7" degree

Task 1. Karsg xo4der moKpacuTh CT€HbI CBOEH MIECTUYTOJbHOW KOMHATHI B T0JIy0OOil, KeAThlil, 3e/1eHbIil,
KDACHBIi, CHHUIT 1 OpaHKeBblil 1[BeTa (KayK Iyl CTeHy B CBOIl 1[BeT), npudem rojrybast cTeHa J0JIKHA CO-
CEeJICTBOBATD C YKEJITOM, a 3ejieHast He JIOJIZKHA COCEJICTBOBATH ¢ cuHel. CKOJIbKO CYIIEeCTBYET Pa3TuIHbIX
c110co60B MOKPACUTH CTEHBI KOMHATBI ¢ coOJoeHneM 3tux npasui’! [lokpacku, coBmagarorniue apyr ¢
JAPYTOM IIpU MOBOPOTE KOMHATHI, CUYUTAIOTCH OJNHAKOBBIMU.

Kate wants to paint the walls of her hexagonal room in light-blue, yellow, green, red, blue and orange
(each wall in a different color), where the light-blue wall should be adjacent to the yellow one, and the
green wall should not be adjacent to the blue one. How many different ways are there to paint the
walls of the room while following these rules? Paintings that coincide with each other when the room
is rotated are considered to be the same.

Solution (RUS). Bamerum, 410 KaxK/Iyo0 HOKPACKY MOXKHO OTPa3uTh (PACKPACUTh CTEHbI B 00-
PATHOM HOPsIJIKE ), & 3HAYUT, BCE MOKPACKH MOYKHO pa3buTh Ha Mapbl. [[09TOMY 0CTATOYHO paccMOTpeTh
TOJIBKO OJIHY TOKPACKY W3 KaK/I0i Maphl, a 3HAYUT, OyJIeM CUNTATh, YTO KEITas CTeHA CIpaBa OT ro-
JIy0OOii.

[IponyMepyem cTeHBI KOMHATHI YHCJIaMi OT 1 10 6, TOBOpavYHBasICh MO 9acoBOil cTpenke. [lockoTbKy
LHOKPACKH, COBIAJAIOIINAE IPHU IIOBOPOTE, CYUTAIOTCH OJUHAKOBBIMH, OYJIeM CUMTATb, 4TO CTeHa 1 110-
KpaieHa B rojiyooit mper, a crena 2 — B keaTbiil. OcTajnch 9eThipe HEMOKPAIeHHbIE CTEHBI U 9eThIPe
1BeTa, MO3TOMY 00IIee KOJUIEeCTBO CIIOCOOOB MX MOKpacuTh paBHo 4 -3 -2 -1 = 24. VI3 uux Ham He
[OJIXO/IAT BApUAHTHI, B KOTOPBIX CHHsIS U 3eJIeHasl CTeHBI COCEICTBYIOT:

Byksamu GG, B 371ech 0003HaUeHBI COOTBETCTBEHHO 3€JI€HBIH U CHHUI 1IBeTa, a CUMBOJIOM [] — cTeHbI
JIUIsT IOKPACKW B KPACHBI M OPAHZKEBBIH IBETA. 3aMETHUM, 9TO JJIs KayK/IOTO W3 MIECTH MEePEYNCTIeH-
HBIX BapUaHTOB CYILIECTBYIOT II0 JBa BapUaHTAa IOKPACKU B KPACHLIA U OPAHKeBbIA IBeTa — 3HAYUT,
HETOIXOASIINX BApUAHTOB POBHO 6 - 2 = 12, a octagbubie 12 n3 24 MOAXOIAT.

Ocraoch BCIOMHUTD, UTO BCE «IPABUJIbHBIE» HMOKPACKH MOXKHO pa3OUTh HA CUMMETPHYHBIE ITaphl,
a 3HAYHUT, Bcero ux 12 -2 = 24.

Solution (ENG). Note that all ways to paint the walls can be divided into pairs symmetrical to
each other with respect to the axis of symmetry of the hexagon (if you look at the room from above).
Therefore, it’s enough to consider only one painting from each pair, which means that we can assume
that yellow wall is to the right of the blue one.

