10-12"" degree

Task 1. B upocrpancrse JaHbl 4eTbipe HOIAPHO HEPABHBLIX U IIOHAPHO Hapa/lie/ibHbIX orpeska A;B;,
1 = 1,2,3,4. Jlokaxkure, 4TO TOYKHU IEPECEUCHUs ITPOJIOJIKEHUIT OOKOBBIX CTOPOH MIECTU Tpameruit
A;B;A;B; (1 <i<j<4)mexkar B OIHON MIOCKOCTH.

In a space there are four pairwise unequal and pairwise parallel segments A;B;, ¢ = 1,2,3,4.
Prove that the intersection points of the extensions of the side edges of the six trapezoids A;B;A;B;
(1 <i<j<4)lie in the same plane.

Solution (RUS). O6ozuaunm gepes O;; TOUKY mepecedenns: G0KOBbIX cTOpoH Tpamenun A;B;A;B;.
Torna Touka O;; aBIgeTCS HEHTPOM TOMOTETHH C TIOJOKUTETBHBIM KO3 duImenTom, nepesoadiieit ot-
pe3ok A;B; B orpe3ok A;B;. Ilo Teopeme o Tpex menrpax romorernn Touku O;;, Oji, Of; 1exKaT Ha
onHoil psAMoil. OGO3HAYHM 3Ty NPAMYIO 4epe3 l;j; U JOKazKeM, UTO Bce TaKhe IpsAMbIe JezKaT B OTHOM
ILJIOCKOCTH.

JLs1 3TOrO OyMeM mocienoBareibHO prucoBaTh nX. CHavasia mpoBeaeM IpsiMble [1o3 1 l124: OHU JIeZKaT B
OJIHOI TLJTIOCKOCTH T, T.K. TepecekatoTcst B Touke O1o. [psimast [134 mepecekaet l193 B Touke (13, a MPIMYIO
l124 — B TouKe O14, TOITOMY OHA TAKZKe JIEZKHT B IJIOCKOCTH 7. HakomHer, mpsaMas lo34 epecekaeT MpsaMy o
l123 B Touke (a3, a IPAMYIO [194 — B TOUKe (Joy, TAK UTO U OHA JIEJKUT B ILIOCKOCTH 7.

Urak, Bce 4eThIpe HpsaMble JIEZKAT B OJHOI IJIOCKOCTH, U B Heil 2Ke jiezkaT Bce mecTb To4ek (O;j, 4To
1 TpeboBaJIOCh JI0KA3aTh.

Solution (ENG). Lets denote by O;; the intersection point of the side edges of the trapezoid
A;B;A;B;. Then the point O;; is the center of a homothety with a positive coefficient transforming
the segment A;B; into the segment A;B;. By the theorem on three homothety centers, the points
Oij, Ojk, O; lie on the same line — lets denote the line as [;j; and prove that all such lines lie in the
same plane.

To do that, we will draw them one-by-one. First, let’s draw the lines [153 and [y94: they lie in the
same plane 7 because they intersect at the point Oq. The line ly34 intersects [1o3 at the point O;3, and
the line l194 at the point Oy4, so it also lies in the plane 7. Finally, line l534 intersects line /193 at point
O3, and line l194 at point Oy, so that it also lies in the same plane 7.

Thus, all four lines lie in the same plane, and all six points O;; lie in the same plane, which was to
be proved.

Task 2. Harypasabubie unciaa Buga 11 ... 1 (gecsatuanas 3amuch cOCTOUT W3 n eauHUI) Gygem o6o3Ha-

n
qaTh R,. JlokaxKuTe, UTO CyIIecTBYeT Takoe HATypaJbHOe YHCI0 k, uro R, menutrcda Ha 41 Torma u

TOJIBKO TOTJIa, KOIJA 1 JIeJIUTCS Ha, K.

Lets denote positive integers of the form 11...1 (the decimal notation consists of n digits «1») as R,,.

Prove that there exists a positive integer k such that R, is divisible by 41 if and only if n is divisible by k.

Solution (RUS). Bamerny, uro R, = %=1 Tax kak uncaa 9 n 41 saumno upocrsi, 10 R,
kpatno 41 Ttorja u ToJibKO TOra, Koryia 10™ — 1 kpatno 41. [Tockosibky 41 — npocroe, corjiacHO MaJIOi
teopeme @epma 1070 — 1 xparno 41. Pacemorpiu Bee maTypasbasie d, mpu kotopeix 10% — 1 kparno 41;
HanMeHbIllee Takoe d 0003HAYUM 32 M.

