8-9'" degree

Task 1.

1. TMuparckuii 3aKOH [JIACHT, YTO CIIPABEJTUBbIN CIIOCO6 MeJesKKU JOOBIIH (COCTOsMIel 13 0JUMHAKO-
BBIX 30JI0TBIX MOHET) TAKON: KATIUTAH OMPE/Ie IsIeT, KOTO U3 KOMAH/IBI CINTAET JTOCTONHBIM HATPA/TBI
(3T0 KAK MHHUMYM OJIMH ITUPAT), ¥ STHM IIUPATAM JaéT MaKCUMAJIbLHO BO3MOKHOE OJIHHAKOBOE KO-
JINYECTBO 30JI0THIX MOHET u3 H00brdn. OCTaTOK MOHET MOCJe TaKOH JeIEKKH - JI0JIsT KAlnTaHA.

Kanuran Kpiok #He MoxkeT pemuTh 10 KaKOMY U3 MPHUHIIUIOB BbIJICJIUTH ~JOCTOWHBIX HATIPA/IbI.
Hanpuwmep, eciiu kanuran Beioeper 99 nupartoB, TO J0Jis KATUTaHA B TAKOM CJaydae COCTaBUT Hl
MOHeTa; & eCJIH Ke OH BblOepeT 77 MUPATOB, TO ero oy OyaeT yzxke 29 MoHeT. CKOJBKO MOHET
OBLITIO B J00OBIYE, €CJIM U3BECTHO, UYTO 3TO YUCJI0 MeHbIne 10007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 99 “worthy” pirates, the captain’s share in this case is 51 coins; and if he chooses 77 pirates,
the captain’s share will be 29 coins. How many coins were in the loot if it is known that their
amount is less than 10007

Answer: 645

2. TlupaTckuii 3aKOH TJIACAT, YTO CHPABEJIUBbII CIIOCO0 JIesIeKKH T0ObIYHN (COCTOSIIENH U3 OTMHAKO-
BBIX 30JI0TBIX MOHET) TAKOI: KAIUTAH OMPEJIEISeT, KOO N3 KOMAH/ B CIUTAET JOCTONHBIM HAIPA/TBI
(9T0 KAK MUHUMYM OJIUH [UPAT), U ITUM IIHPATAM JIAET MAKCUMAJIbHO BO3MOZKHOE OJIMHAKOBOE KO-
JITYECTBO 30JI0ThIX MOHET u3 A00biun. OCTaToOK MOHET IOC/Ie TAKOH JICJIEXKKU - J0JI KalluTaHa.

Kanuran Kpiok He moxKer pemuTh 10 KaKOMY U3 HPUHIIUIIOB BbIIEJIUTH ~JOCTOUHBIX HAI'PA/IbI.
Hanpuwmep, ecinm xkanuran Beibeper 81 mupara, TO 0/ KallMTaHa B TAaKOM cJydae coctaBut 64
MOHET; a ecJiu ¥Ke OH BeibepeT 99 mupaToB, TO ero jioJs oyaet yxe 19 monet. VI3BecTHO, 9TO YHCI0
MoHeT MeHbIe 800. CKOIbKO MOHET OBLIO B J00BIYE, €CJIU U3BECTHO, YTO 9TO IHCJI0 MeHbine 8007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 81 “worthy” pirates, the captain’s share in this case is 64 coins; and if he chooses 99 pirates,
the captain’s share will be 19 coins. How many coins were in the loot if it is known that their
amount is less than 8007

Answer: 712

3. TlupaTckuii 3aKOH TJIACHT, YTO CIIPABEJIUBHII COCOD JesIeKKH T00bIaH (COCTOSIIENR U3 OMHAKO-
BBIX 30JI0TBIX MOHET ) TAKOI: KAIUTAH OMPEJIEISeT, KOO N3 KOMAH/IbI CIUTAET JOCTONHBIM HAIPA/TBL



(STO KaK MUHUMYM O/IUH HI/IpaT)7 U 3TUM IIUPpaTaM ﬂaéT MaKCHUMaJIbHO BO3MOZ2KHO€ OJMHAKOBOE KO-
JINYECTBO 30JI0TBIX MOHET U3 ,ZLO6BILII/I. OcTraTok MOHET IIOCJIe TAKOH ILGIIé)KKI/I - J0Jid KalliTaHa.

Kanuran Kpiok He moxker pemurh 110 KaKOMY U3 HPUHIIUIIOB BbIIEJIUTH ~JOCTOUHBIX HAI'Pa/IbI.
Hanpuwmep, ecin kanuran Boibeper 143 nupara, TO JIoJis KallMTaHa B TaKOM cjydae cocTaBuT 61
MOHETa; a ecJu yKe OH BhiDepeT 88 mupartoB, TO ero mao0js OygeT yxke 39 moHeT. CKOJIBKO MOHET
OBLIIO B J00OBIYE, €CJIM U3BECTHO, YTO 3TO YUCJI0 MeHbIne 14007

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if
he picks 143 “worthy” pirates, the captain’s share in this case is 61 coins; and if he chooses 88
pirates, the captain’s share will be 39 coins. How many coins were in the loot if it is known that
their amount is less than 14007

Answer: 919

4. TlupaTckuii 3aKOH TJIACAT, YTO CIIPABEJIUBBI Cocob JeIeKKH 100ban (COCTOsAMIE W3 ONHAKO-
BBIX 30JI0TBIX MOHET ) TAKOI: KAIUTAH OMPEJIEISeT, KOO N3 KOMAH/Ibl CIUTAET JOCTONHBIM HAIPA/TBI
(9TO KAK MHUHUMYM OJIUH MUPAT), ¥ STUM MUPATAM JAET MAKCAMAIBLHO BO3MOYKHOE OJIMHAKOBOE KO-
JIMYECTBO 30JI0ThIX MOHET u3 J00biur. OCTaToK MOHET HOC/Ie TAKONR JIeJIE2KKU - 10 KAllUTaHa.