Let’s enumbeate the walls of the room with numbers from 1 to 6, turning clockwise. Since the ways
to paint that match during the rotation are assumed to be the same, we will assume that wall 1 is blue
and wall 2 is yellow. There are four unpainted walls and four colors left, so the total number of ways
to paint them is 4 -3 -2 -1 = 24. Of these we do not accept options in which blue and green walls are
adjacent:
G, B, 01,
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The letters GG, B here represent green and blue, respectively, and the symbol [ denotes the walls to
be painted in red and orange. Note that for each of the six options listed, there are two color options for
red and orange, which means that there are exactly 6 -2 = 12 of unsuitable options, and the remaining
12 out of 24 are suitable for us.

It remains to remember that all correct ways to paint the walls can be divided into symmetrical
pairs, which means that there are 12 - 2 = 24 ways in total.

Task 2. Paccmorpum cieayroniuit aaroputy. Ha kazkiom mare Mmbl 6epem TeKyiiee HaTypajbHOe YUCJIO,
PACKJIABIBAEM €r0 B CYMMY KAaKHX-TO JIByX HATYDPAJIbHbBIX CJAraeMbIX (3TH ciaraeMble Ha KazK/OM Irare
MBI MOYKEM BBIOMPATH KaK YIOIHO), & 3aTeM MepeMHOKAaeM STH JBa CJIaraeMbIX H TT0JIydaeM HOBOE THCIIO.
Hazosem uucjio n BoJimeO6HBIM, €CJIU, 3aIyCTUB aJTOPUTM C YHC/Ia, PABHOTO CyMMe UMD J1eCaTUIHON
3aIICH N, MBI B KaKOif-TO MOMEHT BPEeMEHH MOXKeM IMOJYyIUTh IUCTO N.

Hanpumep, qucsio 35 BoJiiebHoe, MOCKOJIBKY cyMMa ero nup papaa 8, u ajropurM paboraer Tak:

8=64+2—6-2=12=7+5—7-5=35
Asngercs s BosnnednsiM yuciio 20237

Consider the following algorithm. At every its step we represent the current positive integer as a sum
of two positive integers chosen by our will, then we multiply these two numbers and get a new number.
Lets call a number n magical if we can get n by launching the algorithm from the sum of decimal digits
of n.

For example, the number 35 is magical, since the sum of its digits is 8, and the algorithm works as
follows:

8=64+2—-6-2=12=74+5—=>7-5=235

Is the number 2023 magical?

Solution (RUS). 3amernm, uro 2023 = 17-119, mosTomy B X0/ pabOTHI HAIIErO AJITOPUTMA HAM
HYZKHO MOJIY9UTh 9nucjo 17 4+ 119 = 136. V100H0 Jiisd 9TOI0 3alyCTUTh HPOIECC B OOPATHYIO CTOPOHY:
Pa3JI0OZKUTH YUCJIO Ha ABa MHOXKHUTEJIA U 3aT€M BbIYUCJ/IUTH UX CYMMY. HOﬂy‘II/IM CHGILYIOHH/Iﬁ IIponecc:

2023 =17-119 - 17+119=136 =8 - 17T = 8+17=25=5-5—=5+5=10

Taxkum 0Opa3oM, HAM JOCTATOYHO, cTapTys ¢ yucaa 2+ 0424 3 = 7, noayuuts yucao 10. DTo coBcem
JIETKO:

7T=4+3—-4-3=12=114+1—-11-1=11=10+1—-10-1=10

[Tonyuu umciao 10 u pa3BepHYB B 0OOPATHYIO CTOPOHY MPOIECC, OMUCAHBIN BBIIIE, MOJYIHM AJTOPUTM,
upuBojsnmii Hac K yucay 2023. 3HaduT, OHO BOJIIEOHOE.

