Kazkiplit yuacTHUK 1oJIydaeT KOMILUIEKT u3 6 3a/1a4, PHU 9TOM KaxK/as U3 HUX CJIydailHbiM 00pa3oM
BbIOUpaercs u3 4-x BapuanToB. [IpejcraBiieHbl pemenus Jijisi OJIHOIO U3 YeThIPEX BAPUAHTOB, OCTAJIbHBIE
penalTcsl aHAJIOTUIHO.

[Tepsoie 4 3amaun 1o/ Ipa3yMeBaIOT KPATKUil IUCJI0BON OTBET. Ec/n 9ucao B oTBeTe mMeeT OOJIbINe
IBYX Mudp mocje AecATHYHOI 3amATONl, TO 3TO YUCTO TpeOyeTcs OKPYIVIUTH 10 COTBIX. 3aJadd IO
HOMepaMu 5 u 6 TpeOYIOT pa3BepPHYTOrO PeIleHusT i TOYHOTO (T.e. 6e3 OKPYTJIeHHii) OTBeTA.

Each participant gets a set of 6 tasks, with each of them randomly selected from 4 versions. Solutions
are presented for one of the four versions, the rest are solved similarly.

The first 4 tasks imply a short numerical answer. If the number in the answer has more than two
digits after the decimal point, then this number must be rounded to 2 decimal digits. Tasks numbered
5 and 6 require a detailed solution and an precise (i.e. without rounding) answer.

7t degree

Task 1.

1. TMuparckuii 3aKOH IJIACHT, YTO CIPABEJTUBHIN CIIOCO6 TeesKKN Jo0bIIr (COCTOosIEell 13 OJMHAKO-
BBIX 30JI0TBIX MOHET) TAKOI: KAIUTAH OMPEJIEISeT, KOO U3 KOMAH/ bl CIUTAET JOCTONHBIM HAIPA/TBI
(9TO KAK MUHUMYM OJIUH MUPAT), ¥ STUM MUPATAM JAET MAKCAMAJIBLHO BO3MOXKHOE OJIMHAKOBOE KO-
JIMYECTBO 30JI0ThIX MOHET u3 J00biur. OCTaroK MOHET LOC/Ie TAKONR JIeJIE2KKU - 10 KAllUTaHA.

Kamuran Kpiok He MOXKeT pelmuTh MO0 KAaKOMY W3 MPHUHITUIIOB BBIJAETUTD ~AOCTONHBIX  HAarpabl.
Hanpuwmep, eciin kanuran Boideper 99 nuparos, TO j10Jis KallUTaHa B TAKOM CJydae cocTaBuT Hl
MOHETa; & eCJIM »Ke OH BbiOeper 77 muparoB, TO ero o oymer yxke 29 moueT. CKOJIBKO MOHET
OBIJIO B M00BIYE, €CJIM U3BECTHO, 9TO 3TO Yuca0 MeHbIme 10007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 99 “worthy” pirates, the captain’s share in this case is 51 coins; and if he chooses 77 pirates,
the captain’s share will be 29 coins. How many coins were in the loot if it is known that their
amount is less than 10007

Answer: 645

2. Tluparckuii 3aKOH TJIACUT, YTO CHPABEJIUBBII CIIOCO0 J1es1eKKH 0ObIaH (COCTOSIIER U3 OMHAKO-
BBIX 30JI0TBIX MOHET) TAKOM: KAITMUTAH OMPeJIeIseT, KOO N3 KOMAH/ B CIUTAET JOCTONHBIM HAIPA/IHI
(9TO KAK MHUHUMYM OJIMH MUPAT), ¥ STUM IUPATAM JAET MAKCAMAJIbLHO BO3MOXKHOE OJIMHAKOBOE KO-
JITYECTBO 30JI0TBHIX MOHET u3 A00brdn. OCTaTOK MOHET IOCJIe TAKOH JIeJIEXKKU - A0JIsI KaluTaHa.

Kanuran Kpiok He MozkKeT pemuTh 10 KaKOMY U3 MPHUHITUIOB BBIIETUTH ~JAOCTOWHBIX HAI'PA/IHI.
Hanpumep, ecsin kauuran BbiOeper 81 nupara, TO J10Jis KallMTaHa B TaKOM cJjy4dae cocraButr 64
MOHET; a ecJjiu ke OH Bbibeper 99 nuparos, To ero jioJjs oyaer yzxe 19 moner. M3BectHo, 4T0 4mncjio
moHeT MeHbIne 800. CKOIbKO MOHET OBLIO B AOOBIYE, €CJIN U3BECTHO, 9TO 9TO IHCI0 MeHbine 8007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one



pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 81 “worthy” pirates, the captain’s share in this case is 64 coins; and if he chooses 99 pirates,
the captain’s share will be 19 coins. How many coins were in the loot if it is known that their
amount is less than 8007

Answer: 712

[Tuparckuii 3aKOH IJIACAT, YTO CIIPABEJIUBBIA COCO0 JeIeKKH J100ban (COCTOsAMIe U3 ONHAKO-
BBIX 30JI0TBIX MOHET) TAKOM: KAIMUTAH OMPeJIeIseT, KOO N3 KOMAH/ bl CIUTAET JOCTONHBIM HAIPA/IHI
(9TO KAK MHUHUMYM OJIUH MUPAT), ¥ STHM IUPATAM JAET MAKCHMAJIbLHO BO3MOXKHOE OJIMHAKOBOE KO-
JITYECTBO 30JI0THIX MOHET u3 A00brdn. OCTaTOK MOHET IOCJIe TAKOH JIeJIEXKKHU - A0JIsI KalnTaHa.