Kanuran Kpiok nHe moxer pemuTb 110 KAKOMY U3 HPUHIUIIOB BbIJAEJUTD ~JAOCTONHBIX  HArpa/ibl.
Hanpuwmep, ecsiu kanuran BbiOeper 91 nupar, TO J10/1d KallUTaHa B TakKOM cjiydae coctaBuT 87
MOHET; & €CJIM Ke OH BbiOeper 77 muparoB, TO ero aojs oOyaer yzxke 17 moHeT. CKOJIBKO MOHET
OBIJIO B M00BIYE, €CJIN W3BECTHO, YTO 3TO YUCI0 MeHbIme 9507

Pirate law states that the fair way to share the loot (consisting of identical gold coins) is as follows:
the captain determines which of the crew he considers worthy of the reward (this is at least one
pirate), and these pirates are given the maximum possible equal number of gold coins from the
loot. The rest of the coins after such a division is the captain’s share.

Captain Hook cannot decide on which principle to choose the "worthy” pirates. For example, if he
picks 91 “worthy” pirates, the captain’s share in this case is 87 coins; and if he chooses 77 pirates,
the captain’s share will be 17 coins. How many coins were in the loot if it is known that their
amount is less than 9507

Answer: 633

Solution (RUS). IIycrs B nepBoM cjydae Harpaja Kaz/Joro nupara paBHa f, a BO BIOPOM - S.
Torma obirast Harpa/ia paBaa coorBercBeHHO 99t +51 u 775+ 29. [1o ycaoBuio B 000oux ciydasix Harpajia
onunakoBasi, 6osbie 0 u menbie 1000. meem 99t 4 51 = 77s + 29.

949 50
Bo-mepBpix momygaem, ato 99t + 51 < 1000, To ectb 99t < 949 mm t < — = 9®. Tak kax t - menoe,

To umeeM 0 < t < 9. Bo-BTophix, yrpoimnas paBeHCTBO, nojaydaeMm 99t + 22 = 77s, 9T0 MOYKHO COKPATUTh
eme pas, nmogenus Ha 11. [lomxyaaem 9t 4 2 = 7s.
[Iepeopas BapuanTsl t or 0 10 9, HAXOAUM, YTO TOJABKO NpH ¢t = 6 MOTyUeHHOE TUCTO JLTUTCS 7, ITOOBI



cupaBa MOIJIO HOJIyduTcs BbipaxkeHue 7. Mtoro nosydaercs, yro t = 6,5 = 8, a caMO 4uCJIO PABHO

645.

Solution (ENG). Let each pirate’s reward be ¢ in the first case, and s in the second. Then the
total reward is 99t 4+ 51 and 77s + 29, respectively. According to the condition, in both cases the reward
is the same, more than 0 and less than 1000. We have 99t 4+ 51 = 77s + 29.

First, we get that 99¢ + 51 < 1000, that is, 99t < 949 or t < % = 9%. Since t is an integer, we have
0 <t < 9. Secondly, simplifying the equality, we get 99¢ + 22 = 77s, which can be reduced again by
dividing by 11. We get 9t + 2 = 7s.

After going through the options ¢ from 0 to 9, we find that only when ¢t = 6 the resulting number
is divisible by 7, so that the expression 7s can be obtained on the right. In total, it turns out that
t =6,s = 8, and the number itself is 645.

Task 2.

1. Ha 6okosoii cropone C'D tpanenuu ABCD (AD > BC') ormeuena rtakas touka P, aro PC =
2-DP. Yepes 31y TOUKY NpOBeJeHa MpsiMasi, TapajtenbHas AB, kotopast mepecekaet AD B Touke
R. Haiinmure miomaas Tpeyroibanka ABR, ecan miomans ABCD pasra 40, a BC = RD.

On the side C'D of trapezoid ABC'D (with its base AD being larger than base BC') there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 40 and BC = RD.

Answer: 24

2. Ha 6oxoBoii ctopone C'D tpaneruun ABCD (AD > BC) ormeuena takas touka P, ato PC =
2-DP. Yepes 1y TOUKY NpOBejieHa psiMast, napajuieibias AB, koropas nepecekaer AD B Touke
R. Haiigure miomams Tpeyroibanka ABR, ecom miomans ABCD pasna 80, a BC' = RD.

On the side C'D of trapezoid ABC'D (with its base AD being larger than base BC) there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 80 and BC = RD.

Answer: 48

3. Ha 6okoBoii cropone C'D tpaneruu ABCD (AD > BC) ormeuena takas rouka P, aro PC =
2- DP. Yepes 3Ty TOUKY NpOBeJeHa MpsaMas, HapajienbHas AB, kotopas nmepecekaer AD B TOUKe
R. Haijinure miomans Tpeyroiabunka ABR, ecan miomans ABCD pasua 100, a BC' = RD.

On the side C'D of trapezoid ABCD (with its base AD being larger than base BC') there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 100 and BC' = RD.

Answer: 60



4. Ha 6okosoit cropone C'D rpanenuu ABCD (AD > BC) ormeuena rakasi touka P, uro PC =
2-DP. Yepes 31y TOUYKY MPOBE/IeHA NpsiMasi, napaJjuienbias AB, koropas mepecekaetr AD B Touke
R. Haiigure miomans tpeyroibanka ABR, ecom miomans ABCD pasna 60, a BC' = RD.

