8-9 degree

Task 1.

1. Manenbkuii Pon Yuznu Bolyun1 3aKInHaHue YMHOXKeHHUS KOoH(MeT, KoTopoe mpeBpamaeT N mme-
foruxcst y Bac kKouger B 3N + 2 koudersr. Ckobko koudeT crano y Pora Kk mpuxomy Mambl, ecjiu
HaJas OH C JBYX KOH(pEeT  ycles Npou3HecTH 3akanHanue 14 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 3NV + 2 candies. How many candies did Ron have by the time his mom arrived, if he started
with two candies and managed to cast the spell 14 times?

Answer: 14348906

2. Masenwbknuit Pon Yusium Belydun/ 3akjJnHaHHe YMHOKeHUsT KOHeT, KoTopoe npespaiiaer N ume-
formuxcs y Bac Kouder B 5N 44 koudersr. CkoibKO KoH(peT cTasio y PoHa K IpuXoay MaMbl, €cin
HadYas OH C YeThIpeX KOH(peT U ycIles MpOou3HecTH 3aKanHanue 9 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 5N + 4 candies. How many candies did Ron have by the time his mom arrived, if he started
with four candies and managed to cast the spell 9 times?

Answer: 9765624

3. Manenbkuit Pon Yusiu BuIyUWI 3aKJIMHAHAE YMHOXKEeHHSA KOH(peT, KoTopoe mpeBpainaer N uMme-
fomuxcs y Bac koader B 4N + 3 kordernr. CkoibKo KoHbeT cTasio y PoHa K mpuxomay MaMmbl, ecin
Hadas OH C Tpex KOHGEeT u ycles Mpou3HecTH 3akannanue 11 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 4N + 3 candies. How many candies did Ron have by the time his mom arrived, if he started
with three candies and managed to cast the spell 11 times?

Answer: 16777215

4. Mastenbkuit Pon Yusan BulyunJi 3akJiMHaHUE YMHOXKeHUs KOHQET, KoTopoe npespaiiaer N nme-
formuxcs y Bac Kouget B 6N + 5 kondet. Ckoyibko kKoudeT ctano y Pona kK mpuxoay MaMmbl, ecan
Ha4vas OH C IMATU KOHQET U ycIesa IPOM3HeCTH 3aK/InHaHue 8 pas?

Little Ron Weasley has learned a candy multiplication spell that turns N of the candies you have
into 6N + 5 candies. How many candies did Ron have by the time his mom arrived, if he started
with five candies and managed to cast the spell 8 times?

Answer: 10077695



Solution (RUS). Cwm. pemenne 3agaqu Ne3 jyist 7 Kiacca.
Solution (ENG). See solution of the task 3 for the 7th degree.

Task 2.

1. B kaxmyio kaerky Tabumbsl 100 X 100 Buncano 9ucio: B BepXHEM PSIy CIeBa HATPABO B MOPSIKE
BO3pacTaHUs 3alMCaHbl BCe HaTypaJbHble uncia oT 1 10 100, BO BTOpOM psjly CBepXy B MOpPsJIKe
BO3pacTaHus CJeBa HAIPABO 3alluCaHbl Bce 4éTHble dncsa ot 2 1o 200, u Tak gaJiee — B k-0if cBepxy
CTPOKE B TOPsIJIKe BO3pACTaHWs CJeBa HAIPaBO 3amucanwl uucia k, 2k, 3k, ..., 100k. Paccmorpum
JIHaroOHaJIb, KOTOpas UJIET U3 HUZKHEro JIEBOrO yria B mpaBblil Bepxuumii. Haiinure nambosbiee
9HUCJIO, 3aIIMCAHHOE B HE.

Each cell of the table 100 x 100 has a number: the first row has all positive integers from 1 to
100 in ascending order, the second row has all the even numbers from 2 to 200, and further on —
k-th line has numbers k, 2k, 3k, ..., 100k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 2550

2. B kaxaymo kierky Tabsuibl 200 X 200 BrimcaHO 9HC/I0: B BEPXHEM Psi/ly CJieBa HAIlPaBO B IOPsi/IKe
BO3paCTaHMs 3aNMCAaHbl BCe HaTypaJbHble uncaa oT 1 10 200, BO BTOPOM psy CBEPXY B MOPSJIKe
BO3pacTaHUs CJeBa HAIPABO 3allUCAHBI BCe YéTHbIe Ynca ot 2 1o 400, u Tak jgaJiee — B k-0if cBepxy
CTPOKEe B IOpPsIJKEe BO3pacTaHUs CJIeBa HAIPaBO 3alucaHbl uucaa k,2k, 3k, ..., 200k. Paccmorpum
JMaroHa b, KOTOpasg MUAET W3 HUKHETro JIeBOro yIja B NpaBblit BepxHwmii. Haiiaure mambosbiiee
4HMCJI0, 3allMCAHHOE B HEH.