Kanuran Kpiok He MozkKeT pemuTh 10 KaKOMY U3 MPUHIIUIOB BBIAETUTH ~JAOCTOWHBIX HAI'PA/IbI.
Hampumep, ecan Kanutan BoiOeper 143 mmpara, TO 019 KallUTaHa B TAaKOM Caydae cocTaBuT 61
MOHETa; & €CJIM Ke OH BbiOeper 88 muparos, TO ero o oyger yxke 39 moner. CKOJIBKO MOHET
OBLIO B 00BIYe, €CJTM W3BECTHO, 9TO ITO 4nca0 MeHbire 14007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if
he picks 143 “worthy” pirates, the captain’s share in this case is 61 coins; and if he chooses 88
pirates, the captain’s share will be 39 coins. How many coins were in the loot if it is known that
their amount is less than 14007

Answer: 919

[Tuparckuii 3aKOH IJIACUT, YTO CIPABE/JIUBbIH CHOCO0 Jie/1ezKKK j100buK (COCTOsAIeH U3 OJIMHAKO-
BBIX 30JI0TBIX MOHET) TAKOM: KAIMTAH OIPe/IeIsieT, KOIO N3 KOMAH/Ibl CIUTAET JOCTONHBIM HAIPA/IHI
(3TO KaK MHHUMYM OJIMH MUPAT), ¥ STHM TTHPATAM JTaéT MaKCHMAJIbLHO BO3MOYKHOE OJIMHAKOBOE KO-
JITYECTBO 30JI0TBIX MOHET u3 A00brdn. OCTaTOK MOHET IIOCJIe TAKOW JIeJIEXKKHU - JA0JIsI KallnTaHa.

Kanuran Kpiok He MozkKeT pelruTh 10 KaKOMY U3 MPHUHIIUIOB BBIJICTUTH ~JTOCTOWHBIX HAI'Pa/IbI.
Hampuwmep, eciim kanutan BbiOepeT 91 mumpat, TO 1078 KalUTaHA B TaKOM CJaydae cOCTaBUT 87
MOHET; & €CJIM 2Ke OH BbiOeper 77 nuparo, TO ero jojs oyaer yzke 17 moHeT. CKOJIBKO MOHET
ObLJIO B J00BIYE, €CJIM W3BECTHO, 9TO 9TO YUCI0 MeHbIne 9507

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 91 “worthy” pirates, the captain’s share in this case is 87 coins; and if he chooses 77 pirates,
the captain’s share will be 17 coins. How many coins were in the loot if it is known that their
amount is less than 9507



Answer: 633

Solution (RUS). Ilycts B mepBoM ciaydae HArpajga KazIOro MupaTa paBHA f, a BO BTOPOM - S.
Tora obiras Harpa/a papaa coorBercBeHHO 99t +51 u 775+ 29. [1o ycaoBuio B 000ux cjydasix HarpaJjia

onunakoBasi, 60sbie 0 u menbie 1000. Umeem 99t 4 51 = 77s + 29.

949 50
Bo-mepBpix momygaem, aro 99t + 51 < 1000, To ectb 99t < 949 mmm t < — = 9®. Tak kaxk t - menoe,

to umeeM 0 < t < 9. Bo-Brophix, yrupoiias paBeHCTBO, nojaydaeMm 99t + 22 = 77s, 9T0 MOYKHO COKPATHUTh
eme pas, nmojenus Ha 11. [lomyaaem 9t 4 2 = 7s.

[Iepebpas BapuanTtsl t ot 0 10 9, HAXOAUM, YTO TOJBKO NpH ¢t = 6 MOJTyUeHHOE TUCTO JETUTCS 7, ITOOBI
cupaBa MOIVIO HOJIyduTcs BbipaxkeHue 7S. Mtoro nosydaercs, yro t = 6,5 = 8, a caM0O 4uCJIO PABHO

645.

Solution (ENG). Let each pirate’s reward be t in the first case, and s in the second. Then the
total reward is 99t 4+ 51 and 77s + 29, respectively. According to the condition, in both cases the reward
is the same, more than 0 and less than 1000. We have 99t 4+ 51 = 77s + 29.

First, we get that 99¢ + 51 < 1000, that is, 99t < 949 or t < % = 9%. Since t is an integer, we have
0 <t < 9. Secondly, simplifying the equality, we get 99¢ + 22 = 77s, which can be reduced again by
dividing by 11. We get 9t + 2 = 7s.

After going through the options ¢ from 0 to 9, we find that only when ¢ = 6 the resulting number
is divisible by 7, so that the expression 7s can be obtained on the right. In total, it turns out that
t =6,s = 8, and the number itself is 645.

Task 2.