Ecmu n memures ma m, o 10" — 1 = 10 — 1 = (10™ — 1)(10¢=Y™ 4 10¢=2m ... 4 10™ + 1), Tee.
10" — 1 menurca ma 10™ — 1, a 3maunt, u Ha 41, 9TO U TPEOOBATIOCH.
B obparnyto cropony: ecaim 10" —1 kparno 41, To pacemorpum HOJZI (10" —1,10™—1). Bocnosnb3yemcst

M3BECTHBIM CBOficTBOM HanbosbIero obmero geiurens: HO/I (a,b) = HO/(a — kb, b) ayist HaTYpaIbHBIX



a, b, k. Tenepnb
HO/(10™ — 1,10™ — 1) = HOA(10™ — 1 — 10" ™(10™ — 1), 10™ — 1),
HOA(10™ — 1 — 10" + 10 ™, 10™ — 1) = HOA (10" ™ — 1,10™ — 1).
[ToBTOpsist 3TU JeiicTBUs, yOeXK1aeMCsl, 9TO B KOHILE TOJIyYaeTCs YUCJI0 10HOAmm) _ 1,
Ecau n we geaurcs va m, ro HOI(n, m) < m, a 3HaUnT, m — He MUHUMAJILHOE HATYDAIHHOE YHC-
J10, ipu KotopoMm 10™ —1 kpaTHo 41 — npoTuBOpevne. 3HAYUT, 1 KPATHO M, 9TO U TpeOOBAJIOCH JTOKA3aTh.

Solution (ENG). Note that R, = 1“1, Since the numbers 9 and 41 are co-prime, then R, is a
multiple of 41 if and only if 10™ — 1 is a multiple of 41. Since 41 is prime, by Fermat’s Little Theorem
10%° — 1 is a multiple of 41. Consider all positive integers d such that 10¢ — 1 is a multiple of 41; the
smallest such d is denoted by m.

If n is divisible by m, then 10" — 1 = 10" — 1 = (10" — 1)(10¢=D™ 4 10¢=2m 4 ... £ 10™ 4 1), i.e.
10™ — 1 is divisible by 10™ — 1, and hence also by 41, as required.

Lets prove it backwards: if 10" — 1 is a multiple of 41, then consider ged(10™ — 1,10™ — 1). Let’s
use the well-known property of the greatest common divisor (or greatest common factor): ged (a,b) =
ged(a — kb, b) for integers a, b, k. Now
ged(10™ — 1,10™ — 1) = ged(10™ — 1 — 10" ™(10™ — 1), 10™ — 1),
ged(10™ — 1 — 10" 4+ 10"~™,10™ — 1) = ged(10™™ — 1,10™ — 1).

Repeating these steps, we ensure that at the end we get the number 108cd(m) _ 1.

If n is not divisible by m, then ged(n, m) < m, which means that m is not the smallest positive
integer such that 10™ — 1 is a multiple of 41 — that gives us a contradiction. Hence, n is a multiple of
m, which was to be proved.

Task 3. llycts a, b, ¢ — B3auMHO NPOCTHIE B COBOKYIHOCTH HATYpPAJIbHBIE YUC/IA, U
D, = (a+b+c,a®+b*+ca"+b"+c").

Haiigure BCce BO3MOKHBIE 3HAYEeHUsT [),,, T1e n — HATypaJabHOE YHCJI0, KpaTHoe 3.

Bamuce (ay,ag,ag, . . ., ax) 0603HATACT HAHOOJBIIHIT OOIIHI JETHTETb MEeJbIX THCET A1, A9, A3, - . . , Q).
Llesbie ncaa aq,as,as, . .., a; HA3bIBAIOTCS B3AUMHO MPOCTHIMU B COBOKYIIHOCTH, €CJIH
(al, ag, as, ... ,ak) = 1.

Let a, b, c be mutually co-prime positive integers, and
D, = (a+b+ca®+b*+ca"+ b+ ).
Find all possible values of D,, while n is a positive integer divisible by 3.

The notation (ay, as, as, . .., ai) denotes the greatest common divisor of the integers ay, as, as, . . . , a.
Integers ay, as, as, .. .,ay are being called mutually co-prime if (a1, as,as, ..., a;) = 1.

Solution (RUS). Ilycts 01,09, 03 — 3/1eMeHTApHBIE CHMMETPUYIECKHE MHOTOYJIEHBl U S, = a” +
b"™ + ™. Bocrosibzyemcst hopmy.ioit HbioTona

Sk = 01Sk—1 — 0285k—2 + 03Sk—3.