On the side C'D of trapezoid ABC'D (with its base AD being larger than base BC) there is a
point P such that PC' = 2 - DP. Through this point drawn a line parallel to AB that intersects
the base AD at point R. Find the area of triangle ABR while the area of the trapezoid ABCD
is equal to 60 and BC = RD.

Answer: 36

Solution (RUS). O6o3uauum Kak Q TOUKY 1epeceverust npoBeaeéunoit npsmoii RP ¢ npsamoit BC.
Torma, Mo paBeHCTBY COOTBETCTBYIOIINX BHYTPEHHUX HAKPECT JieXKaIluxX yriaoB, Tpeyroabaukun PDR u

PCQ nonobust apyr apyry ¢ koabdunuentom nogobus 1 : 2 (Tak Kak 3TOMy PABHO OTHOLIEHHE CTOPOH
PD k CP no ycaosuo). Torza CQ = 2RD = 2BC.

BameTnM, 9To 4eThIpEXyroabauk ABQR 1o onpeiesieHnio gBIsgeTcs mapaieorpaMMoM (Tak Kak mapbl
IIPOTUBOTOJOKHBIX CTOPOH TapaJsuiesbibl ). 3uadut, cropoda AR pasua cropone BQ, To ectb AR = BC
+ CQ = 3RD.

Ormernm Takyio Touky F wa ocnoBanuu AD, uyro BC = AF. Torma ABCF rakxke siBisiercss napaJi-
Jegorpamvom (mo npusnaky, Tak Kak AF u BC pasubl n napasiensus). Kpome Toro, ecam oTMeTuTh
U COeJIMHUTHL oTpe3koM cepeanubl cropon CQ m FR mnapamnenorpamva FCQR, To cranosutcs oue-
BH/IHO, YTO OH COCTaBJ€H U3 JBYX HapaJsuieJorpaMMOB, KazKIblii m3 KOTOpbIX coBMermaercs ¢ ABCF
IapasieIbHBIM MEPEeHOCOM (TO eCTh OHU PABHBI KaK TeoMeTpudeckue (hurypsl). SHAUUT, MIOMATH Ma-
pasutesorpamma CQRF B aBa pasa 6osbiie miomamu napaJsieaorpamva ABCE.

[Tycts miomaas Tpeyroapaunka RPD pasua S. Torma Tak kak, ymoMuHAJIOCH paHee, TPEyTrOJbHUK
PCQ monoben pannomy tpeyronbauky PDR ¢ koaddummentom 2, To miomans Spog = 2% -s = 4 - s.
AHaJIOruIHO, JIerKo BHIeTh, 9T0 Tpeyroabauk CDF momoben Tpeyronpauky PDR ¢ koadbdunmsnrom 3.
Buaunt, Scpr = 3%+ s = 9 - s. Takum obpasom, mwiomaap napantesorpamva FCQR pasna Spcgr =
Srepr + Spcg = Srecp — Srpp +Spcg =95 —s5+4-5s=12-s.

Takum 06pa3oM, Kak yKasaHo Ha JABa ab3ama Bbime, Sapcr = SroQr/2, 910 PABHO 6 - 5 O Pe3yIib-
TaTaM mpeablayiiero ad3ama. Ocraercs 3aMeTuThb, 9T0 Sapep = Sapcr + Srep = 6-5+9- s, Kak 66110
BeIaKCIIeHO panee. To ectb Sypep = 15+ s = 40, orkyna s = 40/15 = 8/3.

Haiitu e tpebyerca Sapr = (Sapgr/2, Tak kak ABQR - mapastenorpamM, a BR ero amaronais.
To ects Sapr = (Sapcr + Srcor)/2 = (6 -5+ 12-5)/2 = 9 - 5. lIroro, uckomast wIomaiu paBHa
SABR:9829(8/3):24

Solution (ENG). Denote by Q the point of intersection of the drawn line RP with line BC. Then,
by equality of the corresponding internal crossover angles, the triangles PDR and PCQ are similar to



each other with similarity coefficient 1:2(since this equals the ratio of the sides PD to CP by convention).
Then CQ = 2RD = 2BC.

Note that the quadrilateral ABQR is by definition a parallelogram (since pairs of opposite sides are
parallel). Thus the side AR is equal to the side BQ, i.e. AR = BC + CQ = 3RD.

Mark a point F on the base of AD such that BC = AF. Then ABCF is also a parallelogram (by the
principle since AF and BC are equal and parallel). Besides, if we mark and connect by a segment the
midpoints of sides CQ and FR of the FCQR parallelogram, then it becomes obvious that it is composed
of two parallelograms, each of which is combined with ABCF by parallel transfer (that is, they are equal
as geometrical figures). It means that the area CQRF is twice the area of the parallelogram ABCF.

Let the area of triangle RPD be S. Then since, as mentioned earlier, triangle PCQ is similar to
triangle PDR, with factor 2, the area Spcg = 2%-s = 4 - s. Similarly, it is easy to see that triangle
CDF is similar to triangle PDR with factor 3. So Scpr = 3% -5 = 9 - 5. Thus, the area of the FCQR
parallelogram is Spcor = Srcpr + Spcg = Srep — Srpp + Spcg =9-5s—s+4-s=12-s.

Thus, as indicated two paragraphs above, Sapcr = Srcgr/2, which equals 6 - s according to the
results of the previous paragraph. It remains to be seen that Sapcp = Sapcr + Srep =6-5s+9 - s, as
calculated earlier. That is, Sapcp = 15+ s = 40, whence s = 40/15 = 8/3.