Solution (ENG). Note that 2023 = 17 - 119, so during the work of our algorithm we need to get
the number 17 + 119 = 136. It is convenient to run the algorithm in the opposite direction: decompose
the number into two factors and then calculate their sum. We get the following:

2023=17-119 - 17+119=136 =8-17 =8+ 17=25=5-5—=5+5=10

Thus, it is enough for us to get the number 10 starting from the number 2 +0+ 2 + 3 = 7. It’s quite
easy:
7=443—-4-3=12=11+1—-11-1=11=10+1—-10-1=10

Having received the number 10 and reversed the process described above, we get an algorithm that
leads us to the number 2023. So it’s magical.



Task 3. ITo kpyry paccrasiennt 2024 kKonreiinepa, B Kax/IOM U3 KOTOPbIX W3HAYAJIBHO HAXOMTCS 110
ojHOMYy Tmapuky. Pobor ymeer Oparh jiBa JiIOOBIX HMIapUKa U MEPEKJIa/bIBATH MUX B COCEIHUE C HUMHU
KOHTETHepbI, HO MPH 3TOM OJIMH TIAPHUK JIOJIZKEH OBITH MEpPEeJIOKEeH B COCeJHUil KOHTEeiHep crpasa, a
JAPYyToi — B COCEIHUI KOHTEWHED CJIEeBA.

Hanpnvmep, MOXKHO B3STh NIapUKH 03 KOHTEHHEPOB ¢ MOpsaKoBeIMH HOMepamu 134 m 960 m mepe.ro-
JKATH U3 HAX MIAPUKH B KOHTeHHEpPhl ¢ HoMepamu 135 m 959 cooTBeTcTBEHHO.

Moxkno Jjin HanucaThb i poboTa TaKylo IPOrpaMMy, 4TO B pe3yJibTare ee padoTh
a) ocraHeTcst 8 KOHTEHHEPOB, B KazKJIOM M3 KOTODBIX 110 253 Iapuka,
b) ocranercs 253 KOHTeliHepa, B KayKJIOM W3 KOTOPBIX 110 8 MTAPHKOB?

2024 containers are arranged in a circle, each of them initially contains one ball. Robot can take
any two balls and transfer them to the containers adjacent to them, but in this case one ball must be
transferred to the adjacent container on the right, and the other — to the adjacent container on the left.

For example, you can take balls from containers with numbers 134 and 960 and put them into
containers with numbers 135 and 959, respectively.

Is it possible to program the robot such that as a result of its work
a) 8 containers will remain, each containing 253 balls;

b) 253 containers left, each with 8 balls?

Solution (RUS). a) ITokaxkem, 410 310 Bo3moxkHO. [Iporymepyem KoHTeiiHepbl ducaamu oT 1 10
2024. CnavaJia miepeJsioyKuM BCe TMapuKu U3 KOHTeifHepoB ¢ HOMepamu oT 1 10 252 B KoHTelHep 253,
O/THOBPEMEHHO TepeKJIa IbIBas MapuKN U3 KOHTeiiHepoB ¢ HoMepaMu oT 2024 1o 1773 B kouTeitnep 1772.
AHaJOrMYHO MOCTYNHUM ¢ KOHTeiiHepaMu ¢ HoMmepamu OoT 254 10 505 u KOHTeiiHepaMHu ¢ HOMEpPaMHU OT
1771 no 1520, nomepamu ot 507 j10 758 u Homepamu ot 1518 ;10 1267, u nakoner;, ¢ Homepamu ot 760
s10 1011 u momepamu ot 1265 10 1014. B urore mbl nojiyunm Tpebyemoe pacipejesieHue mapukos.