1. Knervaryro tabaumy pasmepoM 6 X 6 BbIpe3au W3 JUCTA OYMarw W CKJIEUTU Y Hee TPOTHBO-
MOJIOYKHBIE CTOPOHBI. Kakoe MaKcHMaJIbHO BO3MOYKHOE KOJTUIECTBO KOHEil MOXKHO PAacCTaBUTH HA
TaKoil JI0CKe, 9TOObI HUKAKWE JBA KOHsI He Oumjm Japyr japyra?

A 6 x 6 checkered table was cut out of a sheet of paper and its opposite sides were glued together.
What is the maximum possible number of chess knights that can be placed on such a board so
that no two knights beat each other?

Answer: 18

2. Kuteruaryio tabiuiy paszmepom 8 X 8 Bblpe3asin U3 JIMCTA OyMaru U CKJIEHJIM Y Hee HPOTHBO-
HOJIOYKHBIE CTOPOHBI. Kakoe MakcuMa/ibHO BO3MOYKHOE KOJIMYECTBO KOHEil MOXKHO PacCTaBUTH Ha
TaKoil /I0CKe, 9TOOBI HUKAKWE JBA KOHsI He Omjim apyr apyra’?

A 8 x 8 checkered table was cut out of a sheet of paper and its opposite sides were glued together.
What is the maximum possible number of chess knights that can be placed on such a board so
that no two knights beat each other?

Answer: 32

3. Kuergaryio Tabsmiry pazmepom 10 X 10 BweIpe3aju u3 jucta OyMaru u CKJAEHJIH y Hee MPOTUBO-
MOJIOYKHBIE CTOPOHBI. KaKoe MaKCUMaJIbHO BO3MOYKHOE KOJWYECTBO KOHEH MOYKHO PAacCTaBUThH Ha



TaKO# JOCKe, 9TOObl HUKAKHE JIBA KOHA He O aApyr apyra?

A 10 x 10 checkered table was cut out of a sheet of paper and its opposite sides were glued
together. What is the maximum possible number of chess knights that can be placed on such a
board so that no two knights beat each other?

Answer: 50

4. Kiteruaryo Tabsmmiy pazmepom 12 X 12 Beipe3ajin u3 Jiucra OyMaru ¥ CKJICHIU Yy Hee IHPOTHBO-
HOJIOYKHBIE CTOPOHBI. Kakoe MakcuMa/ibHO BO3MOYKHOE KOJIMYECTBO KOHEl MOXKHO PacCTaBUTH HA
TaKoil /I0CKe, 9TOOBI HUKAKWE JBA KOHsI He Owmim apyr japyra?

A 12 x 12 checkered table was cut out of a sheet of paper and its opposite sides were glued
together. What is the maximum possible number of chess knights that can be placed on such a
board so that no two knights beat each other?

Answer: 72

Solution (RUS). 3amernm, 9T0 MOYKHO PacCTaBUTh KOHeH Ha GeJbIX KJIeTKax, W HHKaKWe JBa
KOHd JIpYT JApyTra He moObIOT. JlokazkeM, 4TO Oosblme 32 KOHeil pacCTaBUTb He moydntcd. leiicTBu-
TeTbHO, KazKJIblil KOHb OBeT POBHO 8 KJETOK, I KaxKIyl0 KJIeTKy ObeT He Oosee 8 KOHeil, MO3TOMY

k koneii, He OBIOIIMX JPYT JPYyra, 3aHUMAIOT k KJIE€TOK W OIObT He 6oJiee % = k xkjaerok. [Tosromy
kE+k<64 = k<32
BamerbTe, 9TO I/ JOCKH 1M X 1 OTBeT Oymer [m—;‘], rie [a] obo3HaUaeT IeIyI0 YacTh YHCIa .

Solution (ENG). Notice that it’s possible to place the knights at all white squares so that they
would not attack each other. Let’s now show that it’s not possible to place more than 32 knights. Since
each knight attacks 8 squares (not less, not more), then k knights attack no more than % = k squares.
Hence, k+ k <64 = k < 32. -

Note that for for desk m x n the answer would be 5=, where [a] denotes whole part of number a.

Task 3.

1. B cTpane HeCKOJBKO TOPOJOB, HEKOTOPBIE Mapbl KOTOPHIX COeIWHEHBI jgoporaM. M3BecTHO, 9TO
Bcero 2025 gopor, u U3 JIOOBIX TPpeX JOPOr MOKHO BBIOpATH JBE, KOTOPbIE HE BBIXOJAT U3 OJIHOIO
roposa. Kakoe MmakcmMaabHOE KOJTUIECTBO JOPOT, HUKAKHE IBe U3 KOTOPBIX He BBIXOIAT U3 OTHOTO
ropoja, rapaHTHPOBAHHO MOYKHO HATH?

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 2025 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 810

2. B crTpane HecKOJIbKO ropojioB, HEKOTOPbIE Mapbl KOTOPLIX COEJMHEHBI jjoporam. VI3BecTHO, 4TO
Bcero 2000 mgopor, u U3 JIOOBIX TPeX JOPOT MOYKHO BBIOpATH JIBE, KOTOPbIE HE BBIXOJIAT U3 OJIHOTO



ropozia. KaKoe MaKCHUMaJIbHOE KOJIMYECTBO JOPOI, HUKaKue JIB€ U3 KOTOPbIX HE€ BbIXOAAT U3 OJHOI'O
ropoja, rapaHTHPOBAHHO MOYKHO HATH?