Hoxkaxkem, aro D, = 1,2,3 nwim 6. [Ipeamosoxknum, 910 CyIecTBYIOT TaKWe B3aWMHO MPOCTHIE B COBO-
KyIHOCTH a, b, ¢, ato D,, otmuden ot 1,2,3,6. /lokaxKkeMm, 9T0 TOrJa 01, 0o, 03 UMEIOT OOIIUil JeTUTE b,
oonpmuii 1. B camom nmene, n3 dpopmyn HbioTona ciemyer, 9TO MpU pas3aoKeHWN S, Uepe3 o1, 0g, O3
MOHOM, He COJIEPXKAIlUii 01 U 09, C TOYHOCTHIO JIO 3HAKA UMEET BU/I 30§/ 5, [Tosromy ecsiu D,, jpenur
$1 =01 u D, neaut sq = 0% — 209, TO0 D,, nenutr o1, 209, 303.



[Ipu D, ovimarom or 1,2,3,6 y uucen oy, 09,03 ectb obmuit jgesuresib, 6oabmuit 1. Ilycrs p —
IIPOCTOH MHOZKHUTEb, BXOJASIIHMA B 9TOT jlesuresib. Torpa p geaur abe, orkyaa (6e3 orpannvennst obIi-
Hoctu) p gesmt a. Ho torga p geaur (ab + be + ca) u p menut be, r.e. (6e3 orpannveHust OOIHOCTH)
p nennt b. Hakoremn, n3 toro, uro p geaut (a + b+ ¢), moaydaem, 9rto p JEIUT ¢ — TPOTHBOPEYHE C
(a,b,c) =1.

Urak, D, = 1,2,3 wiu 6. HaGoper (1,1,2),(1,1,1),(1,4,7) peamuzytor D, =2,3 u 6. Ina D, =1
BO3bMEM IIPOCTOE YUCI0 p > 3 u nojgoxkum a = b =1, ¢ = p — 2. Torma a + b+ ¢ = p u p He geaur
a?+ b+ =p?—4p+ 6, orkyna D, = 1.

Solution (ENG). Let 01,05, 03 be elementary symmetric polynomials and s, = a™ + b" + ¢".
We'll use Girard-Newton’s formula

Sk = 01Sk—1 — 025k—2 + 03Sk—3.

Lets prove that D, = 1,2,3 or 6. Assume that there are mutually co-prime a,b,c such that D, is
different from 1,2, 3,6. Lets prove that then oy, 09,03 have a common divisor greater than 1. Indeed,
it follows from Girard-Newton’s formula that when s, is represented in terms of oy, 09, 03, a monomial
that does not contain oy and o9 has (up to sign) the form 303/3. So, if D,, divides s; = o7 and D,
divides sy = 07 — 205, then D,, divides oy, 209, 303.

For D,, being different from 1,2, 3,6 the numbers o1, 09, 03 have a common divisor greater than 1.
Let p be a prime factor of the divisor. Then p divides abc, whence (without loss of generality) p divides
a. But then p divides (ab+ bc+ ca) and p divides b, i.e. (without loss of generality) p divides b. Finally,
from the fact that p divides (a + b + ¢), we get that p divides ¢, which gives us a contradiction with
(a,b,c) = 1.

So, D, = 1,2,3 or 6. The sets (1,1,2),(1,1,1),(1,4,7) realize D,, = 2,3 and 6. For D,, = 1, we
take a prime number p > 3 and set a = b =1, c = p — 2. Then a4+ b+ ¢ = p and p does not divide
a?+ 0 +c=p?>—4p+6,and D, = 1.

Task 4. Ha mjockoctu HapucOBaHO HECKOJIBKO OKPY2KHOCTEil, npudeM KaxKjas lapa OKPYyKHOCTel
1epeceKaeTcsi POBHO B JIBYX TOYKAaX, U HUKAKWe TPU OKPY’KHOCTH He UMeroT obieit Touku. Kpyriocro-
POHHHK — 3TO YaCTh IMJOCKOCTHU, CO BCEX CTOPOH OTPAHUYEHHAS JIyTaMHU THX OKPYKHOCTEi, rpaHuIa
KOTOPOII COCTOUT U3 KAKHUX-TO YT 3TUX OKPYKHOCTeil, IpudeM MeKJy JIOOBIMU JIByMsl BHYTPEHHUMHU
TOYKAMU KPYTJIOCTOPOHHUKA MOXKHO MPOUTH, He NepeceKass HU OHON TYTH JAHHLIX OKPYZKHOCTEI.
Hanpumep, nuxke n3zo6parkeHbl JBe OKPYKHOCTH, 00pa3yioiiue 3 KpPYIVIOCTOPOHHHKA, 0D03HAYEHHBIE
aomepavm 1,2 m 3.

CMmexkHbIe KPYTJIOCTOPOHHUKH — 3TO KPYTJIOCTOPOHHWKHU, UMEIOIIHe OOIIYI0 AyTy OKPYKHOCTH B Ka-
YecTBe IPAHUIDI, IPUYEM JIyTa J0JI2KHA ObITh HEBBIPOXK/IEHHOMN, TO €CTh He CBOJAMIEHCS K OHOM TOYKe.
Hanpnwvep, ma pucyHKke BpIllTe CMEXKHBIMH SIBJISIOTCS KPYTJIOCTOPOHHUKA 1 w2, 2 m 3, Ho He 1 m 3.

g kakoro HanMenbirero C' > 2023 MOKHO HAPHUCOBATH OKPYKHOCTH TaK, YTO BBHIITOTHEHBI YCJIOBUSI,
HepevnCc/IeHHbIe BBIME, U 9TH OKPYKHOCTH 00pa30oBbiBa i poBHO C' KPYTJIOCTOPOHHUKOB?

Jlokaxkure, 9T0 /s JTIOOOTO PACIOIOKEHUSI HAPUCOBAHHBIX OKPY2KHOCTEl Ha IJIOCKOCTH, Y0BJIETBO-
PSIONIAX TEPEeINCIeHHBIM YCIOBUAM U 00pa3yoomux He MeHee 2023 KpYrJIOCTOPOHHUKOB, 00SI3aTETbHO



Hafijlercd KpyIrJiOCTOPOHHUK, OI'PAHUYEHHbIT MeHee d4eM 4-Msi JlyraMu.

Several circles are drawn on the plane, with each pair of the circles intersecting at two points, and no
three circles have a common point. Let’s call round-gon a part of a plane with its boundaries consisting
of some arcs of these circles, such that it is possible to pass between any two internal points without
crossing any of the arcs of these circles .

For example, below are two circles that form a 3 round-gons labeled 1,2, and 3.

Adjacent round-gons are those having a common circular arc as a boundary, and the arc must be
not be a single point.
For example, in the picture above the round-gons 1 and 2, 2 and 3 are adjacent, but round-gons 1 and
3 are not adjacent.

For what smallest C' > 2023 can circles be drawn in such way that the conditions listed above are
satisfied and these circles form exactly C' round-gons?

Prove that for any arrangement of the circles on the plane that satisfies the conditions listed and
forms at least 2023 round-gons, there must be a round-gon bounded by less than 4 circular arcs.

Solution (RUS). Paccmorpum HapucoBaHHbIE OKPYXKHOCTU Kak ILIOCKu Mmysbrurpad (rpad c
KPATHBIME PeOpaMi MezK1y BePIHIHHAMH): BEPHIMHBI — TOYKHU Mepecedenuii, pedpa — J1yrin HapuCOBaHHBIX
OKPYZKHOCTEl, OrpaHWYeHHbIe TOUYKAMU Tepecedennii. B Takoit mHTepnperannn KpyrJIOCTOPOHHUKHI — 3TO
BCe I'paHu 3T0ro rpada, KpoMe «BHeIIHeii» (T.e. 9acTH ILIOCKOCTH, JIeZKalleil BHe BCeX OKPYKHOCTEN ).

[IycTh HapucoBansl poBHO m OKpyzkHOCTell. CorytacHo bopmyste Ditaepa aas miockux rpados, V —
E+F =2, rue V — uuciio Bepuiun rpada, E — qucio pebep, a F' — duciio rpaneii (BKJII0OUasi BHEIIHION).
Tak kak Kakjasi mapa OKPYzKHOCTel epecekaercsi POBHO B JIBYX CBOMX YHUKAJIHHBIX TOYKAX, TO THCJIO
BepmuH V = 2 - w = m(m — 1). Tak Kak KaKJas BePIIMHA — ITO TOYKA I€pPeCeTeHHsI POBHO JBYX
OKDYZKHOCTell, TO Haml rpady gBJISETCs PEryIspHbIM cTerneHn 4 (TO ecTh B KAy BEPIIMHY BXOJAT
poBHO 4 peGpa). TTocKOIBKY KazK10e pedpo COeTUHSeT JiBe BEPINUHBI, 00Inee ducio pebep E = % =
2V = 2m(m — 1). CuejoBare/ibHO YUCJI0 IPAHEl HAIIErO ILIOCKOrO MyJibTurpada J0I2KHO ObITh PABHO
F=2+E-V=242m(m—1)—m(m —1) =2+ m(m — 1). Tax kak 9uCcI0 KPYIJIOCTOPOHHUKOB
C=F—1,uvmeem C =1+ m(m—1).

Haiitu nammenbinee m, takoe, aro C' > 2023 — 3HAYUT HAWTH HAUMEHbIIee HATYPAJTbLHOE pEIleHHe
nepasencTa m? — m — 2022 > 0. Takoe YHCIO JeTKO HANTH XOTh IOJO0POM, XOTh pellas KBaIpaTHOe
nepasencTBo: m = 46. (IIpoepka emre mporme: 45 - 44 + 1 = 1981 < 2023 < 2071 =46 -45 + 1.)