Each cell of the table 200 x 200 has a number: the first row has all positive integers from 1 to
200 in ascending order, the second row has all the even numbers from 2 to 400, and further on —
k-th line has numbers k, 2k, 3k, ..., 200k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 10100

3. B kaxaymo kierky Tabauibl 150 X 150 BrimcaHo 9uc/I0: B BEPXHEM Psi/ly CJieBa HAlPaBO B IMOPsIIKe
BO3pAaCTaHUS 3alMCAHbI BCe HATypaJbHble yncjga oT 1 710 150, BO BTOPOM psijiy CBepXY B MOPsIJIKe
BO3pacTaHus CJeBa HAIIPaBO 3allUCAHbl BCe YéTHBIE Yuca oT 2 1o 300, u Tak jgaJiee — B k-0Oif cBepxy
CTPOKe B MOpPsIJIKe BO3pacTaHUd CJaeBa HAIpaBO 3amucaHbl uucia k, 2k, 3k, ..., 150k. PaccmoTpum
JIMaroHaJ/ib, KOTOpas UJIET W3 HUKHEIr'o JIEBOro yrJia B npaBblil Bepxuuii. Haiijure nanbosibiinee
YHUCJI0, 3alIMCAHHOE B HEN.

Each cell of the table 150 x 150 has a number: the first row has all positive integers from 1 to
150 in ascending order, the second row has all the even numbers from 2 to 300, and further on —
k-th line has numbers k, 2k, 3k, ..., 150k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.



Answer: 5700

4. B kaxayro kaeTtky Tadauibl 250 X 250 BIucaHO YUCI0: B BEPXHEM PSIJLY CJeBa HAIIPABO B MOPSIKE
BO3pACTAaHUS 3aMMCAHBI BCe HATYpaJabHble ducjaa oT 1 10 250, BO BTOPOM psIy CBepXY B MOPSIIKe
BO3paCTaHUs CJAeBa HAIIPABO 3allMCaHbl BCe 9éTHbIe duc/a o 2 10 500, u Tak gaJiee — B k-0if ¢cBepxy
CTPOKE B IOPsiJIKe BO3pacTaHus CJieBa HAIPABO 3amnucanbl dnciaa k, 2k, 3k, ..., 250k. Paccmorpum
JIMaroHaJ b, KOTOpas MJET W3 HUKHETO JIEBOro yrjia B npasblii Bepxuwmii. Haiigure naubosbiiee
YHCJIO, 3allMCAHHOE B HEM.

Each cell of the table 250 x 250 has a number: the first row has all positive integers from 1 to
250 in ascending order, the second row has all the even numbers from 2 to 500, and further on —
k-th line has numbers k, 2k, 3k, ..., 250k in ascending order. Let’s consider the diagonal from the
bottom left corner to the upper right. Find the largest number it contains.

Answer: 15750

Solution (RUS). (pemenne Bapuanra 1, ocTaabHbIE PEHIAIOTCS AHAJTOTHIHO)

B knmerkax ykazammoit amaronaim 3anucanbl yucaa 100 x 1, 99 x 2, 98 x 3, ...,1 x 1000. To ectp B
obuiem Bujie - uncsa uga k(101 — k) upu uessix k or 1 g0 100. 1o ypasHeHue cranapTHOi napaboJibl
BETBsIMH BHU3, ¢ KOpHsiMu B Toukax 0 u 101. AGcuumcca eé epiunbl pasua 101 /2. JleBee Heé, 1.e. HA WH-
tepBasie (—oo, 101/2| sra dynkuus Bozpacraer, T.e. MaKCHMaIbHOe €€ 3Hadenne npu k = [101/2] = 50
u pasuo 50(101 — 50) = 50 - 51 = 2550. IIpasee ke Bepummubl (T.e. Ha [101/2, +00) 312 byHKINA
yOBIBAeT U AHAJTOTHIHO €€ MaKCUMyM JjiocTuraeTrcsa npu k = 51 u paBen Takxke 2550. Takum obpaszowm,
MaKCHUMaJIbHOE YMCJIO0 Ha JuaroHau paBHo 2550.