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 2000 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 800

3. B crTpane HeckoJbKO ropojioB, HEKOTOPbIE Mapbhl KOTOPLIX COEJMHEHBI jjoporam. VI3BecTHO, 9TO
Bcero 1915 gopor, u U3 JIOOBIX TpeX JOPOr MOXKHO BBIOpATH JIBE, KOTOPLIE HEe BBIXOJIAT U3 OJIHOIO
ropojsa. Kakoe MmakcmMaabHOe KOJUIECTBO JTOPOT, HUKAKHE IBe U3 KOTOPBIX He BBIXOIAT U3 OTHOTO
ropojia, rapaHTUuPOBAHHO MOXKHO HA#TH?

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 1915 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 766

4. B crTpane HECKOJIbKO I'OPOJIOB, HEKOTOpbIE Mapbl KOTOPBIX COeJMHEHbI joporaM. 3BecrHo, 4To
Bcero 1875 jopor, u U3 JIOOBIX TPeX JOPOr MOXKHO BBIOpATH JIBE, KOTOPbIE HE BBIXOJAT U3 OJIHOTO
ropojia. Kakoe MakcnMaJIbHOE KOJINIECTBO JI0OPOT, HIKAKHe /IBe I3 KOTOPBIX He BBIXOISAT U3 O/THOTO
ropo/ia, TapaHTUPOBAHHO MOXKHO HaiiTn?

There are several towns in a kingdom, some pairs of which are connected via roads. It is known
that there are 1875 roads total and in any group of three roads you can choose two, which do not
come from the same town. What is the largest number of roads are guaranteed to be found, no
two of which come from the same towns?

Answer: 750

Solution (RUS). Bamerum, 9T0 u3 J060ro0 ropoja BeIXOAAT win 0, Wi OJHA, WIH JBE JTOPOTH.
BHa4YUT, BCe ropoJa pacIaJalorcs HA OJMHOYHO CTOSMINUE, Held W HUKJ/Ibl. Tak:Ke 3aMeTuM, 9TO Tpe-
YIrOoJIbHBIX ITUKJIOB HET. Tenepb OTMETHUM, 9TO B Ka)K,ZLOﬁ el MOXKHO B34Tb HEe MeHee IOJIOBUHBI JOPOT,
a B KayKJIOM IIMKJIEe - He MeHee 2/5 J0por, MOCKOJIbKY ec/Ii B IuKJIe k J0por, TO IPH 9eTHOM k MbI Oepem
k/2 nmopor, a npu uedernom k — (k — 1)/2, aro He MeHbIe %k upu k > 5. [Ipumep jpaercs mukiamu
JJTAHBL O.

Solution (ENG). Note that either 0, or one, or two roads come out of any city. So all cities break
up into singles, chains, and cycles. Also note that there are no triangular cycles. Now note that in each
chain we can take at least half of the roads, and in each cycle we can take at least 2/5 of the roads,
because if a cycle has k roads, then for even k we take k/2 roads, and for odd k we take (k —1)/2,



which is not less than %k at £k > 5. An example can be given by cycles of length 5.

Task 4.

7

1. Haiimure Haumbobminii oOIIUil JeIUTe/Ib BCEX YHCes BHAA n' — n JJid JTI0O0T0 HATYPATLHOTO 7.

Find greatest common factor for all numbers of type n” — n for any positive integer n.

Answer: 42

3

2. Hailignre nanboanImmii o0l JeIUTeIh BCEX UMCE BUIA n'3 —n JIJIsT JTI000TO HATYpPaIbHOTO 1.

3

Find greatest common factor for all numbers of type n'® — n for any positive integer n.

Answer: 2730

9

3. Haiiaure HamboabIIIii OOIIHIT JeuTeIh BeexX unces uga n'® — n s 1060ro HATYPATLHOTO M.

9

Find greatest common factor for all numbers of type n'® — n for any positive integer n.

Answer: 798

5

4. Haiigure nanbosbmmii oOIuil e/ nTe b BCeX dnces Buaa n?° — n g J1060ro HATYPaibHOTO N.

5

Find greatest common factor for all numbers of type n?> — n for any positive integer n.

Answer: 2730

Solution (RUS). 3amerum, uro nckombiii HOJI genut uwmcno 27 — 2 = 2 - 32 - 7. Takske HOJL

He jesuTesa Ha 9, T.K. Ha 9 He jgeamTed uucao 37 — 3. [losromy Hom He Goubme 2 -3 - 7. OgHAKO YHCIIO

n’ —n geamTed W Ha 2, U Ha 3, ¥ Ha 7 100 Masoii Teopeme Pepma. Takum 06pazom, HAMOOILITHIT OOTITHIT
JleTuTeTh paBeH 42.

B ocranbHBIX 3a/1a9aX TPUHIKAIT PEIIEHUs AaHAJOTHIHBIN: pacKIa/IbIBbIeM YHCI0 2 — 2 Ha MHOXKHUTe-

JIM, 3aTeM ¢ TOMOIIBIO MPOBEPKH JACIUMOCTH dncia 3" — 3 orbpaceiBaeM 3% (1 BCe OCTATbHBIE CTENEeHH,

GoJIbIIe 1IepBOil, ecJld OHU eCTh, HaupuMmep 22), a ocTajbHble [IeJIUTe/IN MPOBEePaeM C IIOMOMIBI0 MaJIoi

TeopeMbl PepMma U cBoOMCTBAMU apu(PMETUKU IO MOJLYJIIO.