b) lokazkem, 9TO Takoe HEBO3MOXKHO. IIpocsieinm, Kak MeHsIeTCsl CyMMa HOMEepPOB KOHTEeHHEpOB,
YMHOXKEHHBIX HAa KOJIMYECTBO MIAPOB B HUX, MIPU OJHOM JeiicTBruu poboTa (HampuMep, H3HAYAIBHO Ta
cymma paBHa 1 + 2 + 3+ 4 + --- 4+ 2024, a mocyie Toro, Kak poOoT «mopaboTaeT» ¢ KoHTeitHepamu 1
u 3, sra cymma Oyger paaa 0+ 2 -3+ 0+ 4 + -+ + 2024). Eciiu He npoucxoauT HEepeK/ia/[blBaHus
mapuka u3 KoHreiiHepa 1 B KoHreitnep 2024 (mim HaobOpOT), T4 CyMMa COXPAHIETCs, B TPOTUBHOM
caydae oHa uaMmensiercs Ha 2024. 3Ha4uuT, B pe3y/bTaTe BCeX TepeMeIieHuil MapuKoB OCTaTOK CyMMBbI
HOMEpPOB KOHTeiHepOB, YMHOKEHHBIX HAa KOJUYECTBO MApOB B HUX, Ipu jejennn Ha 2024 He m3MeHUI-
cd. B Hava/JbHBIE MOMEHT BpeMeHHU 3TOT OCTAaTOK ObLT paBeH 1+ 2 + --- 4 2024 = 2025 - 1012 = 1012
(mod 2024), a B KOHEeYHbIi MOMEHT BPEMEHH — OCTATKY CYMMbl HOMEPOB KOHTEHHEPOB, COJIEPKAIIUX
mapuku, yMHOXKeHHO#T Ha 8. OIHAKO MepBbIil 0CTATOK HE KpaTeH 8, a BTOPOH KpaTeH — HPOTUBOPEUHE.
3HAYNUT, HICKOMOT'O aJITOPUTMA HE CYIIEeCTBYET.

Solution (ENG). a) Let’s show that’s possible. We’ll numerate the containers from 1 to 2024.
First, let’s «shift» all the balls from containers with numbers from 1 to 252 to the container 253, at
the same time shifting balls from containers with numbers from 2024 to 1773 into the container 1772.
We will act similarly with containers numbered from 254 to 505 and containers numbered from 1771 to
1520, from 507 to 758 and from 1518 to 1267, and finally, from 760 to 1011 and from 1265 to 1014. As
a result, we get the required placing of balls.

b) Let’s prove that it’s impossible. We will look at the sum of containers’ numbers changing at one
action of the robot. If the ball is not transferred from a container of 1 to a container 2024 (or vice
versa), the sum of numbers of the two containers remains the same, otherwise it changes (increases or
decreases) by 2024. This means that as a result of all the movements of the balls, the rest of the amount
of containers’ numbers has not changed modulo 2024. At the robot started its work, the residue was
1+24--- 42024 = 2025 - 1012 = 1012 (mod 2024), and at the end of its work the residue must be
equal to the remainder of the sum of containers’ (with balls) numbers multiplied by 8. However, the first
residue is not divisible by 8, and that gives us a contradiction. Thus, the desired algorithm can not exist.



Task 4. (3azaua upegocrapiena napruepom Oumuminabl — komuanueii « Tuabkopd ObpazoBanues )
Anasmmruk npuexast Ha kKongepennuio. Tam on y3uas, 9to cpeau 190 Apyrux y4acTHUKOB KOH(MpEpeHIHI
50 Bcerga rosopst npasiy, 100 Bceryga jryt, a 40 MOryT TOBOPUTH 4YTO yroauo. Bee, KpoMme aHaJIUTUKA,
3HAIOT BCE PO BCEX OCTAJIBHBIX: KTO BCETJIa TOBOPUT MpPaB/Ly, KTO BCETJIA JIZKET, a KTO MOYKET TOBOPUTH
YTO YTOJTHO.

JlokazkuTe, 4TO, MOOOIIABIINCH CO BCEMH yYaCTHUKAMHU KOH(MEPEHINN, aHATUTHK rapaHTHPOBAHHO
CMOZKET BBISICHUTH, KTO KEM SIBJISETCH.

The analyst came to a conference. There he learned that among 190 others participants 50 always
tell the truth, 100 always lie, and 40 can say either truth or lie. Everyone except the analyst knows
everything about everyone else: who always tells the truth, who always lies, and who can say anything.

Prove that after talking with all the participants of the conference the analyst is guaranteed to find
out who is who.

Solution (RUS). Bazaaum KaxkaoMy U3 JH0/el BOIPOC MPO KazKJIOTO W3 OCTAJIBHBIX. 3aMEeTHM,
9TO JTIO/IH, BCErJa TOBOPAIHe IIpaBay, Ha30ByT poBHO 100 apyrux Jojeil jkenmamu. A BOT JIFOd, KO-
TOpBIE BCerja JITYT, He MOTYT Ha3BaTh KakuX-To 100 apyrux Jrofeil JizKemamu, MOTOMY UTO JIOJIEi,
POBOPSIIUX 1IPABJLY U BCE 4TO YIOJHO, cyMMapHO Menbiie 100.

Paccmorpum tosibko Jiojieit, koropsie 1po 100 Kakux-To Jpyrux Jirojeil ckas3ajiu, 4To Te BCerjia, JryT.
Cpenn HUX JOJKHBI HAlTHCH Kakne-To H0 JII0jeil, KOTOphIe APYT PO JPyTra CKA3aM, 9TO OHU TOBOPSIT
npaB/y. 3aMeTUM, 9TO B TAKOM MHOYKECTBE MOTYT ObITh TOJIHKO JIIOJIU, KOTOPhIE BCET/Ia TOBOPST TIPaBJLY.
JleficTBUTE/IBHO, JIZKEIIOB TaM OBITh He MOYKET, TaK KaK Mbl UX «OT(MUIBTPOBAINY €IIE Ha MEPBOM IIIare.
Ecm cpemn stux 50 107eii BecTpedaloTes BCeTa TOBOPSAIINE MPABIY W TOBOPSIIAE YTO YTOIHO, TO
JIOJIM, TOBOPSIIKE IIPaBJLy, CKa3aJu Obl PO OCTAJbHBIX, YTO OHU IOBOPAT 4TO yrojno. Takzke Bce 3Tu
50 Yes0BeK He MOTYT TOBOPUTH UTO YTOJIHO, TaK KaK T'OBOPSAIINX 9TO YyrogHO y Hac Bcero 40.

Taxum obpazom, MbI HaliIEM JII0/Ie, TOBOPSIINX MPAB/LY, & JAJbIIe 0 UX OTBETAM Y3HAeM BCE TPO
BCeX OCTAJTbHBIX.

Solution (ENG). Let’s ask each of the people a question about each of the others. Note that
people who always tell the truth will call exactly 100 of other people liars. And the liars can’t call some
100 of other people liars, because there are less than 100 of non-liars.

Consider only people who said about the 100 of some other people that they always lie. Among
them there should be some 50 people who said about each other that they are telling the truth. Note
that in such a set there can only be people who always tell the truth. Indeed, there cannot be liars,
since we «filtered out» them at the first step. If among these 50 people there are always non-liars, then
people who tell the truth would say about the rest that they say whatever they want. Also, all these 50
people can’t say anything, because we only have 40 of people saying anything.

In this way, we will find people who speak the truth, and then we will learn everything about
everyone else from their answers.

Task 5. Angpeii 3araman HarypaabHoe IuCa0 k, a BUKTOp KaKMM-TO 00pa30M BBIMHCAT HA JOCKY BCE

HATYypaJbHbIE YHCJIA, HEe cOojepzKaIiue B gecatudnoit 3anucu mudpy 0. 3arem Anjpeit oryiacu 3HaUeHUE

k, u BukTop BMeCTO KazK/IOI0 3allUCAHHOTO Ha JIOCKE YUC/Ia 1 3aIUCAJ PA3HOCTH MEXK/y CyMMOU 1udp

aucsa n u cymmoit udp ducsia kn (v tam, n TaM roBopuTCst 0 cymMe 1udp JTeCATUIHON 3aMUCH THCIA).
Jlokaxkure, 4TO Ternepb Ha JOCKE 3allMCAHO ODECKOHEYHO MHOI'O HYJIEii.

Andrew thought of a positive integer k, and Victor somehow wrote down on the board all positive
integers that do not contain the digit 0 in their decimal notation. Then Andrew announced the value
of k, and instead of each number n written on the board, Victor wrote down the difference between the
sum of decimal digits of the number n and the sum of decimal digits of the number kn.