Finding Sapr = (SaBgr/2, since ABQR is a parallelogram and BR is its diagonal. That is, Sapr =
(Sapcr + Srcgr)/2 = (6-s4+12-5)/2 =9 - s. Total, the required area is Sapr =9-s=19-(8/3) = 24.

Task 3.

1. Jlana mocka 6 X 6, packpalenHas B maxMaTHOM nopsijike. CKOJIbKUMHU CIIOCOOAMU MOYKHO TTOCTa-
BUTH Ha OesTble KJIeTKN 9 MamieK Tak, 9T00bl HUKAKWe JIBe MIANTKN He CTOsIU OBl Ha O/THOI KJIeTKe
1 9TOOBI HUKAKHUeE JIBE MIAITKU He PACIOoIaraanuch Obl B KJIeTKaX, COCeTHUX MO yIIy?

Given a board with size 6 x 6 colored in a checkerboard pattern. How many ways to put 9 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?

Answer: 20

2. Jlana mocka 8 X 8, packpallleHHas B MaXMaTHOM mopsiiake. CKOJbKAME CIIOCOOAMU MOXKHO TOCTa-
BHUTD Ha OeJible KJIeTKHu 16 mramek Tak, YToObl HUKaKue JBe MAIIKH He CTOsIIA Obl Ha OJTHOM KJIeTKe
n LITO6bI HUKaKue JBe IIalllKK HE pacCliojiaraJiuCb 6bI B KJIeTKaX, COCEJHUX I10 yFﬂy?

Given a board with size 8 x 8 colored in a checkerboard pattern. How many ways to put 16 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?



Answer: 70

3. /lama jmocka 4 X 6, packpallleHHas B IaxMaTHOM nopsiake. CKOJbKAME CIIOCODAMU MOXKHO IIOCTa-
BHUTDb Ha Oesible KJIeTKHU 6 Imalrek Tak, YToObl HUKaKue JIBe MAINKH He CTOSIN Obl Ha OJHOI KIeTKe
1 9TOOBI HUKAKHe JIBe IMAIIKN He PacIoaraauch Obl B KJIETKAX, COCEHUX MO YIIy?

Given a board with size 4 x 6 colored in a checkerboard pattern. How many ways to put 6 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?

Answer: 10

4. Jlana jpocka 6 X 8, pacKpallleHHas B IIaxMaTHOM HOpsijake. CKOJTbBKUMEI CIIOCOOAME MOYKHO IIOCTa-
BUTH Ha OeJible KaeTKu 12 mamek tak, 9ToObl HIKaKue J(Be IIAKK He CTOsIJIN Obl Ha OJIHON KJIeTKe
1 9TOOBI HUKAKWE JBe IAIIKN He PacIoarainch Obl B KJIETKaX, COCEJIHUX MO YLy

Given a board with size 6 x 8 colored in a checkerboard pattern. How many ways to put 12 checkers
on white cells of the board could there be, such that no two checkers would occupy the same cell
and would not be located in cells adjacent by the corners?

Answer: 35

Solution (RUS). Pazaenum rabauiy wa kBajgparsl 2 X 2. flcHO, 94TO B KazKJI0M KBajpare 2 X 2
ecTh POBHO OJHA Imamka. 1109ToMy HaM HyKHO HOCYUTATh, CKOJLKAMHU CIHOCOOAMM MOXKHO PACCTABUTh
II0 OJTHOIT IMAIIKe B KazKJblil KBagpaT 2 X 2, 4T0ObI KJETKH C IIAIIKAMHA He TPAHUYUIN ObI II0 YIJIY.

Bes orpanndenusi obmuoctu OyjgeM cuduTaTh, YTO Y BCEX KBAJIPATOB 2 X 2 mpaBas HUXKHsS KJIETKA
besiasg. Byjer nasbiBarh kBajipar [TH-kBajpaTom, ecsiu maiika cTouT B HpaBoil HUXKHEN ero KjeTke, u
JIB-KBaipaTOM, €CJiu TIallKa CTOUT B JIEBOM BEPXHEM YIJIy.

BaMeTuM, 4TO €CJIu KaKou-To KBajpar gapisercs [IH-kBaapaTom, To u KBajpaThl ClipaBa W CHU3Y OT
Hero geiagoTca [TH-kBagpaTamu. Anamorndanoe Bepuo u s JIB-kBaaparos. Takum obpaszom, Bce [TH-
KBaJIpaThl 00pa3yIoT CBA3HYIO 00J1acTh, 1 Bce JIB-KBajpaThl 00pa3yoT CBA3HYIO 00J1acTh.

¢lcHO, 9TO KOJIMYECTBO pPACCTAHOBOK IMAIMEK 3aBUCHT OT KOJWYECTBa CIIOCODOOB PasOMTh HAIl ITPSMO-
YIOJIbHUK Ha JBe TaKue 007acTu. JIMHUA IpaHuIbl MeZK/Iy STUMH 00JIACTIMU BeJIeT U3 JIEBOTO HUZKHETO
yrJia TabJIUIEI B IPaBii BEpXHUN YToJI 0 JTUHUSIM ceTKU. Ko/mdaecTBO c11ocoO0B ITPOBECTH TAKYIO JIMHIIO
PaBHO COOTBETCTBYIOIEMY OuHoMuabHOMY Kodddunuenty C§ = 20.