Solution (ENG). (solution of version 1, the others are solved similarly)

The numbers are written in the cells of the specified diagonal 100 x 1, 99 x 2, 98 x 3, ...,1 x 1000.
That is, in general, numbers of the form k(101 — k) for integers k from 1 to 100. This is the equation of a
standard parabola with branches downwards, with roots at points 0 and 101. The abscissa of its vertex
is 101/2. To the left of it, i.e. on the interval (—oo, 101/2| this function increases, i.e. its maximum
value at k = [101/2| = 50 and is equal to 50(101 - 50) = 50 - 51 = 2550. To the right of the vertex (i.e.
at [101/2, 400), this function decreases and similarly its maximum is reached when k = 51 and is also
equal to 2550. Thus, the maximum number on the diagonal is 2550.

Task 3.

1. Tpeyrompauk AOB — paBuOOGeApeHHbBIIT TPsIMOYTOJIBHBI ¢ TunioTeny3oit AB. Touku C' u D pacro-
noxkenbl Ha orpe3kax AO, OB coorserctBenHo Tak, uro C'D || AB. ITocrpoern AC10 Dy, paBHbIit

rpeyroapauky C'OD, npudem Touku A, CY, Dy jle;kaT Ha OJHOII NpAMOil B yKa3aHHOM MOPSI/IKE.
Boraucaure mnomans AAD B, eciu AB =12,CD =71.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC,0D; constructed being equal to
triangle COD, moreover, points A, C, Dy lie on one straight line in the specified order.
Calculate the area of AADB while AB=12,CD =1.

Answer: 23.75; 63.05



2. Tpeyroabuuk AOB — paBHoOeipeHHbI HPAMOYTObHbIA ¢ runoreny30it AB. Touku C'u D pacio-
noxkenbl Ha orpe3kax AO, OB coorsercrBenno tak, uro C'D || AB. ITocrpoer AC10D;, paBHbiii

tpeyroabauky C'OD, npudem touku A, CY, Dy jilexkat Ha OIHOIT NPSIMOil B yKa3aHHOM MOPSI/IKE.
Boraucanre miomans AAD B, ecoim AB = 10,CD = 9.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, Cy, Dy lie on one straight line in the specified order.
Calculate the area of AAD{B while AB =10,CD = 9.

Answer: 4.75; 49.54

3. Tpeyroabuuk AOB — paBHOOeIpEeHHBIN TPAMOYTOIbHBIN ¢ TunoTeny30ii AB. Touku C'u D pacio-
sozxenbl Ha orpeskax AO, OB coorsercrsenno tak, uro C'D || AB. Tlocrpoen AC,O Dy, paBHbiii

rpeyroyibauky C'OD, npudem Touku A, CY, Dy jilexkat Ha OfHOIT NPSIMOil B yKa3aHHOM MOPSI/IKE.
Beraucanre miomaas AADB, ecim AB = 15,C'D = 4.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, Dy lie on one straight line in the specified order.
Calculate the area of AADB while AB =15,CD = 4.

Answer: 52.25; 77.13

4. Tpeyroapaunk AOB — paBHOOeIpeHHBIN IPAMOYTOIbHBIN ¢ TunoTeny30ii AB. Toukn C'u D pacio-
noxkerbl Ha orpe3kax AO, OB coorserctBenHo Tak, uro C'D || AB. ITocrpoen AC10 Dy, paBHbIit
rpeyrojabauky COD, npudem touku A, C, Dy Jjiezkar Ha OJHOM HPAMOi B yKa3aHHOM HOPIKE.

Borunciaure miaomans AAD B, ecim AB = 16,CD = 13.

Triangle AOB is an isosceles right triangle with hypotenuse AB. The points C' and D are located
on the segments AO, OB, respectively, so that CD || AB. AC10D; constructed being equal to
triangle COD, moreover, points A, C, D; lie on one straight line in the specified order.
Calculate the area of AAD{B while AB =16,CD = 13.

Answer: 21.75; 124.19

Solution (RUS). (pemenne Bapuanra 3, ocrajbHbIe PENIAIOTCS AHAJTOTHIHO)
Pacimupus depresk, HOJIydnM JBa MPABUIBHBIX 4eTHIPEXYToIbHIKA cO cTopoHamu |AB| u |C'D| n obumm
nearpoM O. 3aMeTHM, YTO HAM IPOCTO HY?KHO BBIYECTH ILIOIIA/b MEHBIIErO MPABHIBHOIO YeTHIPEX-
yrosbauKa (co croponoii |C'D|) u3 miomaau 60IbIero mpaBuiIbHOTO Y€THIPEXYTONBHEKA (CO CTOPOHOI
|AB|) u mogenuTh pe3ynbrar Ha 4 (CM. PHCYHOK).

|ABJ> — |CDJ?
Nckomast mionia/ib TpeyrojibHuKa paBHa 1 = 52.25.




Eciau ke jaya AD; menmkom HaxoauTcst BHe Tpeyroabauka AOB (cM. DHCYHOK HUZKE), TOJIYYnM

SABDI ~ 77.13.

P

y 3

Solution (ENG). (solution of version 3, the others are solved similarly)
After extending our picture we get two regular quadrilaterals with sides |AB| and |C'D| and the common
center is O. Note that we just need to subtract the area of the smaller regular quadrilateral (with the
side |CD|) from the area of the larger regular quadrilateral (with the side |AB|) and divide the result
by 4 (see picture).
|AB]> — |CDJ?

The desired area of the triangle is 1 = 52.25.




If the ray AD; is out of the triangle AOB (see picture below), we get Sapp, ~ 77.13.

Task 4.

1. Takwmbliy KUBYT HA [JIOCKOCTH U €T KPYTJible ¢bipbl. PopMa MakMbIIIU (CM. PUCYHOK) — KPYT:
KOIJIa MAKMBIIIb €CT, POBHO IOJOBUHY ITOTO KPyra COCTABJILIOT CTPAIIHble 3y0acTbie Ye/IFOCTH.
[TakMBITITE MOYKET OTKYCHTh BCe, 9TO B Heé BOiiaér. [TakmbIb Beerja vecrHas (B KOMaH/Ie OHA
OTKYCBIBAET MOPOBHY C JIDYIHMHE TAKMBIIIAME) U PAIMOHATbHAs (OTKYCHIBAET CaMblii GOJIBIIOl
M3 BO3MOKHBIX KYCKOB WM 3HAET, KAK TO CJe1aTh). [[aKMbIIIh HAETACH, €CJIU OTKYCHJIA OT ChIPa
CTOJIPKO, CKOJIBKO MOKET OTKYCHUThb OT HEeIrO B OJIMHOYKY.

JIBe o/luHAKOBbIE MAKMBIIIN HAILIA KPYIJIbIH ChIp guameTpa 6 u KycaloT ero OJJHOBPEMEHHO OJIMH
pa3. Haitnnte HamMeHbITYI0 BO3MOKHYIO TJIOMAIb OCTABITETOCS KyCKa ChIpa, €CJN U3BECTHO, ITO
MAKMBIIIA HACHACH.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse
can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 6 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.

Pacmouse Pacmouse while eating cheese Cheese

-



Answer: 9

2. TTakMbIIIK KUBYT HA IJIOCKOCTU U AT KPYTJibie cbipbl. PopMa HaKMBIIIH (CM. PUCYHOK) — KPYT:
KOI/Ia MAKMBIIIb €CT, POBHO IOJIOBUHY 3TOTO KpyTa COCTABJSIOT CTPAIIHbIe 3y0acThle Ye/TIOCTH.
[TakMblilb MOXKET OTKYCHTH BCe, 4T0 B Heé BOiaér. [lakmbiib Beerja dyecrnas (B KOMaHJe OHA
OTKYCBIBA€T MOPOBHY C JIPDYIHMH IIAKMBIIIAME) W DAIlHOHATbHAsT (OTKYCHIBAET CaMblii GOJIBINOf
M3 BO3MOXKHBIX KYCKOB WM 3HAeT, KaK 9TO ¢Jeaarh). [JakMbIIh Haerach, ecim OTKYCHIa OT Chipa
CTOJIbKO, CKOJIBKO MOYKET OTKYCHTh OT HEeTrO B OJIMHOYKY.

JIBe oimHAKOBBIE TAKMBITITH HAIILIN KPYTIJIBIl chIp quamerpa 10 u KycaioT ero ofTHOBpeMeHHO OJINH
pa3. HaiimuTe HamMeHBITYI0 BOBMOXKHYIO ILIOMIAIbL OCTABIIETOCS KYCKa ChIpa, €CJIU U3BECTHO, UTO
MAKMBIIIHN HAETUCD.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse
can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 10 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.

Pacmouse Pacmouse while eating cheese Cheese

Answer: 25

3. ITakMbImn KUBYT HA TLIOCKOCTH W AT KPYIJIbie ChIpbl. POpMa MAKMBIMH (CM. PUCYHOK) — KPYT:
KOIJIa HAKMBbIIIb €CT, POBHO IIOJIOBUHY ITOI'O KPyI'a COCTABJILIOT CTPAllHble 3y0acTble Ye/IFOCTH.
[TakMBITIIb MOKET OTKYCHTH BCe, 9TO B Heé Boiiaér. [lakmblib Beerja vecrHas (B KOMaH/e OHA
OTKYCBIBAET MOPOBHY C JPYIHMH TTAKMBIIAME) W PAIOHATbHAsT (OTKYCHIBAET camblii GOJIBITOl
M3 BO3MOKHBIX KYCKOB W 3HAET, KAK TO CJe1aTh). [JaKMbIIb HAETACh, €CJU OTKYCHJIA OT ChIPa
CTOJIBKO, CKOJIBKO MOKET OTKYCHTb OT HEeTO B OJIMHOYKY.

JIBe 0/IMHAKOBbIE TAKMBbIIIN HAILJIU KPYIVIbI ChIP JuamMeTpa 12 u KycaroT ero OJJHOBPEMEHHO OJIMH
pa3. Haitiiure HauMeHbIIYIO BO3MOXKHYIO ILJIOMIAJIh OCTABIIEr0Cs KyCKa ChIpa, €CJIM U3BECTHO, YTO
MaKMBITITH HAEJNCD.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse



can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 12 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.

Pacmouse Pacmouse while eating cheese Cheese

Answer: 36

4. TTakMBITIH JKUBYT HA TIOCKOCTH U €T KPYTJible ChIpbl. POpMa MAKMBIIIH (CM. PUCYHOK) — KPYT:
KOIJIa [MAKMBIIIb €CT, POBHO IOJIOBUHY ITOI'O KPyl'a COCTABJILIOT CTPAllHble 3y0acTble Ye/IFOCTH.
[TakMBITIIb MOKET OTKYCHTH BCe, 94TO B Heé Boiinér. [lakmbIib Beerga vecrHas (B KOMaHJe OHA
OTKYCBIBA€T MOPOBHY C JPYIHMH TTAKMBIIIAME) W DAIOHATbHAsT (OTKYCHIBAET camblii GOJIBINOl
M3 BO3MOKHBIX KYCKOB W 3HAET, KAK TO CJe1aTh). [[aKMbIIb HAETACh, €CJU OTKYCHJIA OT ChIPa
CTOJIBKO, CKOJIBKO MOKET OTKYCHTb OT HEeTO B OJIMHOYKY.

JIBe o/luHaKOBbIE MAKMBbIIIU HAILLIA KPYIJIbIH ChIP JuaMeTpa 8 u KyCaloT ero OJJHOBPEMEHHO OJIMH
pa3. Haitiure HauMeHbIIYI0 BO3MOXKHYIO ILIOIIAJIh OCTABIIEr0Cs KyCKa ChIpa, €CJIM U3BECTHO, YTO
MaKMBITITH HAEJNCh.

Pacmouses live on a plane and eat round cheeses. Shape of a pacmouse (see picture) is a circle:
when the pacmouse eats, exactly half of this circle is made up of terrible toothy jaws, and pacmouse
can bite off everything that enters it. Pacmouse is always honest (in a team, it bites off equally
with other pacmouses) and rational (bites off the largest possible piece and knows how to do it).
Pacmouse is well-fed if it bit off as much cheese as it could bite off eating alone.

Two identical pacmouses found a round cheese with the diameter 8 and bite it once at the same
time. Find the smallest possible area of the remaining piece of cheese if it is known that the
pacmouses are well-fed.



Pacmouse Pacmouse while eating cheese Cheese

Answer: 16

Solution (RUS). [Takmbimieii jBe, 1 OHU YeCTHBIE W PAIMOHAIBHBIE — 3HAYUT, Yy OJHON MBIIIU B
paCHopsIZKeHNHN MOJKpPYyTa (Ha PUCYHKe BTOPasi MOJOBHHA 3eJIeHas ).
O6o3Haunm auaMeTp MaKMBIMKKA d, paanyc r, ajis ceipa - D n R coorBercBenno. [lakmbIb Haeaach,
suauut, |[AB| = d (A u B - xpaiinue TOYKH BBITDBI3€HHOIO KyCKa Ha KOpKe cbipa). Hac mHTepecyer
MAaKCHMAJIHLHO BO3MOKHBIN THaMeTp, 3HAYUT, HAC MHTEPeCyeT CJIydaii, KOrJa YeT0CTH MAKMBIIIN CO-
MKHYJIUCh B IIEHTDE Chipa (OKPYZKHOCTh pajyca 7 ¢ 1eHTpoMm B Todke O KocHysach auamerpa CD
okpyzkHOCTH € 1eHTpoM B Touke O). Torma Tpeyrosbauk OO; A npsiMOyroJibHbIH paBHOOEIDEHHbI, 1
r=00; =0,A= */TER, TO €CTh, d = ‘/TED.
O603HAYNM TUIOMIA/IH CheJIEHHOrO Kycka Scr, So - WIoMmals cbipa (OKpyzKHOCTH ¢ reHTpoM O paju-
yca R), Sy - miomaab makMbIi (OKpyzKHOCTH ¢ reHTpoM O paanyca 1), Sap - MIOMAAb MEHBIIErO
KPYTOBOTO CeIrMeHTa Chipa, oTcedéHnoro xopaoit AB. Torna:

S
Sck = TM + SaB
g Sc — 2R?
AB 1
[Lnoma b ocraBierocsi Kycka
S Sc — 2R? S, D?
Sok =S¢ =28k =S —2 (2L + 222 ) ZC L R 5, = (f+1>R2—W2:32:—
2 4 2 2 4
Cheese

C
Pacmouse




Solution (ENG). There are two pacmouses, and they are honest and rational, which means that
one mouse has half a circle at its disposal (the second half is green in the picture above).
Let’s denote the diameter of the pacmouse d, the radius r, for cheese - D and R respectively. Pacmouse
is well-fed, so |AB| = d (A and B are the extreme points of the gnawed piece on the cheese crust).
We are interested in the maximum possible diameter, so we are interested in the case when the jaws of
the pacmouse closed in the center of the cheese (circle the radius r centered at point O; touched the
diameter C'D of the circle centered at point O). Then the triangle OO; A is rectangular isosceles, and
r=00,=0A= ‘/TQR, that is, d = ‘/7§D.
Let’s denote the area of the eaten piece Sck, S¢ is the area of cheese (circles centered on O of radius
R), Sy is the area of pacmouse (circles centered on O; of radius 1), Sap is the area of a smaller circular
segment cheese cut off by the chord AB. Then:

S
Scrk = TM + SaB
Sc — 2R?
Sip = CT
The area of the remaining piece
S Sc — 2R? S, D?
SOK:SC_2SCK:SC_2(7M+CT) =§+R2—SM= <g+1>R2—WT2=R2=T

Task 5.

1. Ilerst u Burs urpaior B urpy, 1o odepe/id 3aKpalinBas B KJIeT4aroM KBajpare 7 X 7 10 KJIeTOIKaM
pAMOYTOIbHUKH pa3mepa 1 X 1, 1 x 2 u 2 X 2 kaxapiit B cBoit user (y [lern — xpacusiit, y Burn —
3es1enbiii). [lepekpamuBaTh KJIeTKH HeJIb3sT, W3HAYAIBHO BCe HI'POBOE 1MoJIe Oesioe, He3aKpaIeHHOoe.
Kro He MoxkeT crenaTh odepeHON X0, TOT HpourpbiBaeT. MoxKeT Jin KTO-TO U3 HUX 00eCHeINTh
cebe mobe Ty He3aBUCHUMO OT MTPhI conepHuka’ Kak emy cieayer jeiicTBOBATH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
n 2 X 2 in a checkered square of size 7 x 7. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

2. Ilera m Butg urpaior B Urpy, mo ovdepeim 3aKpammBas B KjaeTdaTom KBajgpate 10 x 10 mo kire-
TOYKAM TPAMOYTOJIBHUKE pa3mepa 1 X 1, 1 X 2 u 2 X 2 kaxk/apit B cBoii 1ser (y [leTn — KpacHsblii,
y Burtnu — 3esensiit). [lepekpammnBarsh KJIETKH HEIb3s, H3HAYAILHO BCe UTPOBOE MOJIe Gesioe, Hesa-
Kpaiennoe. KTo He MOxKeT ¢Jie/1aTh O4epeiHOM X0/, TOT Ipourpbiaer. MoxeT jin KTO-TO U3 HUX
obecreunTh cebe 100ey He3aBUCUMO OT UTPbI conepauka’! Kak emy ciemayer aeiictBoBaTh?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x2n
2 x 2 in a checkered square of size 10 x 10. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

3. Ilera m Butg urpatoT B UTpy, MO OUepe Il 3aKpallnBas B KJIeTIaTOM KBajpaTe 9 X 9 mo KiaeToukam
psAMOYToIbHEKH pasmepa 1 X 1, 1 x 2 u 2 X 2 kaxpiit B cBoit user (y [lern — xpacusiit, y Buru —
3es1enbiii). [lepekparmmBaTh KJIeTKH HeJIb3s, W3HAYAIBHO BCe HI'POBOE 10JIe Oesioe, He3aKpaIleHHOoe.
Krto ne moxker cienarh odepeHONl X0/, TOT TpourpbuiBaeT. Moxker Jin KTO-TO U3 HUX 00eCevdnTh



cebe 1obey He3aBUCUMO OT HIPbl conepruka’ Kak emy ciepyer jgeiicrBoBaTh?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
1 2 X 2 in a checkered square of size 9 x 9. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

4. Ilera m Buta urpafoT B UTpy, IO oUepean 3aKpallluBasd B KJIeTIaTOM KBajipaTe 8 X 8 M0 KJIeTOYKaM
npaMoyToabHIKH pasMepa 1 X 1, 1 x 2 u 2 X 2 kaxasiit B cBoii nset (y [letn — kpacustii, y Butu —
3es1enbiii). [lepekparmmBaTh KJIeTKH HeJIb3s, H3HAYAILHO BCe HI'POBOE 10J1e Oesioe, He3aKPaIleHHOe.
Kro ne moxker cienars odepeHONl X0/, TOT npourpbuiBaeT. Moxker jin KTo-TO U3 HUX 006eCrnednuTh
cebe mobe Iy He3aBUCHUMO OT UTPHI conepruka’ Kak emy ciemyer jeiicTBOBATH?

Peter and Victor are playing a game, taking turns in painting out rectangles of size 1 x 1, 1 x 2
u 2 X 2 in a checkered square of size 8 x 8. Each of the players paints in their own color (Peter’s
color is red, and Victor’s green). Recoloring already colored cells is not allowed, initially the entire
playing square is white (uncolored). Whoever cannot perform the next move loses. Can either of
the players guarantee his victory regardless of the opponent’s game? If so, how should he play?

Solution (RUS). Cwm. pemenue 3aja4u Ne6 s 7 kjacca.
Solution (ENG). See solution of the task 6 for the 7th degree.

Task 6.

1. TlocsiepoBaresibHocTh MHOTOWIEHOB P, (), rie n > 0 — neJioe 4ucio, 3ajana pekyppenrno: Fy(x)
TOKAeCTBenHO pasen emunune (1o ectb Po(x) = 1), u P,yi(x) = 27D — P, (x) nas Beex n > 0.
s kaxkaoro n > 0 HaiiTn Bce BemecTBeHHbIe KOpHU P, ().

A sequence of polynomials P,(z) (for all integer n > 0) is given as Py(z) = 1 and P,44(z) =
27+ — P (z) for all n > 0. Find all real roots of P,(x) for an arbitrary integer n > 0.

2. TlocemoBaTesbHOCTH MHOTOWIEHOB Py, (z), rae n > 0 — neJoe 4uciio, 3ajiaia pekyppeatHo: Po(x)
TOKIeCTBEHHO paBen exunnne (1o ecth Py(z) = 1), u P,yi(z) = 21+ — P, (2) nng Beex n > 0.
st kazxgoro n > 0 naiitu Bee BemiecTBeHHbie Kopau P, (7).

A sequence of polynomials P, (z) (for all integer n > 0) is given as Py(xz) = 1 and P,14(z) =
210+ — P () for all n > 0. Find all real roots of P,(x) for an arbitrary integer n > 0.

3. IlocaenoBarenbrocTs MHOTOWIEHOB P, (2), rae n > 0 — nejoe dnciio, 3ajiana pekyppeatHo: FPy(x)
TOKIECTBEHHO paBen ejurune (10 ecth Py(x) = 1), u Py (7) = 270+ — P, (1) aas Beex n > 0.
Jna kazkmoro n > 0 naiitu Bce BemectBenubie Kopau P, (z).

A sequence of polynomials P, (z) (for all integer n > 0) is given as Fy(z) = 1 and P, 1(x) =
7+ — P () for all n > 0. Find all real roots of P,(x) for an arbitrary integer n > 0.



4. TocuepoBaresbuocts MHOrowienos P, (x), rae n > 0 — uesoe 4uciio, 3ajana pekyppento: Py(z)
TOKAeCTBenHO pasen empunuue (1o ectb Po(x) = 1), u P,yi(x) = 2°F) — P, (x) nas Beex n > 0.
Hns kaxkaoro n > 0 HaiiTn Bce BemecTBeHHble KOpHU P, ().

A sequence of polynomials P,(x) (for all integer n > 0) is given as Py(x) = 1 and P, 1(z) =
2+ — P (z) for all n > 0. Find all real roots of P,(x) for an arbitrary integer n > 0.