Prove that now there are infinitely many zeros written on the board.



Solution (RUS). Ilycts B mecaruunoii 3amucu uncia k 6simo x mudp. Torma cpenn wucesn, n3na-
YaJbHO 3aIMCAHHBIX HA JIOCKE, JOCTATOYHO PAcCMOTpeTh umcia Buja 999...9, 3anucbiBaemble J1eBAT-
KaMM, KOJINIeCTBO KOTOPbLIX HE MEHbIIIE T.

PacemorpuM ogHO Takoe 9mCsI0, 3aMMCHIBaEMOe C TMOMOIBI0 Y JeBATOK: N = 999...9 = 10Y — 1.
Cymma nmudp Takoro umcaa pasaa 9y, npu srom kn = (10Y — 1)k = 10Y - k — k — mecarndnas 3amnuchb
TAKOrO YHCJIa HAUMHAETCS ¢ 3amucu dnciaa k (ecau k we xkparno 10, To mocienuss mudpa yMeHbIIEHA
Ha 1; ecam k kparHo 10, TO MOXKHO OTOPOCUTH HYJIM, HA, KOTOPbIE OHO OKAHYMBAETCS — OHU HE BJIMSIOT
Ha cymmy 1udp unciaa kn), 3aTem cleayer y — T JIeBITOK, a 3aTeM — IHQPbI, JOMOJHSIIONNE KAZK Y0
u3 1mepBuIX & mudp 10 9.

BepnocTb 3TOr0 yTBepKIeHAA MOXKET OBITH MPOAEeMOHCTpUpOBaHa BeruuTanuem u3 10Y-k qucia k «B
cTOIOUK ». [locie TOr0 CTAaHOBUTCSA OUEBUIHBIM, UTO CYMMBI IUMP TuCeT 1 U kn paBHbBI, U pa3HOCTDb STUX
cymMm pasna 0. [Tocko/ibKy yTBepK/ieHue BEpHO Jijisd JIFOOOIo Yy > T U KOJMYECTBO TAKUX Y OECKOHEYHO,
JieJIaeM BBIBOJI, 9TO HA JOCKE OKAZKeTCsl DECKOHEYHOE KOJIMYECTBO HyJiel, YTO U TPpeHOBAIOCH JOKA3ATh.

Hanpuwmep, ecin k = 372, y = 5 > 3 (koamuectBo mudp gecarnanoil 3amucu k), 7o n = 99999 u
kn = 372-99999 = 372 - (105 — 1) = 37199628 ¢ Toii :xe cymmoii nudp, uro y uncaa 99999. dro ke
BepHO 171 JTI000TO Yy > 3.

Solution (ENG). Let there be x digits in the decimal representation of the number k. Then,
among the numbers initially written on the board, it’s enough to consider numbers of the form 999...9
(at least x digits, all of them are equal to 9).

Consider one such number written using y digits «9»: n =999...9 = 10Y — 1. The sum of the digits
of such a number is 9y, while kn = (10Y — 1)k = 10Y - k — k — the decimal notation of such a number
begins with the number £ (if k£ is not a multiple of 10, then the last digit is reduced by 1; if k is a
multiple of 10, then you can discard the zeros it ends in since they don’t affect the sum of digits of kn),
followed by y — x digits «9», and then — by digits completing each of the first x digits up to 9.

The correctness of this statement can be demonstrated by subtracting the number £ «in a column»
from 10Y - k. After that, it becomes obvious that the sums of the digits of the numbers n and kn are
equal, and the difference between these sums is equal to 0. Since the assertion is true for any y > =z
and the number of such y is infinite, we conclude that there will be an infinite number of zeros on the
board, which was required to be proved.

For example, if k = 372, y = 5 > 3 (the number of digits in decimal notation k), then n = 99999
and kn = 372-99999 = 372 - (10° — 1) = 37199628 with the same sum of digits as 99999. The same is
true for any y > 3.