Solution (ENG). Note that the desired greatest common factor divides the number 27 — 2 =
2-32.7. Also, the greatest common factor is not divisible by 9, because the number 37 —3 is not divisible
by 9. Therefore, the greatest common factor is no more than 2 -3 - 7. However, the number n” — n is
divisible by 2, 3, and 7 by Fermat’s little theorem. Thus, the greatest common factor is 42.

For other tasks the principle of solution is the same: we factor the number 2" — 2, then we remove
the divisors like 3% (and other divisors with degree higher than 1, if any, for example 2?) with checking
of 3" — 3. Other divisors are checked with Fermat’s little theorem and properties of modular arithmetics.

Task 5.



1. Ha jiiunnoii sienre B psiji 6€3 n1pobesioB 3anmcanbl Bee HATypaJibHbie ducia or 1 1o 2022, obpasys
0/IHO orpomHoe uncio: 1234567891011...20212022. [lera u Bans 110 ouepe iu Bbry€épkuBaior mudpbl
9TOro 9Ync/aa (BhIYEPKHYTYIO 1Py 3alperieHo BhlYepKuBaTh BTOpoil pa3). B Konie urpsl ocra-
ércsa ofHO3HAYHOE uncsio. Kcam oHo jenuTes Ha 3, TO BHIMTpbIBaeT BaHs, nHave — BHIUTPHIBAET
[Tets. Moxker in KTO-TO 0OecIednTh cede mobe/Iy He3aBHCHMO OT UI'PHI ITPOTUBHUKA?

On a tape all positive integers from 1 to 2022 are written in a row without spaces, forming one
huge number: 1234567891011...20212022. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

2. Ha pymuuoit jienTe B psij 0e3 nmpoOesioB 3alucaHbl Bce HATypaJibHble duca ot 1 10 1999, obpazys
0JIHO orpomHoe uncio: 1234567891011...19981999. [lets u Bans 1o ovepein BIYEPKUBAIOT UM PHI
9TOro Yncaa (BbIUYEPKHYTYIO IuGPY 3alpPeNeHo BhYepKUBAThL BTOpOil pa3). B KoHIe Urpbl ocTa-
érca ogHo3HavHOe umcyo. Ecium oHo jgenutca Ha 3, TO BHIUTPBIBaeT BaHd, nHAYe — BHINTPLIBAET
[Terst. Moxker jin kT0-TO 0becednTDh cebe 1mobe/ Iy He3aABUCUMO OT UIDPbI IPOTUBHUKA !

On a tape all positive integers from 1 to 1999 are written in a row without spaces, forming one
huge number: 1234567891011...19981999. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

3. Ha mymuHOM JlenTe B psii 6€3 mpobesioB 3alucaHbl Bce HATYpasibHble dncaa or 1 g0 2077, obpasys
0JIHO orpoMHoe uncio: 1234567891011...20762077. [lera u Baug mo ouepein BBIYEPKUBAIOT MU PHI
9TOr0 YKCJ/a (BBIYEPKHYTYIO HUMPY 3alPEIIEH0 BbIYEPKUBATH BTOpoil pa3). B KoHIe urpbl ocra-
ércd o/lHO3HAYHOE 4YMCJio. Kcam oHO jenmTes Ha 3, TO BhIUTpbIBaeT BaHs, nHade — BBIUTPHIBAET
[Tersi. Moxker jin KTO-TO 0bectednTh cede mobe/Iy He3aBUCUMO OT UT'PHI TPOTUBHUKA,?

On a tape all positive integers from 1 to 2077 are written in a row without spaces, forming one
huge number: 1234567891011...20762077. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

4. Ha jumiHHOit jienTe B psiji 0€3 1mpobe/ioB 3alucanbl Bce HaTypaJibable duciia ot 1 10 2007, obpasyst
0/iIHO orpomHoe uncio: 1234567891011...20062007. Ilers u Bans 1o ouepe in Bbr4€épkuBaioT mudpb
9TOro 9Ync/aa (BHIYEPKHYTYIO IudPY 3alpPerieHo BhlYepKuBaTh BTOpOil pa3). B KoHIe Urpsl octa-
ércsd OflHO3HAYHOE 4YHcJio. Ecaum oHO jenurcsa Ha 3, TO BHIUTpbIBaeT BaHgdg, nHaYe — BBIUTPLIBAET
[Teta. Moxket i KTO-TO 0OecIednTh cede mobeIy He3aBHCHMO OT UI'PhI TPOTUBHHUKA?

On a tape all positive integers from 1 to 2007 are written in a row without spaces, forming one
huge number: 1234567891011...20062007. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3, then Ivan wins, otherwise, Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

Solution (RUS). Crparerusi mis [lern: moka ecrb mudpsl, gessiuecst Ha 3, B ¢Boif xoa Ilers
BhIUepKkuBaeT Takywo nudpy. Haiee, ecin emé nmorpedyercst jgenarh Xoanl, [leTst BoraepkuBaer 1mudpb
IPOU3BOJIBHO.



Bamerum, uro eciu Ilere yjpacrest 100uThCsi BbluepKuBanus Beex nudp, Jessinuxcsd Ha 3 (rakue
MBI Jajiee Oy/1eM Ha3bIBATh XOPOIMINMH), TO (bUHAIBHOE OJHO3HAYHOE YHCIO He OyJIeT JeJuThCs Ha 3, a
Bamnsi, coorBercrBenno, npourpaert. [lokaxkem, aro Ilere xBatut x070B 7715 3T0r0. CHAYAIA BHISICHUM
obIee 9ucsI0 XOM0B (Ha IBOMX): 9TO B TOYHOCTH KOJHYECTBO MU(bD W3HATAILHOTO YUCIA.

Crparerus miga Ileru: moka ecth nudpsl, gendmnmecs Ha 3, B ¢Boit xoa [leTs BeIUépKuBaeT Takyio
nmudpy. lanee, ecnn emé morpedyeTca jenaTh Xoabl, [leTa BeruépkuBaeT mudphl TPOU3BOJIBHO.

Bamerunm, 4to ecsu [lere ynacres 1o06uThest Bo9épKuBaHus Beex mudp, gessiuxcs Ha 3 (Takue Mbl
Jajiee OyneM Ha3bIBATH XOPOIIUMH ), TO (DUHAIBHOE OJHO3HAYHOE YHCJIO He OyaeT NeJuThCs Ha 3, a
Bans, coorBercTBenno, npourpaet. [lokaxkem, aro [leTe XBaTHT XOI0B /1T 3TOTO.

CHauaJjia BBISICHUM OOIee KOJHYECTBO XOJIO0B (HA JBOMX): 9TO B TOYHOCTH KOJHYECTBO UMD U3HA-
JAJBLHOTO YACTA. DTO KOJIUIECTBO COCTABICHO U3 Mudp OJHOZHAYHBIX 4HCea (KOTOPBIX 9 B 3aIuCH),
JBy3Haunbix (Koropbix 90), tpéxsnaunbix (ux 900), u yerbipéxsnaunbix (ux 2022 - 999 = 1023). To
eCTh BCEro KOJIMYecTBO Mudp B 3allMCH W3HAYAJILHOTO JUIMHHOTO 4Yucia (OygeM ero Ha3blBaTh M1abJio-
HOM) paBHO 9+2-90+3-900-+4-1023 = 9+180+2700+4092 = 698]1.

Kosn1ecTBo X0OI0B 7Ke COBIAIAET € KOJTMIECTBOM BBIYEPKHYTBHIX duces B KoHIe, a ux 6980 (Tak kax
OCTAJIOCH OJTHO).

[Mokazkem, uro xopouux udp B 3anucu madaona Mexee noaosutbl or 6980 (1o ectb Menee 6980/2 =
3490). 1151 5TOr0 OTEJIBHO HOCTUTAEM KOJIHIeCTBO TAKUX UMD, KOTOPbIE MOJIY Yat0TCsl U3 OTHO3HAYHBIX
YUCesT 3alUCH, U3 JBY3HAYHBIX U TaK JlaJjee.

BaMeTuM, YTO BCEro B 3AIMCH YHCeJ OT 1 10 9 KOJIUIECTBO XOPOIIUX MUpP PaBHO 3.

Cpe/iu IBy3HAYHBIX YHCE B 3AIUCH MAGJIOHA KOJIUIECTBO XOPOIIHX 1idp HA MepBOil mo3umuu (CooT-
BETCTBYIOLIErO 4ucia) paBHO 3 X 10, Tak KaK HA 1EPBOil 1O3UIKMHU, JOIYCTUMbI JIUIIb XOPOIire Hudpbl
3,6 u9 - Bcero Tpu Bapuanrta. [ljig kaxoit u3 srux mudp Berperdrcs Bce 10 BapuaHTOB BTOPOit
udpbl, TO €CTh B pa3psijie eIuHUI. AHAJOTTIHO BBIYUC/ISEM, YTO KOJHIECTBO XOPOIUX Mudp HA BTO-
PBIX HO3UIUAX JIBYX3HAUHBIX duces B mabsione paBuo 4 x 9. VToro, xopommux mudp, MoaIyIeHHBIX U3
JIBy3HAUHBIX YHCe] B 3alUCcHU IradjoHa, Bcero 3 - 10 + 4 - 9 = 30 + 36 = 66.

AHamoruvHO U3 TPEX3HAUHBIX YKces B IMadoHe moaydaorcea 3 - 100 + 4 - 90 + 4 - 90 = 300 + 360
+ 360 = 1020 xopomux nudp.

st 9eThIPpEX3HAYHBIX YUCE/T TAKZKe pas3/euM MoJAcuéT Ha jaBe dactu: Jjis duces ot 1000 g0 1999 u
qtst aucest ot 2000 mo 2022. B nepBoit noarpytine Bo BceX YUCIAX mepBas mudpa He siBJISeTcs XOPOIIeit,
a KOJIMYECTBO XOPOUIUX IUMP Cpe/id 3THX Thicaun duce paBuo 4-100x3 = 1200.