Solution (ENG). Split the given table into 2 x 2 cells. There can fit only a single checker inside
of each such cell. Hence, we should calculate in how many ways we can place one checker inside each of
these 2 x 2 cells, so that these cells with checkers would not be adjacent by their corners.

Without the loss of generality, assume that all these 2 x 2 squares’ bottom-right cell is white. Let
us denote a square as a BR-square if the checker is placed in the bottom-right cell of this square, and
TL-square if the checker is placed in the top-left cell.



Notice, that if some square is a BR-square, then squares to the right and to the bottom of it are
also BR-squares. The same is true for the TL-squares. Therefore, all BR-squares form a connected ares,
and all TL-squares form a connected area.

It is clear, that the number of checkers permutations depends on the number of way to split the given
board into two such areas. The border line between them starts from the board’s bottom-left corner
into top-right corner and it follows the lines of the grid. The number of ways to draw this border equals
to the corresponding binomial coefficient Cg = 20.

Task 4.

1. Haiitu Kogm4ecTBO HATypaJIbHBIX YuCeJ N > 1, JIJIsi KOTOPBIX HPH JI0O0OM HATypaJIbHOM T pas-

HOCTH x2° — T KpaTHa n.

Find the amount of integers n > 1 such that for any positive integer = the number 2?° — z is

divisible by n.

Answer: 31

2. Haiitn kosm4uecTBO HaTypaJabHBIX duces] 1 > 1, s KOTOPBHIX MPHU JIIOOOM HATYPaJhHOM X Pas3-

HocThb 2! — z KpaTHa N.

Find the amount of integers n > 1 such that for any positive integer = the number 2?* — z is

divisible by n.

Answer: 15

3. Haittu koysimvyecTBO HATypaabHBIX YUceJa 1 > 1, JJIsi KOTOPBIX MPHU JIOOOM HATYPaJbHOM X Pas-

HOCTDb 37 — T KpaTHA N..

Find the amount of integers n > 1 such that for any positive integer = the number 23" — z is

divisible by n.

Answer: 127

4. HaiiTu KOJIMYECTBO HATYPAJBHBIX YuCeT 1 > 1, JIJIT KOTOPBIX MPH JI0OOOM HATypPaJIbHOM T pa3-

HOCTb T — = KpaTHa n.

Find the amount of integers n > 1 such that for any positive integer = the number z'7 — z is

divisible by n.

Answer: 15



Solution (RUS). Ilycte n = p®m, tge (m,p) = 1,p— upocroe u a > 2. Torga unojcraBum
r = p®~'m u nosyuum cpasnenue 0 =, x, 4TO HeBepHO. 3HAYUT, YUCJIO N CBOGOJHO OT KBAIPATOB.
[TycTh p - NPOM3BOAHBIN MPOCTOH gemTens uncaa n. Torma z°* =, 1 aua seex z = 1...,p — 1. Ho
2P~ =, 1 g stux x. O6osnaunm vepes d HOZ(p - 1, 24). Torma 2% =, 1 aoa seex z = 1,...,p — 1.

Ilonyuaerca, aro apaennsa ¢ — 1=, 0 ecTb p - 1 KOPEHbD.
) P

Buaunur, d = p-1mu 24 :p—1.

Mrak, Mbl I0Jy4aeM, 4TO Jjis JII000r0 IPOCTOro JeJIMTe/Is P YUcja I UMeeT MeCTO JeJuMocTb 24 ip — 1.
Orcroma, p = 2,3,5,7,13. Takum oO6pa3oM, n ABISIETCS TPOU3BEAEHNEM KAKHX-TO U3 TUX duces. VToro
MOy 9aeM KOJIM9ecTso n, pasHoe 2° — 1 = 31 wnco.

Solution (ENG). Let n = p®m, where (m,p) = 1,p— is prime and a > 2. Then substitute
r = p* 'm and get a comparison of 0 =,, , which is wrong. So the number n is free of squares.
Let p be the derived prime divisor of the number n. Then 2** =, 1 forallz =1....,p— 1. But 277! =, 1
for these x. Denote by d NOD(p - 1, 24).Then z% =, 1 for all x = 1,...,p — 1. It turns out that the

equation 2 — 1=, 0 has a p - 1 root.
Sod=p-1and24:p—1.

So we obtain that for any prime divisor p of n there is a divisibility 24 :p — 1. Hence, p = 2,3,5,7,13.
Thus, n is the product of some of these numbers. Total we get a number n equal to 2° — 1 = 31 number.

Task 5.

1. Ha jiunnoii siente B psiji 6€3 n1pobesioB 3anmcanbl Bee HATypaJibHbie ducia or 1 10 2022, obpasys
0/IHO orpomHoe uncio: 1234567891011...20212022. [lera u Bans 1o ouepe in Bbr4€épkuBaior mudpbl
9TOro 9Ync/aa (BHIYEPKHYTYIO IudPY 3alpPeNeHo BhlYepKuBaTh BTOpoil pa3). B Konie urpsl ocra-
éTcsd OfHO3HAYHOE 4YHcJio. Ecam oHO jenurcsa Ha 3, TO BHIMTpbIBaeT BaHsd, nHaYe — BBIUTPLIBAET
[Teta. Moxket in KTO-TO 0OecIednTh cede mobe1y He3aBHCHMO OT UI'PhI ITPOTUBHHUKA?