Tenepb 3amernm, 9T0 Jisi 1106010 m > 1 (B ToM unce st m = 46) MOXKHO PACIOJIOKHUTH 1M OKPY 7K-
HOCTeH Ha TIOCKOCTH TaK, 9TO KazK/as Mapa MePeceKaeTcsi POBHO B JBYX CBOUX YHUKAJIHHBIX TOYKAX.
JleficTBUTE/ILHO, HApHUCYEM MPOU3BOJBHYIO OKPYZKHOCTH B Ha TJIOCKOCTH W BbIOEpEM MPOU3BOJIHLHYIO
touky O BHYTpH Hee (HO He SIBJISIIOILYIOCS €e MEHTPOM), a MOTOM PACCMOTPHM m OKPYKHOCTeil By,
0 < k < (m — 1), KOTOpBIE TONYIAIOTCSA B PE3yJIbTATe MOBOPOTA OKPYKHOCTH B BOKpyr Toukn O Ha

yToJI % (oxpyzxuOCTh By coBuajaer ¢ B). Ha pucynke npusejen nupumep st m = 4.
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Terepn J10KaxkeMm, 9TO 06S3aTEIHHO HAWIETCS KPYTJIOCTOPOHHWK, ONPAaHWYEeHHBIT MeHee dem 4-Mst J1y-
ramu. [Ipeamosiozkum, 9T0 BCe KPYIJIOCTOPOHHUKY OrpaHHYeHbl He MeHee yeMm 4 jayramu. Torma obrmee
UCIO0 «CTOPOH» (YT, OTPAHMYMBAIONINX KPYTIOCTOPOHHUKH) He Menbirne, deM 4C' = 4(1 + m(m — 1)).
[Tycrs K — gucio rpanun BHeNHEH rpanu m10ckoro myjsrurpada, rorga K +4C = K+4+4m(m—1) <
2m(m — 1) (oburee uncio pebep B HameM 110ckoM rpade), To ectb K 44+ 2m(m —1) < 0, uro HeBo3-
MOYKHO, — CJIEJIOBATEILHO, HEBEPHO MPEIIOI0KEHNE, YTO BCe KPYTJIOCTOPOHHUKH OIPaHUYeHbl HE MeHee
gem 4 pyramu. [Tosromy obs3aTesibHO HaiieTcs KpyTrJI0CTOPOHHKK, OrPAHNYEHHBIH MeHee ueM 4 yraMu,
YTO U TPEOOBAJIOCH T0KA3ATh.
Bajiada MOJTHOCTHIO PEIleHa.

Solution (ENG). Consider the drawn circles as a flat multigraph (a graph with multiple edges
between the vertices): the vertices are the circles’ intersection points, the edges are their arcs between
the intersection points. In this interpretation, round-gons are faces of this graph, except for the «outer»
(i.e., the part of the plane that lies outside all circles) one.

Let exactly m circles be drawn. According to Euler’s formula for planar graphs, V — E+F = 2, where
V is the number of graph vertices, E is the number of edges, and F' is the number of faces (including the
outer one). Since each pair of the circles intersect at exactly two unique points, the number of vertices
sV =2 w = m(m — 1). Since each vertex is the intersection point of exactly two circles, our
graph is regular of degree 4 (i.e., each vertex touches exactly 4 edges). Since each edge connects two
vertices, the total number of edges is F = % = 2V = 2m(m — 1). Therefore, the number of faces of
our planar multigraph must be equal to F =2+ FE -V =2+4+2m(m—1)—m(m—1) =2+ m(m —1).
Since the number of round-gons C' = F' — 1, we have C' =1+ m(m — 1).

To find the smallest m such that C' > 2023 is to find the smallest positive integer solution to the
inequality m? — m — 2022 > 0. Such a number is easy to find: m = 46. (45 - 44 +1 = 1981 < 2023 <
2071 =46 - 45+ 1.)

Now note that for any m > 1 (including m = 46) one can arrange m circles on the plane so that
each pair intersects in exactly two of its unique points. Indeed, let’s draw an arbitrary circle B on the
plane and choose an arbitrary point O inside it (but not being its center), and then consider m circles
By, 0 < k < (m— 1), which are obtained by rotating the circle B around the point O by the angle == 2mk
(circle By coincides with B). The picture below shows an example for m = 4.
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Now let’s prove that there is a round-gon bounded by less than 4 arcs. Assume that all round-gons are
bounded by at least 4 arcs. Then the total number of «sides» (arcs bounding round-gons) is not less than
4C' = 4(1 +m(m —1)). Let K be the number of boundaries of the outer face of the planar multigraph,
then K +4C = K +4+4m(m — 1) < 2m(m — 1) (the total number of edges in our planar graph), i.e
K+442m(m—1) < 0, which is impossible, hence the assumption that all round-gons are bounded by at
least 4 arcs is false. Therefore, there is a round-gon bounded by less than 4 arcs, which was to be proved.

Task 5. (3azaua npenocrasiena mapraepom OuaMmmra el — kommnanueii « Tuabkohd Obpazopanues )
HazoséMm kimeTdarslii KBagpaT, KaKaasd KJIeTKa KOTOPOTO MOKpAIlleHa B YEPHBIH WU B YKEITHI IBeT,
2GPMOHUYHDOLM, €CTH B HEM KOJTHMYECTBO UEPHBIX KJIETOK OTINYAETCS OT KOJUYECTBA KEITHIX KJIETOK
He Oosiee yem Ha ejuHuIly. CKOJIBKHME CIIOCODAMU MOYXKHO packpacuTh kjerku Tadsuisr 100 x 100 B
YEPHBIN U KEJITHINA 1[BETA TaK, 9TO0BI JIOOOH KBaIpaT B 3TON Tab/MIEe OB TAPMOHUIHBIM !

Let’s call a square (with each of its cells being painted in either black or yellow) harmonious, if the
number of black cells differs from the number of yellow cells by no more than 1. How many ways are
there to paint a 100 x 100 table in black and yellow if any square in the table must be harmonious?

Solution (RUS). [ns Hadama 3aMeruM, 9To B KaKJIOM KBaJapare 2 X 2 JOJKHO OBbITH 10 JBe
KJIETKH KazKJIOro IBeTa. PaccMoTpuM packpacKy camoil BepxHeil crpokn KBapaTa. [Ipenoio:Kum, 4To
B Heil ecTb KaKHe-TO JBe COCeJHUe KJETKH OJMHAKOBOrO IiBera. 10rja, paccMOTPeB KBaJpar 2 X 2,
ColepzKaMili 3TH KJICTKH, HOIYYHM, YTO JBe KJACTKH II0J, HUMH JOJZKHBI OBITH IPOTHBOIOJIONKHOTO
upera. Eciy renepb ¢ABUHYTH 3TOT KBaJpaT Ha OJHY KJIETKY BIPABO, IOJYyUHM, 9TO B JIEBOM CTOJIOIe
JIBe KJIETKH HPOTUBONOJIOZKHOIO IIBeTa, II09TOMY U B IIPABOM CTOJIONE KJETKH TOXKe J0JIZKHbI ObITh
IPOTUBONOJIOKHOrO 1Bera. CABUrasg TOT KBaIpaT aHAJOTMYHO BIIPABO U BJIEBO, IIOJYYHM, YTO BTOPas
CTPOKA JOJIZKHA OBITH MPOTUBOMOJIOKHA (110 IBETaM) IEpPBOii.




Eciin reneps npogenars Takue e pacCyzKIeHus ¢O BTOPOH U TPeTbell CTPOKOil, MOJydnM, 9TO TPEThs
CTPOKA JIOJIZKHA OBITH IPOTHBOIOJIOKHA BTOPOii (T.K. BO BTOPOil TakzKe HAMyTCsl J[BE PsIJIOM CTOSIIUE
KJIETKH OJTHOTO I[BeTa). AHAJOIMYHO Jajiee CTPOKU OyjyT depesoBaThCsi, W BCsl TaOJIMIA 3AMOIHSIETCS
ojHO3Ha4YHO. Terepnb MoMEM, NMpHU KAKUX YCJIOBUIX Ha MEPBYIO CTPOKY pacKpacka OyaeT MOaXOsIei.
[IpeamosioxKum, 9TO B IepBOil CTpOKe HalIETC MOJICTPOKA, B KOTOPOH KJIETOK OJHOTO U3 I[BETOB XOTSI
Ob1 HA k > 2 Gosblne, ueM apyroro. Takyio MOICTPOKY MOXKHO COKPATHTH 0 MOACTPOKH A aauHBI m
TaK, 9T00bl pa3HuI@a Oblia pOBHO 3 (T.K. Hpu OTOPACKIBAHMU OJHO KJIETKH pa3HHIA MeHsercs Ha 1).
Paccmorpum kBazpar B pasmepa m X m, cogepxamuit mogctpoky A. Tak kak B A pa3Huma mexiy
[BeTaMU paBHa 3, TO M HEYETHO. SHAYNT, B KBajpare B ToXKe pasHuUIila MeK/1y IBeTaMu OyaeT paBHa 3,
T.K. BCE €r0 CTPOKH, KPOMeE TIE€PBOii, MOKHO Pa30UTh Ha IMAapbl MPOTHBOMOJIOKHBIX (MOHATHO, YTO €C/IH B
TIOJICTPOKE PA3HUIA MeK/Ly IBeTamMu GoJbine 1, To B Heil HafilyTcs IBe COCeIHIe KJIETKH OJHOTO I[BETA).