Solution (RUS). (pemenne Bapnanta 1, octajabHbie PENIAIOTCS AHAJTOTHIHO)
OT/1e/1bHO PACCMOTPUM YeTHBIE U HedeTHbIe 3Hadenus n > (.
[Tycts n = 2k + 1 > 0 — npousBoJibHOe HeueTHOE Ieoe. Torga muorowien P, (r) uMeer Bu z(
1}7'2k+---—{—x7—1 :I14k($7—1)+---—|—(1’7—1) — (:E7—1)-(ka—f-xH(k*l)—}—---—}—:EM—{—I).
JIerko 3aMeTutrh, 4To T = 1 — eJMHCTBeHHBIH KOpeHb 3Toro Muorowiena (r.x. x'4F 4+ p140¢=1 4 ... ¢
1 +1 > 1 aua 106010 BelmecTBeHHOro ).
[lycts n = 2k > 0 — npoussobHOe veTHoe Tejoe. Torma muorownen P,(r) nveer suj x>
- — 27 + 1. JlokaxkemM, uTo ypasHenue ' 2 — g72k=7 4 ... 27 1 1 = () me EMeeT pelleHHUIl B Bele-
CTBEHHBIX YHCJIAX.
Jlytst 5TOro 1MpejnooKuM HPOTUBHOE, TO €CTh YTO €CTh TAKOe BEeHIECTBEHHOE YUCIO0 X, JJIS KOTOPOI'O
BepHO paBeHcTBO ' 2K — 2727 ... 2T+ 1 =0.
1) x ue moxer 6bITh < 0 wiam > 1, T.K. a2k g T2k=T 4L

2k+1) _

ko pT2k=T |

— 2"+ 1>1 g9 Takux .

) Eemmme 0 <x < 1lua™ -T2 T4 ... —2T4+1=0,710 (27— 1) (2" " +2"* 2 ... 42T = ~1u
g7 T2y 4 g7 = Lo CrieBa B 9TOM paBeHCTBE CTOMT CyMMa KOHETHOTO HHCIIA SJIEMEHTOB

reoMeTPHICCKOlt IIporpeccun co snamenareneM 0 < z < 1, a cupasa cTouT 110J1Hast cyMMa (GeCKOHeTHO-
rO YMC/Ia 3J1eMeHTOB) OecKoHeuHo yObiBatomeil mporpeccuu. PaBeHcTBO STHX CyMM HEBO3MOXKHO. Takum
06pa3oM, TIpeosokKenne, uto ypasnenne x' 2F — 72k~ ... — 27 4 1 = 0 umeer perrenne B Belle-
CTBEHHBIX YHCJIaX BO BCeX CJydasgx IPHBeJo Hac K npoTupopednio. CregoBaTebHO, MPeInoIoKeHie
HEBepHO, & yPaBHEHHE HEe HMeeT pellleHHil B BeIeCTBeHHbIX YHCIaX.

BHauuT, 1714 J060r0 HeueTHoro n > 0 Muorouten P, (x) nMeeT e IHHCTBeHHLIH BellecTBeHHbI (He KpaT-
HbIiT) KOpeHb & = 1, a Jyist J060ro gerHoro n > 0 muorowien P,(x) He uMeeT BEleCTBEHHBIX KOPHE.

Solution (ENG). (solution of version 1, the others are solved similarly)
Separately consider the even and odd values of n > 0.
Let n = 2k + 1 > 0 be an arbitrary odd integer. Then the polynomial P,(x) has the form 27*+1) —
1}7'2k+---—{—x7—1 :x14k($7_1)+.__+($7_1> _ (I7_1)_(x14k+xl4(lc—1)_i__”_i_xlzl_’_l)'
It is easy to notice that z = 1 is the only root of this polynomial (because x4 424*=D ...y 1411 > 1
for any real x).
Let n = 2k > 0 be an arbitrary even integer. Then the polynomial P, (x) has the form z
... — 27 + 1. We prove that the equation z72* — 2727 4 ... — 27 + 1 = 0 has no solutions in real
numbers.
To do this, assume the opposite, that is, that there is a real number x for which the equality z"2* —
27T oo — 2T 41 =0 is true.

T2k _ T2k=T 4

1) o cannot be < 0 or > 1 because 272F — ™2*=7 ... — 27 + 1 > 1 for such z.
2)If0 <z <land 2™ — 2™ 74 ... — 274+ 1=0, then (27 — 1)(z" T4 2722 ... 4 47) = -1
and x7% 74 2722 .. 4 27 = L On the left in this equation is the (finite) sum of the elements of

the geometric progression with the denominator 0 < z < 1, and on the right is the total (infinite) sum
of the progression. Equality of these amounts is impossible. Thus, the assumption that the equation
7 — 72T 4 ... — 27 4+ 1 = 0 has a solution in real numbers in all cases has inoculated us to a
contradiction. Therefore, the assumption is incorrect, and the equation has no solutions in real numbers.
Thus, for any odd n > 0, the polynomial P,(x) has a single real (non-multiple) root = 1, and for any
even n > 0, the polynomial P,(z) has no real roots.