On a tape all positive integers from 1 to 2022 are written in a row without spaces, forming one
huge number: 1234567891011...20212022. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

2. Ha pymmunoit jienTe B psijg 0e3 nmpoOesioB 3anucaHbl Bce HATypaJsibHble duciaa ot 1 10 1999, obpasys
OJIHO orpoMHoe uncio: 1234567891011...19981999. [letsa u Bans mo odepein BBIYEpKUBAIOT MUQpPHI
3TOro Ynciaa (BbIUEPKHYTYIO IuGPY 3alpPeNeHo BhIYepKUBATH BTOPOil pa3). B KoHIE Urphl ocTa-
éTcd oHO3HAYHOe Ynca0. BEemm oHo memuTesa Ha 3, TO BRIUTpHIBaeT Bamsd, mHade — BBLIUTPBIBAET
[Terst. Moxker jin KT0-TO 0becednTh cebe 1mode/ Iy HE3ABUCUMO OT UIPbHI IPOTUBHUKA !

On a tape all positive integers from 1 to 1999 are written in a row without spaces, forming one
huge number: 1234567891011...19981999. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

3. Ha nymmuHOI JeHTe B psii 6€3 mpobesioB 3alucaibl Bce HATYpaibHbie unciaa or 1 g0 2077, obpasys
OJTHO oTpoMHOe Jucao: 1234567891011...20762077. Ilera m Bang mo odepean BEIYEPKUBAIOT UM PHI
9TOro 4Yuc/ia (BbIYEPKHYTYIO 1Py 3alpPeIeHo BblYepKUBATh BTopoil pa3). B Kouie urpsl ocra-
ércsd o/lHO3HAYHOE YHCJio. Kcam oHo Jenurcs Ha 3, TO BHIUTpbIBaeT BaHs, nHave — BBIUTPHIBAET
[Tersi. Moxket jin KTO-TO 0bectednTh cede mobde/Iy He3aBUCUMO OT UT'PHI TPOTUBHUKA?



On a tape all positive integers from 1 to 2077 are written in a row without spaces, forming one
huge number: 1234567891011...20762077. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

4. Ha jymmHHOit jteHTe B psia 6e3 mpobesioB 3alncanbl Bce HaTypaJibHble uncaa ot 1 10 2007, obpasyst
0JIHO orpoMHoe uncio: 1234567891011...20062007. [leta u Baunsg mo odepein BBIYEpKUBaIOT MU PHI
9TOro Yncaa (BHIUEPKHYTYIO IUGPY 3alpPENeHo BhYepKUBATH BTOPOil pa3). B KoHIle Urpsl ocra-
ércst 0JIHOBHAYHOE 4ucji0. Bcm oHo jiemurest HA 3, TO BhiuI'pbiBaer Bamsi, nunadye — BbIUIDbIBAET
[Terst. Moxker jin KT0-TO 0GecednTDh cebe mobe/ Iy He3ABUCUMO OT UTPbI IPOTUBHUKA !

On a tape all positive integers from 1 to 2007 are written in a row without spaces, forming one
huge number: 1234567891011...20062007. Peter and Ivan, one-by-one, are crossing out the digits
of this number (it is forbidden to cross out the same digit twice). At the end of the game, a single
digit remains. If it is divisible by 3 then Ivan wins, otherwise Peter wins. Can one secure victory
for himself, regardless of the opponent’s play?

Solution (RUS). Crparerust mig [leru: moka ectb mudpsl, gessiuecs Ha 3, B ¢Boil xoa Ilers
BBIUEepKHBaeT Takyio mudpy. lanee, ecau emé morpedyercs aenarsb Xojbl, [leTs BoruepkuBaer mudpol
MPOU3BOJIHHO.

Bamernm, uro ecan [lere ygacres 1o06urhest BhluepkuBanus Beex nudp, JAesmuxcst Ha 3 (Takue
MBI Jajiee OyeM Ha3bIBATh XOPOMINMH), TO (bUHAIBHOE OJHO3HAYHOE YHCIO0 He OyJIeT JeJUThCs Ha 3, a
Bans, coorBercTenno, mpourpaet. [lokaxkem, uro [lere xBaTtut x070B /iUis1 3T0r0. CHAaYa a8 BBISICHUM
obIee 9uCI0 XOM0B (HA JBOUX): 5TO B TOYHOCTH KOJHYECTBO MU(bD U3HAYAILHOTO YUCTIA.

Crparerns ana Ileru: moka ecth nudphl, gendgnmecs Ha 3, B ¢Boit xoa [leTs BeIUEpKUBaeT TaKkyio
uudpy. lasee, ecim emé nmorpedyercs jiesiarb Xo/ibl, [lerst BoraépkuBaer mudpbl HPOU3BOJILHO.

Bamernm, 4To ecsn [lere ynacrest 1o6uThest BRIYEpKUBaHus BeeX mudp, Jessiuxcs Ha 3 (Takue Mbl
Jajiee OymeM Ha3bIBATH XOPOIMMH ), TO (DUHATHHOE OJHO3HAYHOE YHCJIO He OyaeT NeJuThCs Ha 3, a
Bamng, coorsercrBenno, npourpaet. Ilokazkem, uro IleTe XBaTHT XOM0OB JJIS 3TOrO.

Cuauajia BBISICHUM OOIee KOJTUYECTBO XOJIO0B (HA JBOMX): 9TO B TOYHOCTH KOJHYECTBO UMD H3HA-
YAJIbHOIO YUCJIA. DTO KOJMYECTBO COCTABIEHO M3 HUMP OJHO3HAYHBIX duce] (KOTOPbIX 9 B 3amucu),
aBy3HadHbix (Koropeix 90), Tpéxsnaunbix (nx 900), n gersipéxsnaunbix (ux 2022 - 999 = 1023). To
eCTh BCETr0 KOJMYecTBO Mudp B 3alMCH W3HAYAJILHOTO JJIMHHOTO 4Ynciaa (OyaeM ero Ha3piBaTh MrabJio-
HOM) paBHO 9+2-90+3-900-+4-1023 = 9+180+2700+4092 = 698]1.