TakuMm 00pa30oM, B ImEPBOil CTPOKE HE TOJKHO HAHTHCH MOACTPOKH, B KOTOPOil KJIETOK KAKOLO-TO
nBeTa X0oTsd Obl Ha 3 OoJibIle, YeM JApyroro. [IpenosokumM, 4To 3TO yCJ0BUE BBIIIOJHEHO, TPUIEM KazK-
Jlasi CTPOKa, HaYWHAs CO BTOPOI, MPOTUBOMNOIOXKHA Npeabiayeit. Torna B J1000M KBaJipaTe Y€THOTO
pasmMepa 1BeTOB Oy/ieT MOPOBHY, & B JIIOOOM KBaJipaTe HEYETHOI'O pasMepa KOJUIECTBO KJIETOK pa3HbIX
1BETOB Oy/IeT OTJIMIATHCSA Ha 1, T.K. BCe CTPOKH B HEM, KpOMe IepBoii, pa30dMBAIOTCS Ha MAPBI, a B IEPBOit
CTPOKE KOJIMYECTBO KJETOK PA3HBIX I[BETOB MOXKET OTJIHYATHCS TOJHKO Ha 1.

O0603HAYUM KOJTMIECTBO MOAXOIANINX PACKPACOK MEPBOil cTPOKH 3a . Torga KOJIUIecTBO MOIX0/Is-
IAX PacKpacoK Bceil gocKku OyaeT paBHo T — 2 + x = 2z — 2. /leiicTBuTeIbHO, B IEPBOil CTpOKe OyIeT
b0 vepeioBaHUe MBETOB (2 BapuaHTa), JUOO TJe-TO BCTPETIATCS JBe KJIETKH OJMHAKOBOrO 1BeTa. Bo
BTOPOM CJIy4ae BCE OCTAJIbHOE OIpeJIe/IgeTCd OJHO3HAYHO, & B IEPBOM BCE OIpeessieTCsl pacKpacKoii
1EPBOIO CToJI01A (€c/in 1 B 1IePBOil CTPOKE, U B LEPBOM CTOJIONE He OyJIer JIByX CTOAIIMX PSJIOM KJIETOK
OJIHOT'O 1[B€TA, TO C HOMOIIBIO MOCJIEI0BATETbHOIO PACCMOTPEHHS KBAJIPATOB 2 X 2 MbI HOJIYYHUM, YTO
packpacka J0JZKHA OBITh MIAXMATHOI ).

Tenepp ocTajioch HAWTHU . 3aMETUM, UTO TPEX MOPSI] HIYIIUX KJIETOK OHOTO IBeTa OBITH He MOZKET,
T.K. 9TH TPHU KJIETKH y:Ke JIAI0T IOJCTPOKY ¢ pasuuneir 3. Haiiném B cTpoke mepBbIii MOMEHT, KOIJIa
PSIOM BCTPETHINCH JBe KJIeTKH OJXHOro npeta. Haiiiém ciaeayonmii MOMEHT, KOTIa PSIIOM BCTPETSATCS
JIB€ KJIETKH OJIHOTO IBeTa. Fcjim 9T0 TOT »Ke camblil 1[BeT, TO B MUHUMAJILHOM MOJCTPOKE, CO/lepzKaliei
obe 3TH mapbl, pa3HUIA IBETOB Oy1eT paBHa 3, 9ero ObBITh HEe MOYKET. SHAYHT, TO JOJKHBI OBITh KJIETKH
Jgpyroro mseta. Takum obOpazom, 6JIOKM U3 Tap KJIETOK OJIHOTO IBETa JOJIKHBI YepeoBaThCs, a elné
MEK/Iy STHMHU OJIOKAMU MOTYT OBITH YYACTKH YETHOW JIIMHBI U3 Yepeayloniuxcs KjaeTok. Torma s
pacmooxKeHnsa 0JJ0KOB MOZKeT OBITh JBa BapUAHTAa: TNOO UX MePBble KJIETKH PACIONOKEHbI HA HEUETHBIX
MecTax, b0 Ha YETHBIX.