Bo Bropyio noarpymiy (ot 2000 g0 2023) monanu 23 wucaa. BpydHyto nmpoBepsieM, 94TO KOJAIECTBO
xoporux 1udp B paspsje Thicad pasuo 0 (Bce JBoiiku), a B paspsije coreH - paBuo 23 (Bce uyiu). B
paspsijie jecaTkoB xopomux nudp 10, a B paspsie eaunui 9. Uroro uz 4 x 23 = 92 nmudp srux 23x
qnces 23 + 10 + 9 = 42 xopommux.

Ocraércsd OTMETUTD, UTO B KaxKJ0# U3 PACCMOTPEHHBIX IPYIIT KOJHYECTBO XOPOMIUX Mu(P MEHbIIe
MOJIOBUHBI:

B OJIHO3HAYHBLIX 3 U3 9, B jaBy3Haunbix 66 u3 180, B Tpéx3naunbix 1020 uz 2700, B 4yeTbIpéx-
3Ha9HbIX B nepBoit noarpynmne 1200 uz 4000, B0 BTOpOI noarpynme 42 n3 92.

Taku obpazom, xoporux 1udp B 1MadI0He MeHbIe KOJWIecTBa Xo00B [leTu, TO ecTh OH CMOMKeT
BBIYEDKHYTH WX BCe (KpOMe TeX, KOTOpble BhlYepKHeT BaHs) n rapaHTHPOBATH cebe mobe/ry.

Solution (ENG). Strategy for Peter: as long as there are digits that divide by 3, on his turn Peter
crosses out such a digit. Then, if Peter needs to make more moves, he crosses out the digits randomly.
Note that if Peter manages to cross out all digits divisible by 3 (we’ll call such digits good), then
the final single-digit number will not divide by 3, and Ivan, correspondingly, will lose. Let’s show that
Peter has enough moves for that.

First find the total number of moves (for two): this is exactly the number of digits of the initial
number. It is the number of digits of one-digit numbers (of which there are 9 in the entry), two-digit
numbers (of which there are 90), three-digit numbers (of which there are 900), and four-digit numbers
(of which 2022 - 999 = 1023). So, the total number of digits in the original record of a long number (we
will call it a pattern) is 9+2-90-+3-900+4-1023 = 9+180-+2700-+4092 = 6981.



The number of moves coincides with the number of crossed out numbers at the end, and they are
6980 (since there is one left).

Let us show that the good numbers in the pattern entry are less than half of 6980 (that is, less
than 6980/2 = 3490). To do this, we separately count the number of such digits that are obtained from
single-digit numbers in the record, from two-digit numbers, and so on.

Note that the total number of good digits in the record of numbers from 1 to 9 is 3.

Among two-digit numbers in the pattern, the number of good digits in the first position (the
corresponding number) is 3 x 10 (as in the first position, only good numbers 3, 6 and 9 are allowed
- a total of three options. For each of these digits will meet all 10 cases of the second digit. Similarly,
calculate that the number of good digits on the second positions of two-digit numbers in the pattern
is4x9 S03*10+4*9 =230+ 36 =66 good digits obtained from the two-digit numbers in the
pattern.

Similarly, the three-digit numbers in the template obtained 3 * 100 + 4 * 90 + 4 * 90 = 300 + 360
+ 360 = 1020 good numbers.

For four-digit numbers we will also divide the calculation into two parts: for numbers from 1000
to 1999 and for numbers from 2000 to 2022. In the first subgroup, the first digit is not good, and the
number of good digits among these thousand numbers is 4*100 x3 = 1200.

In the second subgroup (from 2000 to 2023) only 23 numbers. Manually check that the number of
good digits in the thousands division is 0 (all two), and in the hundreds division is 23 (all zeros). The
number of good digits in the tens division is 10, and in the units division - 9. The total of 4 x 23 = 92
digits of these 23x numbers is 23 + 10 + 9 = 42 good.

And we have 2331 good numbers and it is less than half. So Peter can cross them all out (except for
those that Ivan crosses out) and guarantee victory.

Task 6.

1. Asmuca u Bob urpator B urpy. IrpoBoe 1moJie npejacraBisier u3 ceds KJIeT4aTyio MOJ0CKY pa3MepoM
1 x 2022. Urpoku 110 ouepeu (Haunuaer Ajica) BBIIIMCHIBAIOT B IIYCTYIO KJIETKY J00YI0 13 OYKB
O u TI'. [TobGexxmaer TOT, TOCIE YbEr0 XO/1a B TpexX coceaunx kjerkax mnosgsstces 0yksol OT'O. Ecm
BCe KJIETKH 3anoJiHeHbl, a ciaoBa OI'O Het, urpa 3akanymBaercs BHIYLI0. KakoB OyaeT ncxo/ mpu
[IPaBIIbLHON UI'Pe 000MX COMEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 2022. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there

would be a work WOW on the desk wins. If all cells are filled without WOW word, the players
draw. How the game would end with a optimal play of both players?

2. Aunnca u Bob urpator B urpy. rposoe moJie npeacrapisier u3 cebst KJAeTIaTyIo MOJIOCKY Pa3MepoM
1 x 1111. Urpoku 1o oyepean (HaunuaeT Asica) BBITIUCHIBAIOT B IIYCTYIO KJIETKY JIO0YI0 13 OYKB
O u I'. Ilob6exxmaeT TOT, mOCJIe Ybero X0Ja B TpexX coceIHux KiaeTkax mossarcda 0yksel OI'O. Ecin
BCe KJIeTKHU 3amosHeHbl, a cioBa OI'O Het, urpa 3akandyuBaeTcs BHHUYbIO. KakoB Oyaer ncxom mpu
IPABUIBHON UIPe 0DOUX COMEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 1111. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there
would be a work WOW on the desk wins. If all cells are filled without WOW word, the players
draw. How the game would end with a optimal play of both players?