Koin1ecTBo X0OI0B 7Ke COBIAIAET € KOJTMIECTBOM BBIYEPKHYTBHIX duces B KoHIe, a ux 6980 (Tak kax
OCTAJIOCh OJIHO).

[Tokazkem, uro xopommx mudp B 3anucu mabdaona Meree nososutbl ot 6980 (1o ecth Menee 6980/2 =
3490). 1151 5TOTO OTIEIBHO HOCTUTAEM KOJIUIeCTBO TAKUX UMD, KOTOPbIe MOJIYIat0TCsl U3 OTHO3HATHBIX
quceJl 3alUCH, U3 JIBY3HAYHBIX U TaK JaJee.

3aMeTHuM, YTO BCEro B 3AIMCH YHcesJ OT 1 10 9 KOIUIeCTBO XOPOIIHX Mudp paBHO 3.

Cpe/n IBY3HAYHBIX UHCEN B 3AMICH MA0I0HA KOJTUIECTBO XOPOUTHX Nudp Ha MepBOii TO3UIHI (COOT-
BETCTBYIONIEro Yucyia) paBHo 3 X 10, Tak Kak Ha IEePBOi MO3UIAHI, JOMYCTHMBI JIUIITH XOPOI#e Hudphbl
3,6 u9 - Bcero Tpu Bapuanrta. [l1g kaxkmoit u3 srux mudp Berperdrcs Bce 10 BapumaHTOB BTOPOit
udpbl, TO €CTh B pa3psijie eIuHuI. AHAJOTTIHO BBIYUCISEM, YTO KOJTHIECTBO XOPOITUX Mudp HA BTO-
PBIX HO3UIMUAX JBYX3HAUHBIX duces B mabsioHe paBHo 4 x 9. VToro, xopomux mudp, MOIyIeHHBIX U3
JIBy3HAUHBIX YHCe] B 3amUCH IradaoHa, Bcero 3 - 10 + 4 - 9 = 30 + 36 = 66.

AnayloruaHo U3 TPEX3HAYHBIX Yuce/1 B madjone moaydaorcs 3 - 100 + 4 - 90 + 4 - 90 = 300 + 360
+ 360 = 1020 xopomux 1udp.

JI1s1 9eTRIPEX3HATHBIX UHCesT TaKzKe Pa3aenM MoACcYeT Ha JaBe dacTu: g gaucesa or 1000 1o 1999 n
quis guces ot 2000 mo 2022. B nepBoii nmoarpyie Bo BceX YUCIaX MepBagd Mudpa He sBISeTcs XOPOIIei,
a KOJIMYECTBO XOPOUIUX IUuMP CpeIn ITHX Thicaun ducena paBuo 4-100x3 = 1200.



Bo sBropyto noarpyuy (or 2000 g0 2023) nouasu 23 yucia. BpydHyo npoBepsiem, 4ro KOJIUIeCTBO
xopomux 1udp B paspsje Thicsd paBao 0 (Bce IBOIKH), a B pas3psie coreH - pasHo 23 (Bce nysm). B
paspsijie jecaTkoB xoporux mudp 10, a B paspsie eaununt 9. Urtoro uz 4 x 23 = 92 mudp srux 23x
qncen 23 + 10 + 9 = 42 xopommux.

Ocraércsd OTMETUTD, UTO B KaXKJ0# U3 PACCMOTPEHHBIX TPYIIT KOJHYECTBO XOPOMUX MudpP MeHbIIe
MOJIOBUHBI:

B OJIHO3Ha4YHBIX 3 u3 9, B jaBy3HauHblx 66 u3 180, B Tpéxznaunbix 1020 u3z 2700, B 4YeTHIPEX-
3Ha9HbIX B nepBoit noarpynmne 1200 uz 4000, B0 BTOpOI oarpynme 42 n3 92.

Taku obpazowm, xopormux 1udp B 1Mada0He MeHbIe KOJuvecTBa Xo0B lletu, To ecTh OH cMoOXKeT
BBIYEDKHYTH WX BCe (KpPOMe TeX, KOTOpbIe BhIYepKHeT BaHs) U rapaHTHPOBATH cebe mobe/y.

Solution (ENG). Strategy for Peter: as long as there are digits that divide by 3, on his turn Peter
crosses out such a digit. Then, if Peter needs to make more moves, he crosses out the digits randomly.
Note that if Peter manages to cross out all digits divisible by 3 (we’ll call such digits good), then
the final single-digit number will not divide by 3, and Ivan, correspondingly, will lose. Let’s show that
Peter has enough moves for that.

First find the total number of moves (for two): this is exactly the number of digits of the initial
number. It is the number of digits of one-digit numbers (of which there are 9 in the entry), two-digit
numbers (of which there are 90), three-digit numbers (of which there are 900), and four-digit numbers
(of which 2022 - 999 = 1023). So, the total number of digits in the original record of a long number (we
will call it a pattern) is 9+2-90-+3-900+4-1023 = 9+180-+2700-+4092 = 6981.

The number of moves coincides with the number of crossed out numbers at the end, and they are
6980 (since there is one left).

Let us show that the good numbers in the pattern entry are less than half of 6980 (that is, less
than 6980/2 = 3490). To do this, we separately count the number of such digits that are obtained from
single-digit numbers in the record, from two-digit numbers, and so on.

Note that the total number of good digits in the record of numbers from 1 to 9 is 3.