B nepsom ciydae pazobbém Bce KJIETKHU Ha HMapbl MOAPs wiayinuXx. Ha Mecre KaxK0i nmapbl MOXKeT
OBITH JIOO OJIOK W3 JBYX OJIMHAKOBBIX KJIETOK, JTMOO Mapa pas3HbiX KjaeToK. [lo mHabopy mect 6JI0KOB U
I[BETY CaMOii JIeBOIl KJETKH IBeTa BCEX OCTAJbHBIX KJIETOK OIIPeessaioTcs oaHo3HavdHo. Takmm obpa-
30M, BAapHAHTOB B 3TOM caydae 2 - 290 = 2% B caydgae, Korja nmepsble KIeTKH GJ0KOB PacloaaraioTcs
Ha YETHBIX MO3MIMSX, eCTh Bcero 49 mecr s OJIOKOB, W IBETa BCEX KJAETOK TAKKe OIPEIe/TAI0TCs
HabOpaMH MecT OJIOKOB W IBETOM caMoil JeBoil KieTku. B artom ciyuae sapuantos 2 - 249 = 259 TIpn
9TOM Te BapHAHTHI, TJie GJOKOB BOOOIIE HET, MBI OCYUTAIH JBaK/Ibl. TaknX BaprnanToB 2 (Korja Ipera
gepejiyiores). 3Hauut, z = 25 + 250 — 2,

[Tomyuaem oTger: 27 — 2 = 292 + 251 — 6 = 3. 2% — 6,

Solution (ENG). First, note that each 2 x 2 square must contain two cells of each color. Consider
coloring the topmost row of the square. Suppose that it has some two adjacent cells of the same color.
Then, considering the square 2 x 2 containing these cells, we get that the two cells under them must
be of the opposite color. If we now move this square by one cell to the right, we get that there are two
cells of opposite color in the left column, so the cells in the right column must also be of the opposite
color. Shifting this square similarly to the right and to the left, we get that the second line should be
opposite (in colors) to the first one.



After the same reasoning with the second and third rows, we get that the third row must be opposite
to the second one (because the second row also contains two adjacent cells of the same color). Similarly,
further lines will alternate, and the entire table is filled uniquely. Now let’s understand under what
conditions the coloring for the first line will be appropriate. Assume that the first line contains a
substring in which there are at least £ > 2 more cells of one of the colors than the other. Such a
substring can be reduced to a substring A of length m so that the difference is exactly 3 (because when
one cell is discarded, the difference changes by 1). Consider a square B of size m x m containing the
substring A. Since the difference between the colors in A is 3, then m is odd. Hence, in the square B
the difference between the colors will also be equal to 3, because all of its rows, except for the first one,
can be divided into pairs of opposite ones (it is clear that if the difference between colors in a substring
is greater than 1, then it contains two adjacent cells of the same color).

Thus, in the first line there should not be a substring in which there are at least 3 more cells of
some color than another one. Let’s assume that this condition is met, moreover, each line, starting from
the second, is opposite to the previous one. Then, in any square of even size, the colors will be equal,
and in any square of odd size, the number of cells of different colors will differ by 1, because all rows in
it (except for the first one) are divided into pairs, and in the first row the number of cells of different
colors can differ only by 1.

Lets denote the number of suitable colorings of the first row as z. Then the number of suitable
colorings of the entire board will be equal to © — 2 + z = 2z — 2. Indeed, in the first line will either
alternate colors (2 variants), or somewhere there will be two cells of the same color. In the second case,
everything else is determined uniquely, and in the first case, everything is determined by the coloring
of the first column (if both the first row and the first column do not contain two adjacent cells of the
same color, then by successively considering the squares 2 x 2 we get, that the coloring should be like
that on chessboard).

Now it remains to find x. Note that there cannot be three consecutive cells of the same color, because
these three cells already give a substring with a difference of 3. Let’s find in the line the first moment
when two cells of the same color met side by side. Find the next moment when two cells of the same
color meet next to each other. If it is the same color, then the minimum substring containing both of
these pairs will have a color difference of 3, which cannot be. So, it should be cells of a different color.
Thus, blocks of pairs of cells of the same color must alternate, and even between these blocks there
can be even-length sections of alternating cells. Then for the location of the blocks there can be two
options: either their first cells are located in odd places, or in even ones.

In the first case, we divide all the cells into pairs of consecutive ones. In place of each pair there can
be either a block of two identical cells, or a pair of different cells. By set places of blocks and the color
of the leftmost cell, the colors of all other cells are uniquely determined. Thus, there are 2 - 2% = 25!
options in this case. In the case where the first cells of the blocks are in even positions, there are a
total of 49 places for blocks, and the colors of all cells are also determined by the sets of block places
and the color of the leftmost cell. In this case there are 2 - 2% = 250 options. At the same time, those
options where there are no blocks at all, we counted twice. There are 2 of such variants (when the colors
alternate). So x = 2°1 +2%0 — 2.

Now we get the answer: 2z — 2 = 252 4 251 — 6 =3.2%1 — 6.



