMAET XOTs Obl 1BA PA3JIUIHBIX 3HAUCHHUSI,
n Haiizercs Takoe p > 0, uro f(z + p) = f(x) mag aodoro x. Ilpu 3TOM KaxKI0€ TAKOe THCIO P
HA3bIBAETCs 1epuogoM (pyHKuu f.

CymiecTByIoT Jin Takue nepuojundeckue GpyHkiuu g u h ¢ nepuogamu 1 U T COOTBETCTBEHHO, UTO
g + h — Toxke nepuonmIeckasi PYHKITHS!

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(x + p) = f(x) for any z. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g u h with periods 1 and 7 respectively such that g+ h is also
a periodic function?

2. Oyuknus [ HA3BIBAETCS MEPUOJIMIECKON, €CJIM OHA TPUHUMAET XOTsI ObI J1Ba PA3TUIHBIX 3HAUEHUSI,
u Haiigercsa Takoe p > 0, uro f(x + p) = f(x) mag awb6oro z. Ilpu 5T0M KaxkKI0e TAKOe YUCIO P
HA3bIBAETCA MEepuogioM YHKIHUU f.

CymiecTBYyIOT Jiu Takue nepuojndeckne GyHKIUU ¢ U h ¢ MepuojaMu 3 U T COOTBETCTBEHHO, UTO
g — h — ToxKe mepuoamIeckass GyHKINAA!

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(xz + p) = f(z) for any x. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g u h with periods 3 and 7 respectively such that g — A is also
a periodic function?

3. Oyuknus [ HA3BIBAETCS MEPUOJAMIECKON, €C/IH OHA TPUHUMAET XOTs Obl J[Ba PA3IUIHBIX 3HAYCHUSI,
u Haiigercs Takoe p > 0, uro f(x + p) = f(x) masa awoboro z. Ilpn sT0M KaxkKI0e TaKOe YUCI0 P
HA3bIBAETCS TeproaoM (pyHKIHu f.



CyuiecTByior Jin Takue nepuojudeckue GyHkuuu g u h ¢ nepuojamu 2 u 7/2 COOTBETCTBEHHO,
910 g + h — TOXKe nepuogmIecKas QpyHKIus?

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(xz + p) = f(z) for any x. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g u h with periods 2 and /2 respectively such that g + h is
also a periodic function?

4. Oyuknus f HA3LIBAETCS MEPUOIMIECKON, €CJIU OHA TPUHUMAET XOTS OBl /IBA PA3JIUIHBIX 3HATEHUS,
u Haiigercs Takoe p > 0, uro f(x 4+ p) = f(x) masg awoboro z. Ilpn 5T0M KaxkKI0e TaKoe YUCI0 P
HA3bIBAETCA MEePUOioM (hYHKIHUU f.

CymiecTBYIOT 1 Takue nepuogandeckue GYHKIUE ¢ U h ¢ TepuogaMu 6 U 27 COOTBETCTBEHHO, YTO
g — h — ToxKe mepuogmieckas (pyHKINAA?

A function f is called periodic if it takes at least two different values and there exists p > 0 such
that f(z + p) = f(z) for any x. Each of the numbers p are called periods of the function f.

Is it possible to construct functions g u h with periods 6 and 27 respectively such that g — h is
also a periodic function?

Solution (RUS). Cpa3sy ormernm, 4To Takue (hyHKIUH CYIIECTBYIOT, U UX JOCTATOYHO MHOIO.
[TpuBegem B mpuMep OTHY BO3MOYKHYI0 KOMOUHAIUIO:

m, ecaum r =m -+ nm, vae m,n € 7
flz) =

0, B IPOTHBHOM CJyYae

—n, ecau xr=m-—+nm, vae m,n € Z
g(x) =

0, B IPOTUBHOM CJIy4ae

Toraa B J11060#i TOUKe T, KOTOpas He TpejacTaBuma B Bujge m + nr, Gyukmus h(x) = f(x) + g(r) paBua
0. Ecoin ke x =n +mm, umeem h(z) =m—n=m+1)—(m+1)=fe+ (1 +n)) +glz+ (1 +n)).
Buauur, h(z) — nepuognveckas HyHKIWMs ¢ mepuogoM 1 + .

Solution (ENG). Let’s show that there are such functions. There are many possible options,
let’s show one of them:

m, if x =m + nw, where m,n € Z
flz) =

0, otherwise

g(z) =

—n, if x =m + nm, where m,n € Z
0, otherwise

Hence for any = # m + nm, function h(z) = f(z) + g(z) equals 0. On the other hand, if z = n+mm,
obtain A(z) =m—-n=(m+1)—(m+1) = f(z+ (1 + 7))+ g(x+ (1 +m)). Hence, h(z) — periodic
funciton with period 1 4+ .