3. Aunmca u Bob urpator B urpy. lrposoe mnoJie npeacrapisier u3 cebst KIeTIaTYIO MOJIOCKY PazMepoM
1 x 2048. Urpoku 10 oyepean (HaunHaeT AJuca) BHIIIUCHIBAIOT B IIYCTYIO KJIETKY JI00YI0 13 OYKB
O u I'. Ilo6exxmaeT TOT, OCJIe Ybero X0Ja B TpeX coceHuX KiaeTkax mossarca 0yksel OI'O. Ecian
BCe KJEeTKH 3amoHeHbl, a cioBa OI'O HeT, urpa 3akandmBaeTcs BHHUbIO. KakoB Oyaer mcxom mpu



HPABUJIBHOM UIPe 0DOUX CONEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 2048. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there
would be a work WOW on the desk wins. If all cells are filled without WOW word, the players
draw. How the game would end with a optimal play of both players?

4. Amuca n Bob urpator B urpy. IrpoBoe 1oJie npeacrapisieT u3 cedst KJIeTIaTyio MOJOCKY PasMepoM
1 x 777. Urpoku no ouepeau (HadnHaeT AJuca) BBIIUCHIBAIOT B IYCTYIO KJIETKY JIIOOYIO U3 OYKB
O u I'. Ilob6exxmaeT TOT, OCJIe Ybero X0Ja B TpeX coceHuX KiaeTkax mossarca 0yksel OI'O. Ecian
BCe KJeTKH 3amoaHeHbl, a cioBa OI'O HeT, urpa 3akanumBaeTcs BHHUbIO. KaxkoB Oymer mcxom mpu
HPABUJIBHON UIpe 0DOUX CONEPHUKOB?

Alice and Bob play a game. The gaming field is a checked line of size 1 x 777. Players one by
one write any of the letters W or O (the first to write is Alice). The person after which turn there
would be a work WOW on the desk wins. If all cells are filled without WOW word, the players
draw. How the game would end with a optimal play of both players?

Solution (RUS). Tokaxewm, uro Bo6 Beiurpaer. [Ijist 37010 eMy HY’KHO €031aTh KOMOWHAIIUIO
O[O ([] obosHauaer mycrywo kiaeTky). ZlcHO, 9TO HEe MO3/HEE YeM 3a 2 X044 OH CMOXKET ITO CJIEJIATh,
pacoioKuB cHadasaa 0ykBy O Ha JOCTATOYHO OOJIBIIOM PACCTOAHUM OT KJIOTKH AJHCHI U Kpas JTOCKH,
a BTOPBIM XOJI0M — pacnoaoxkus 6ykBy O Ha paccTogHun 2 KJIETKH OT ¢Boeii mepsoii 6yksbl O (¢ ogHOil
13 CTOPOH, TJIe OH CMOXKET 9TO CJeJlaTh, Takas CTOPOHA Beerja Haidijgercs). [loce 9Toro MomeHnTa OH
Oymer KjaTh, Korga Ajmca caenaer CBOW XOJ B OJHY M3 KJIETOK Mexkay ero OykBamm O — Torma B
JI000M caydae MOKHO Oymer momoaHuTh 10 ciaoBa OI'O u mobemnth. Asmca BBIHYXKIEHA OYIET 3TO
¢JleJ1aTh, IMOCKOJIBKY IIOCJIe JTI0O0T0 ee XO/1a Ha JOCKe OCTaHeTCsd HeYeTHOe KOJUYECTBO IMYCTHIX KJIETOK,
a 3HAYMT, HalijleTcd KJeTKa, CIIpaBa W CJeBa OT KOTOpoil b0 HeT OYKB, OO ecTh 06e OykBBl. B0O
MOZKET IIOCTaBUTh P B 9Ty KJIETKY W HE IIPpOUI'DAET.

ILI[?I APYIruXx BapuaHTOB, BCE 3aBUCUT OT Y€THOCTHU KOJIMICCTBaA KJIETOK: €CJIN UX YeTHOE KOJIMIE€CTBO,
To BeIUTPBIBaeT Bob6. B mporuBrOM ciiyuae — Asuca.

Solution (ENG). Let’s prove that Bob would win. For that he should create combination O[|[]O
([] denotes empty cell). It’s clear that no later than after 2 moves he would be able to do that: first he
could put letter O far away from Alice’s letter and borders, then he could put another letter O on one
of the sides. After that he would wait until Alice would make a move between his letters O — then it
would be always possible to complete this combination to WOW and win. This situation would happen
since after any her move there would be odd amount of empty cells, hence there would be a cell which
is surrounded by two empty cells or by two filled cells. In both situations there is a possibilty to choose
the letter and don’t lose.
For other variants, it depends on the parity of cells amount: if there are even amount of cells, then
Bob wins. Otherwise — Alice wins.