Among two-digit numbers in the pattern, the number of good digits in the first position (the
corresponding number) is 3 x 10 (as in the first position, only good numbers 3, 6 and 9 are allowed
- a total of three options. For each of these digits will meet all 10 cases of the second digit. Similarly,
calculate that the number of good digits on the second positions of two-digit numbers in the pattern
is4x9.S03*%10+4*9 =230+ 36 =66 good digits obtained from the two-digit numbers in the
pattern.

Similarly, the three-digit numbers in the template obtained 3 * 100 + 4 * 90 + 4 * 90 — 300 + 360
+ 360 = 1020 good numbers.

For four-digit numbers we will also divide the calculation into two parts: for numbers from 1000
to 1999 and for numbers from 2000 to 2022. In the first subgroup, the first digit is not good, and the
number of good digits among these thousand numbers is 4¥100 x3 = 1200.

In the second subgroup (from 2000 to 2023) only 23 numbers. Manually check that the number of
good digits in the thousands division is 0 (all two), and in the hundreds division is 23 (all zeros). The
number of good digits in the tens division is 10, and in the units division - 9. The total of 4 x 23 = 92
digits of these 23x numbers is 23 + 10 + 9 = 42 good.

And we have 2331 good numbers and it is less than half. So Peter can cross them all out (except for
those that Ivan crosses out) and guarantee victory.

Task 6.

1. PemuTh cucreMy HepaBeHCTB:
42 + day + 19y < 2
r—y < —1



Solve the following system of inequalities:

422 + 4oy + 19y% < 2
r—y< —1

2. Pemurh cucremy HepaBeHCTB:
112% — 102y + 3y?> < 3
x4+ y < —10

Solve the following system of inequalities:

1122 — 102y + 3y* < 3
bz 4y < —10

3. PemmuTh cuctemy HepaBeHCTB:

1122 + 8xy + 8y? < 3
x—4y < =3

Solve the following system of inequalities:

1122 + 8xy +8y? < 3
r—4y < -3

4. Pemutb cucreMmy HEpPaBEHCTB:
1322 — 4oy + 4y < 2
20 — 4y < -3

Solve the following system of inequalities:

1322 — 4oy + 4y* < 2
20 — 4y < =3

Solution (RUS). (BapuanT 3) Bbije/nM B epBOM HepaBeHCTBe TOJIHbIe KBaapaTh: (T + 2y)% +
2(3x)? < 3. Ilpeanosoxum u = x + 2y, v = 3z. Torna 2u? +v? < 3 u v — 2u < —3. Tenepb JOMHOXKUM

BTOPOE HEPABEHCTBO Ha 2 M CJOKAM ¢ mepBbIM: noayanm 2(u—1)?+ (v+1)? <0, otkyna v = 1,0 = —1

1,2

(BapmanTb! 1,2,4) Boigesum B 1epsoM HepaBeHCTBe HoJjHble KBajpare: (2z + y)? + 2(3y)? < 2.

2

lpeanonoxum u = 2r + y, v = 3y. Torma % + 1?2 < 1wuwu—v < —2. B KoopanHATHOIl cuCTeMe

OTHOCHTEJIbHOMI 1, ¥ TIepBOe HepaBeHCTBO MOYKHO M300pa3uTh B BHJIe 00J1aCTU BHYTPH dJjLtHuIca. Bropoe
HEPABEHCTBO 00pa3yeT MOJIYILIOCKOCTh HAJ MpaMoil v = u + 2.

v=u+2
w2 1=
[Ipu nojcTaB/ICHIN TIePBOTO BO BTopoe nostydaem 3u® + 8u+ 6 = 0. Ero auckpuvunant D = b? — 4dac =
64 — 72 < 0, ciegoBaTe/IbHO CHCTEMa HEe MMeeT JAefCTBUTENbHBIX pPeleHuil, Tpe/InoJIoKeHne HeBepHO,

Jlokarkem, 9TO 3TH J[BE TOJIYILIOCKOCTH HE UMEIOT 00IuX To4ueK. PermuM cucremy ypaBHeHwmit: {



HOITOMY UPAMAs U JUIMIC He uMeroT obmux rouek. [loaromy cucrema nepaects He umeer JieiicTBU-
TeJIbHBIX PellleHuil j1J1s u, v, a cjejoBaTesbHO, U VIS T, Y.

Solution (ENG). (version 3) In the first inequality group up the full squares: (x+2y)*+2(3x)? <
3. Next, assume u = x + 2y, v = 3z. Hence, 2u? +v? < 3 and v — 2u < —3. Next by multiplying the
second inequality by 2 and adding it to the first one we obtain 2(u—1)%+ (v+1)? < 0 and subsequently:
u=10v=-1 andx:—%,yzg.

(versions 1,2,4) In the first inequality group up the full squares: (2z + y)* + 2(3y)? < 2. Next,
assume u = 2x + vy, v = 3y. Hence, “72 +v2 < 1and u—v < —2. In the coordinate system relative to
u, v the first inequality is a half-plane inside an ellipse, the second inequality forms a half-plane above
the line v = u + 2.
v=u+2
“—22 +0v2—-1=0
Substituting the first into second yields 3u? + 8u + 6 = 0. Its discriminant D = b? — 4ac = 64 — 72 < 0,
therefore the system has no real solutions, the initial assumption was incorrect, hence the line and the
ellipse do not have any common points.

These two half-planes are neither enclosed nor touching, therefore the given system has no real solutions
for u,v and so for x,y.

Prove that these half-planes do not coincide. Lets solve the system of equations:



