8-9'" degree

Task 1. OxpyxkHOCTH W] U Wy, HE HMEONUE OOMIMX TOYEK, KACAIOTCS OKPYZKHOCTU () BHYTPEHHUM
obpaszom B Toukax A m B, coorBercTBeHHO. [leHTDBI OKpyKHOCTEH W U Wy PACIIOIOKEHBI 110 PA3HBIE
croponbl oT npsamoit C'D — obmeit KacaTebHO 3TUX OKPYZKHOCTel, mpudeM Touka C' JIEXKHUT Ha Wi, a
touka D — na wy. Haiture rpajgycuyio mepy ayru AB okpyzkuocTH €2, ecm yroa mexkay npaMmbivua AC
u BD cocraBiaser 55°.

The circles wy and wy (which have no common points) touch the circle € internally at the points A and
B, respectively. The centers of the circles w; and ws are located on opposite sides of the line C'D which
is the common tangent line of these circles while the point C' lies on w; and the point D lies on ws. Find
the degree measure of the arc AB of the circle 2 if the angle between the lines AC' and BD is 55°.

Solution (RUS). Ilycts uckomast rpaaycHast Mepa ayru AB paBra ¢; O — HEHTD OKPYKHOCTH
). Kacaresbuble K 3TOH OKpy:KHOCTH B Toukax A, B OyIyT KacaTeJIbHBIMH K OKPYZKHOCTIM W1, Ws
(coorBercTBeHHO) U TepecekyTca B Touke F. Tlockombky ZOAF = ZOBF = 90°, u3 cyMMbl YIJIOB
gyerbipexyrojibauka AOBF noayaum ZAFB = 180° — ¢.

Kacaresibable, IpoBejIeHHbIE K OKPYKHOCTH B KOHIAX OJHON XOPJbl, COCTABJAIOT C 3TOH XOPOit
paBHbIE YIJIBI, MOCKOJIBKY OTPE3KH 3TUX KACATEJBbHBIX BMECTE C XOPJ0i 00pa3yloT paBHOOEIPEHHBINH
tpeyrosibauk. [losromy /FAC = ZDCA (o6o3uauum 5TOT yroa 3a «), anajorudno ZFBD pasen
yray Mexk iy npsamoii C'D u xopaoit BD oKpyKHOCTH wo (0603HAYUM 5TOT Yro 3a f3).

[Tycrs E — touka nepecedenust upsaMmbix AC' u BD, rorna ZCDE = 3, u Jjisd yIJI0B TPEyroJibHUKA
CDE nveem LZCED + «a+ = 180°, orkyna Beugy ZCDE = 55° noayaum o + = 125°.

[Tycrs CB' || DB, rae touka B’ nexur na npsmoii F'B.



Torna ZACB' = a4+ 3, u u3 cymmbl yriioB derbipexyroibianka AC'B'F ¢ ydeToM BBEJIEHHBIX 00603HA-
dennit monyunm 180° — ¢ + 2(av + 3) = 360°, orkyna ¢ = 2(a + ) — 180° = 2 - 125° — 180° = 70°.

Solution (ENG). Let the required degree measure of the arc AB be equal to ¢; O is the center
of the circle 2. The tangent lines to this circle at the points A, B will also be tangents to the circles
wi,ws (respectively) and will intersect at the point F. Since ZOAF = ZOBF = 90°, from the sum of
the angles of AOBF we get ZAFB = 180° — ¢.

The tangents drawn to the circle at the ends of one chord make equal angles with this chord,
since the segments of these tangents together with the chord form an isosceles triangle. Therefore,
LFAC = ZDCA (we denote this angle by «), similarly ZFBD is equal to the angle between the line
CD and the chord BD of the circle wy (we denote this angle by £3).

Let E be the intersection point of lines AC' and BD, then ZCDFE = 3, and for the angles of triangle
CDFE we have ZCED + o+ 8 = 180°, and from ZCDFE = 55° we get a + 3 = 125°.

Let CB' || DB for the point B’ which lies on the line F'B.

Then ZACB' = a+ 3, and from the sum of the angles of the quadrilateral ACB’F’, taking into account
the introduced notation, we obtain 180° — ¢ + 2(« 4+ 3) = 360°, whence ¢ = 2(a + ) — 180° =
2-125° — 180° = 70°.

Task 2. Anuca n Bo6 urpator B urpy. Ha mrockoctn ormedenst n > 1 Touek o01mero moaoxenns (T.e.
HUKaKHe TPH M3 HUX He JiexkaT Ha OJHOIl npsAMOii), rje n — HedeTHOe HaTypasibHoe dncJo. Ajmca u
Bo6 mo ouepenn (Haumnasi ¢ Annchl) BEIOGHPAIOT Mapy TOYEK W COEIMHSIIOT WX OTPEe3KOM (3ampernaercs



LIOBTOPHO COEJIMHATH TOUYKU, KOTOPbIE yZKe COeJIMHEHbl OTPe3KOM ). [IpourpeiBaer tot, 1oc/ie 4bero Xoua
obpazyeTcsl IUKJI HEYeTHON JIJIMHBI.
Kro Bemrpaer nmpu npaBuibHOIT urpe 000MX COMEPHUKOB?

Alice and Bob are playing a game. For an odd integer n > 1 there are n points chosen on a plane
in such way that there can’t be chosen three of them lying at the same line. Alice and Bob make their
moves (starting with Alice) by choosing a pair of the points and connecting them with a segment (it is
forbidden to reconnect points that are already connected). The one whose move forms a cycle of odd
number of segments loses the game.

Who will win if both opponents play correctly?

Solution (RUS). /lokaxem, 4ro Beiurpaer Bob, T.e. 4T0 B 11060 MOMEHT BpEMEHH MOC/Ie XO/a
AJtichl OH CMOXKET cJie/1aTh CBOM X0/ M He npourparb. Pacecmorpum rpad, BOSHUKAOMMIA 1epe/1 X0A0M
Boba. [TockobKy OH HE COJIEPKUT MUKJIOB HEYETHON JIJIMHBI, TOT I'pad sABjsgeTcs ABYA0JbHbIM. [IycTh
a u b — pa3mepsl ero joJeit. flcno, uro mposeeHne JITOH0I0 HOBOTO pedpa MKy JOJIsIMU HE TPUBEJIET
K IOpaKeHuIo, 03ToMy, ecjiu Bbob MoxkeT mpoBecTn Takoe pebpo, OH ero IpoBeJIeT.

[Ipenmosioxkum, uTo Bob He MoxKeT caenaTh xoi. Toraa mepej ero Xoao0M BO3HUK MOJHBIN JIBYI0/b-
ubtit rpad K, . Ho nockoibky a+b = n — nHederno, uucia a u b UMEIOT Pa3HyI0 YeTHOCTb, & KOJIUYeCTBO
pOBeJIeHHBIX pebep paBHo ab — derno. OgHAKO TOCTIE X014 AJIMCHI TPOBEIEHO HEYETHOE YuC/I0 pebdep.
BHaYUT, MOCJIE ee X0/1a HUKAK He MOYKeT MOJIYyUINThCS MOIHbBII ABYm0abHBI rpad. [TosTromy Bob Beerma
CMOZKEeT CJIeJIaTh HEIPOUTPHIBAIONINI X0, a 3HAYUT, OH BHIUTDAET.

Solution (ENG). Lets prove that Bob wins, i.e. that at any time after Alice’s move, he can make
his move and not lose. Consider the graph that appears before Bob’s move with its vertices being the
points and its edges being the segments drawn. Since it does not contain cycles of odd length, this graph
is bipartite. Let a and b be the sizes of its parts. It is clear that drawing any new edge between the
parts will not lead to loss, so if Bob can draw such an edge, he will draw it.

Let’s say Bob can’t make a move. Then, before his move, we have a complete bipartite graph K, .
But since a + b = n is odd, the numbers a and b have different parity, and the number of drawn edges
is equal to ab — even number. However, after Alice’s move, an odd number of edges are drawn. Hence,
after ner move there is no way to get a complete bipartite graph. Therefore, Bob can always make a
non-losing move, which means he will win.

Task 3. /lyist Bcex BemecTBEeHHBIX X, Y, 2 > 1 JOKaKUTe HEPABEHCTBO

r+y+z

++xy22(\/x—1+\/y—l+\/z—l)2
Prove for real z,y,z > 1:

r+y+z

—g +ayz > (Vo —1+y—1+vVz—1)°

Solution (RUS). Ilo uepasencrsy Komu-Bynsikosckoro-IIIBapiia nveem

r+ayz=a(l+yz)=2(l+@y—-1+Dz-1+1)> (@ -1+1D)(1+(Vy—-1+Vz—-1)?2) >

>(Vr—1+y—1+vVz—1)?

Takum obpasom,

r+ayz > (Ve —1+Vy—1++Vz—1)?
y+ayz> (Vo —14+Vy—14+Vz-1)
z4ayz > (Ve —14+Vy—1++z—1)?




CJ102KMB 9TH HEPABEHCTBA U IOJAEUB 00€ 9aCTH IOJIYYeHHOI'O HEPABEHCTBA HA 3, HOJIYYIUM TpeOyeMoe.

Solution (ENG). After applying Cauchy-Schwarz inequality we get

rtayz=2(l+yz)=2(1+@y—-1+1D(z-1+1)>@@-1+1D)1+(y—-1+Vz—-1)? >

>(WVr—1+y—1+Vz—1)
Thus,

r+ayz> (Ve —1+Vy—1++z—1)°
y+ayz> (Ve —14+Vy—1+Vz—-1)
z+ayz> (Vo —1+y—1++vz—-1)32

After summing these inequalities and dividing both parts of the resulting inequality by 3, we get the
required.

Task 4. Becbma HecTangzapTHBIN JIFOL0€1 BedepOM TIepe/I CHOM ToiMaJl APpYKHBIX MaTeMaTnKoB. «(Cero-
JIHS s CBIT, HO 3aBTPa s pa3jesaioch ¢ BAMU», — CKa3aJl OH U IIOTOM HPOIOJIKUI: « CeroJHsImHion HOIb
BBI IIpOBeieTe B 00Ieil KaMepe, a 3aBTpa YTPOM f paccazKy Bac IO OTAEIbHBIM KaMepaM ¢ HOMepaMH,
IIOTOM KazKJIOIO M3 BAC 10 OTJAEbHOCTU (C IJIa3y Ha 1J1a3) CHPOIly, KAKOH HOMEpP ero KaMepbl, U TeX, KTO
yraJiaeT B TOi 1epBOii MONBITKE, BHIIIYIILY U3 UX KaMep y Bcex Ha Iva3ax. Ho mocie 31oro s KaxKoMmy,
KTO Cpa3y He yraJaj HOMep ero KaMephbl, JaM ellle OJHY MONBITKY — elle pa3 (¢ a3y Ha 17a3) Clporry
PO HOMEpP ero KaMepbl, OJTHAKO, €CJIU XOTh OJUH W3 HUX OINOeTCSI — g CbeM Bcex!».
Kak cnactuch BceM MaTeMaTuKaMm?!

NsBecTno, 4To MareMaTukoB n > 1, MHJIMBUIYAJIHHBIX KaMep TOXKE 7, OHU IPOHYMEPOBAaHbI KAKUMU-
TO HEJBIMHU YncaaMu 13 auanasona or 0 1o (n — 1) (ograko, B 6ecropsiike n, BO3MOYKHO, ¢ TIOBTOPAMH
U IPOILYyCKAMH KAKUX-TO HOMEPOB — JIIOJI0E/-TO MAJOTPAMOTHBII ), U3 KazK/10ii KaMepbl BUIHBI HOMepa
BCEX KaMep, KpOMe HOMepa CaMoil 3Toil KaMepsl, B 00IIell KaMepe MaTeMaTHKH MOTYT J0rOBapUBATHCS
0 KaKOM YTOJHO aJTOPATMe YTaIblBaHus HOMEPOB CBOMX KaMep, HO B HHIUBHIYaTbHBIX KaMepax OHHU He
MOryT 00maThes (nepegaBarh Kakue-jand0 CUTHAJBL JIPYT JAPYTY), & PA3rOBOD € IJIa3y HA IJ1a3 CJIbIIIAT
TOJIHKO €r0 HEeIOCPEeJICTBeHHbIe YYaCTHUKH (JII00e/l 1 MaTeMaTHK, yJacTByolne B padrosope). Cam
JITOJ0€ T YeCTHBIN: OH I[eﬁCTBI/ITe.HbHO OTIIYCKa€T y BCEX Ha TVIa3aX MaTEMATUKOB, KOTOPbIE€ yraJaJu HO-
Mepa CBOMX KaMep B IIepBOil MOIIBITKE.

A very unusual cannibal caught some mathematicians at the evening. «Today I am full, but tomorrow
I will eat yous, he said and then continued: «Tonight you will spend in a common cell, and tomorrow
morning I will put you in enumerated separate cells, then I will ask each of you (in private) about what
his cell number is, and those who guess correctly in this first attempt will be released from their cells in
front of everyone. After that, I will give everyone else one more attempt — once again each of them will
be asked (in private) about the number of his cell. If at least one of them will not guess the number,
then T will eat them all!».

How can all mathematicians save themselves?

It is known that there are n > 1 mathematicians and n individual chambers that are numbered with
some integers from the range from 0 to (n — 1) (however, in disorder and, possibly, with repetitions and
gaps because the cannibal is poor in counting), from each cell you can see the numbers of all the other
cells (but cannot see the number of your cell itself), and in the common chamber mathematicians can
discuss their strategy, but in separate cells they cannot communicate in any way. The cannibal himself
is honest: he really lets go those mathematicians who guessed the numbers of their cells in the first
attempt, and all others will see it.



Solution (RUS). Cuauasia B 001eii kKamMepe MareMaTuKaM HaJ[0 IPUCBOUTH BCEM UHJIUBUJLYAJIb-
ubie Homepa ot 0 110 (n—1). [Tycrs so10e1 paccajana MaTeMaTHKOB O KaMepam ¢ Homepamu ko, . .., k,_1,
rae k; € {0,...,n — 1} obo3HauaeT HOMEP WHIMBHIYAJIbHOI KaMepbl, B KOTOPYIO TOCAYKeH MaTeMaTHK
¢ womepom i € {0,...,n—1}.

n—1
Kaxprii matemarnk ¢ € {0,...,n — 1} mMoxer mogcunrars cymmy S; = > kj, HO He MOXKeT
J=0,571
n—1
nozcuurarh cymmy S = > kj, ojgHaxo juist Kaxaoro i € {0,...,n — 1} nveem
J=0

ki=S—-S=(5-25;) (modn)=(S (modn)—S; (modn)) (modn)

K coxanennio, S (mod n) HUKOMY U3 MaTeMaTHKOB He H3BECTHO 3apaHee, HO MyCTh B KAYECTBE «KaH-
qugaray #Ha S (mod n) KaxKablii MaTeMaTHK Has3biBaeT CBOil cobcTBenHblit HOMep i € {0,...,n — 1}.
Takum 06pa30M 3a MepBYIO MONMBITKY BCe MATEMATHKH BMeCTe mepebepyT (Tak CKa3aTh, MAPaJIeTbHO)
Bce Bo3MozkHble BapuanTel (S (mod n)) € {0,...,n — 1}, u, caegoBare/bHO XOTs Obl OJMH MATEMATHK
Oymer ocBOOOXKEH y Bcex Ha riasax. Ilycrb Homep sroro maremaruka m € {0,...,n — 1}, u, cie-
JIOBATEJBLHO, 9TO YHUCJIO M OH Ha3BaJa B KadecTBe S (mod m), mo3TOMYy BO BTOPOi HONBITKE KarKIOMY
sakar0uéHHOMy MaremaTuky ¢ € {0,...,n — 1} B KauecTBe HOMEpa KaMephbl CJIeJyeT HA3BATh
(m — (S; (mod n))) (mod n), 4To6bI CIIACTHC.

Solution (ENG). First, in the common chamber, mathematicians must assign individual numbers
from 0 to (n—1) to everyone. Let the cannibal seat the mathematicians in cells with numbers ko, ..., k,_1,
where k; € {0,...,n — 1} denotes the number of the individual cell in which the mathematician with
number i € {0,...,n — 1} sits.

n—1
Every mathematician ¢ € {0,...,n — 1} can calculate the sum S; = ) k;, but can’t calculate
=0,

n—1
the sum S = )" k;, but for each i € {0,...,n — 1} we have
=0

ki=S—-S=(5-25;) (modn)=(S (modn)—2S; (modn)) (modn)

Unfortunately, none of the mathematicians knows S (mod n) in advance, but let each mathematician
name his own number i € {0,...,n — 1} as a «candidate» for S (mod n). Thus, during the first
attempt, all mathematicians together will check all possible options of (S (mod n)) € {0,...,n — 1},
and, consequently, at least one mathematician will be freed in front of the others. Let the number of
this mathematician be m € {0,...,n — 1}, and, consequently, he named this number m as S (mod n),
so in the second attempt each other mathematician with number ¢ € {0,...,n — 1} should name
(m — (S; (mod n))) (mod n) as cell number — that’s the way to escape.

Task 5. (3amaua npenocrasiena mapraepom Ouuvmmra el — kommnanueii « Tuabkohd Obpazopanues )
Ha cTone nexkar 16 KapTodek: Ha OTHON M3 HUX HANNCAHO YUCJO0 1, HA BTOPOil — 2, HA TpeTheit — 3, .. .,
Ha rocJjieaaeit — 16. Bacs nepeBepHyst ux Bce u ObICTPO Hepemeriaj Tak, 9ro [lers He ycres 3an0MHUATD
MECTOTIOJIOYKeHe HU OJIHON KapTodkm, a caMm Bacs 3amoMHII BCE.

[Terst xo4uer BBLIOKUTHL Bce 16 KapTOUeK B psijl, HE MEPEBOPAYNBAS WX, TaK, YTOOBI UNCIA HA HUX
IILIA CJIeBa HaIpaBo JIKOO MO BO3pacTaHuio, JuOO 1Mo yObBaHUIO. Bacsa xodeT eMy B 3TOM IIOMOYb. 3a
OJIHY TIOJICKa3Ky Bacs MoxkeT yKa3aTh Ha JiBe KAPTOUKHU U cKa3aTh [leTe, ueMy paBeH MOIY/Ib pa3HOCTH
uucesl Ha HUX (He cooblIas, KAKOe U3 Jucesi DOJIblie).

3a Kakoe HanMeHbITee KOJNIeCTBO MOACKA30K Bacs Mozxker nomous [lere rapanTupoBanHO 100UTHCS
nesu’?

There are 16 sheets on a table with the number 1 written on the first one, number 2 on the second
one, number 3 on the third one, ..., and number 16 on the last one. Vasil turned them all over and



quickly mixed them so that Peter did not have time to remember the location of any sheet, while Vasil
remembered all of them.

Peter wants to put all 16 sheets in a row (without turning them over) in such way that the numbers
on them go from left to right either in increasing or in decreasing way. Vasil wants to help Peter in
this. For one hint, Vasil can point at two sheets and tell Peter the difference between numbers on them
without telling which of the numbers is larger.

For what smallest number of tips can Vasil help Peter to achieve the goal for sure?

Solution (RUS). [lepeBeaém 3amauy Ha 36K rpadoB: BepiIMHAME OY/yT HAIIH KAPTOYKH ¢ HO-
Mepamu ot 1 0 16, a jBe BepmuHbl OyjeM coeluHaTh pebpoM, ecyim Bacs ykasbiBaJ Ha JaHHBIE JBE
KapTOYKN ¥ TOBOPUJ WX MOJAYIb pasHocTu. PaccMoTpuM ciaydanm, KAKUMH MOTYT OBITH KOMIIOHEHTHI
cBsi3HOCTH JIaHHOTO Tpada. [TpenoaoKuM, 4To eCcTh XOTst Obl Be W30JUPOBAHHBIE BEPIIUHBI (TO €CTh
JIBE KAPTOUYKH, IIPO KOTOPbIe HU pady HUYero He rosopuiu). B srom ciayuae [lerst He cmoxker paciiosio-
JKHUTh KAPTOYKH B MOPsijIKe BO3pacTaHusi/yObIBaHWsl, TAK KAaK CJIydad, KOTJIa 9TU J[Be KAPTOYKH JIezKar
B MPABUJIBHOM TOPSJIKE W KOTJA 3TU JIB€ KAPTOUYKH TOMEHSHbI MECTaMHU, OH Pa3JIMYUTh HE CMOZKET.
IIporuBopeune.

[TpemoI0KuM, 94TO eCTh KOMIIOHEHTA CBSI3HOCTH, COCTOAIIAst W3 2 BepmuH ¢ u j (TO eCTh mapa
KapTo4iek, Ha KOoTopyio Bacs ykasbiBaji, HO OOJibllle HU HA OJIHY U3 ITUX JIBYX KapPTOYeK OH He yKa3bl-
BaJ1). AHAJIOrMYHO mporuioMy ciaydaio [lers He cMOXKeT PACIIOJOKUTH KAPTOYKH B MOPsIJIKE BO3pACTa-
Hust/yObIBaHWsI, TAK KAK CJIydau, KOTJa KAPTOYKM © U j JiexKaT B IPABIJIBHOM MOPsijIKe U KOT/a 9TH OHH
NOMeHSTHBI MecTaMu, [leTst pa3jimauTh HEe CMOYXKET, BeJIb OH PO HUX 3HAET TOJHKO MOJY/Ib UX PA3HOCTH,
a B 3THUX CJyYasX MOTY/Ib pa3HOCTU OAMHAKOBHIHA. [IpoTuBOpeune.

Nrak, B rpade na 16 BepmuHax MakcuMyM 1 m30MpoBaHHAs BEPITUHA, a BCe APYTHe KOMIOHEHTHI
CBSI3HOCTH MMEIOT MUHUMYM 3 BEPIINHBI. SHAYUT, KOMIIOHEHT CBSI3HOCTH MakcuMyMm 6, a pébep He meHee
16 — 6 = 10 (kak u3BecTHO, péGep B rpade He MeHbIe KOJINIeCTBA BEPIHH, YMEHBIITEHHOTO Ha KOJIHYe-
CTBO KOMITOHEHT CBSI3HOCTH). TeM caMbIM, KOJMIECTBO MOJACKA30K JOJIKHO OGbITH He MeHee 10.

Tenepsr mpuBeném npumep 10 momckazok, mo KOTOpbIM [leTd cMoxKeT pacmoIOKUTH KapTOYKU B
HyxHoM nopsijike. [Tlycrs Baca ykaxker Ha cjejyyioniue mapbi:

(1,16), (1,14),(15,3), (15,4), (2,12),(2,11), (13,6), (13, 7), (5, 10), (5,9)
Co croponsl [letn 11 noaCKa3Ku 0003HAUUM CJIELYIOMAM 00PA30M:

(a'17 a2, 15)a (ala as, 13)7 (a4a as, 12)7 (a47 Qg 11)7 (a77 as, 10)7 (a77 Qyg, 9)’ (CLlO, aiy, 7)a ((110, a2, 6)7

(013> 14, 5)> (a137 15, 4)7

rje a; — 9To 0DO3HavYeHne KapTOYeK, a TPEeThe YHUCJI0 — 3TO MOJY/b PA3HOCTH YHCEJ Ha JIBYX JAHHBIX
KapTOYKaX.

[Tokaxkem, kak [leTe MO THM MAHHBIM PACIOJIOXKUTH KapTOYKH B HYKHOM MHOpdake. [yisg 3Toro
OH OyJIeT TOCTe0BATEIHHO BBIKIAIBIBATL KAPTOUKH Ha mo3uiuu ¢ 1 no 16. TTo moxckaske (aq,as, 15)
[Terss nonuMaer, 4To0 Ha KAPTOYKAX @1 U Ay JIOJIKHBI ObITh Hamucanbl yucia 1 u 16. Torga nycrs [lers
MOJIOZKHUT @1 HA MEPBYIO HO3UIUIO, do — Ha 16-10 ¥ TOr/Ia 110 BTOPOi 10/ICKa3Ke MOHITHO, 9TO (3 JOJIKHO
JiexkaThb Ha 14-i1 mo3unuun:

al? |:|7 |:|7 |:|7 |:|7 ‘:’7 |:|7 D? |:|7 |:|7 |:|7 |:|7 D7 a37 |:|7 a2

Ectp 1Ba BapmanTa, KaKne MMEHHO YKCJIa HAIMCAHBI HA BBIJIOYKEHHBIX KAPTOUKaX:

1,0,0,0,0,0,0,0,0,0,0,0,0,14, 4, 16 v 16,0, 0, 01, O, O, U1, O, U1, O, O, 01, O, 3, O, 1. 1o mox-
ckaske (ay,as, 12) TleTss moHUMAET, YTO KAPTOUKHU a4 U (5 JIOJKHBI JIEXKATH HA MO3UIMSX 3 U 15 (1y1st
JIEOOBIX JIPYIUX JBYX HO3ULUIT MOJyJib pazHocTu Oyjier Menblie 12), upudém 1o cjejyomei mojickaske
(a4, a6, 11) MOXKHO TOHSITH, YTO G4 He MOXKET JiexKaTh Ha 3-i Mo3uIMU (MHAYE KAPTOYKA g JOJIZKHA



ObLia Obl 1OACTD HA 14-10 HO3UIKMIO, KOTOPas 3angTa). [TojydaeM, 410 KAPTOUKHU a4, G5, Gg OJHOZHAYHO
ona AT Ha no3uiuu 15, 3,4 coOTBETCTBEHHO:

ay, |:|> as, e, |:|7 Da Da |:|7 D7 |:|7 Da |:|7 Da as, ay4, Az

ECTb ABa BapuaHTa, KaKUe UMEHHO 4YUCJia HallUCaHbl Ha BbIJIO?KEHHBIX KapPpTO4YKaX:
1,00,3,4,0,0,0,0,0,0,0,0,0, 14, 15, 16 wu 16,0, 14,13,0,0,0,0, 0, 0,0, 0,0, 3, 2, 1.

AmnasorndHo gasee 10 mojAcKkaskaM (ar, ag, 10) u (ar, ag, 9) moHEMaeM, 9TO ar, dg, g CTOAT HA MO3H-
nusx 2,12, 11 coorBeTcTBEHHO:

ai,ay, as, Gg, Du Da D) D7 |:|7 Du Qg, asg, D7 as, aq4, a2

Ecrb aBa BapnanTa, KaKue NMEHHO YHCJIa HAIIMCAHBI HA BBLIOXKCHHBIX KAPTOYKAX:
1,2,3,4,0,0,0,0,0,00,11,12, 00, 14, 15, 16 wm 16, 15, 14, 13,0, 0,0,0,0,0,6, 5,01, 3, 2, 1. Tlposoas
Te JKe PACCYZKJIeHNUS eIIé /[Ba pas3a Jisl nap MoACKa3okK (ag, a1, 7), (a1, a12,6) u (a13, a14,5), (@13, a1s, 4),
HGTH BBIJIOZKUT KapTOYKHU B IOPAIKE

a, arz, as, g, A13, A11, @12, D7 15, A14, A9, Ag, 10, a3, A4, A2

OHHTB 7Ke, eCTh JBa BapHaHTa, KaKH€ UMEHHO YHCJIa HAIIUCAaHbl Ha BBIJIO2KEHHBIX KapPpTOYKaX:
1,2,3,4,5,6,7,01,9,10,11,12, 13,14, 15, 16 nsm 16, 15,14, 13,12,11,10,[1,8,7,6, 5,4, 3,2, 1. Ocrasocs mo-
JIO?KUTDH HOCJIETHIOI KaAPTOUKY (g (KOTOpyIO Bacsa ne yHOMI/IHa.H) Ha 8-10 MO3UIHIO, U TOTJA B MOJTyUeH-
HOM Py

ai, ar, as, g, @13, A11, A12, d16, A15, 14, A9, Ag, 10, A3, A4, A2

qucja ot 1 10 16 OyayT ujgaru b0 B 1Opsi/ike BO3pacTaHus, JubO B MOPsIKe YObIBAHUS.

Solution (ENG). Let’s translate the problem into the language of graphs: the vertices will be
our sheets with numbers from 1 to 16, and we will connect two vertices with an edge if Vasil pointed to
these two sheets and spoke the difference in their numbers. Consider the cases of what the connected
components of a given graph can be. Suppose that there are at least two isolated vertices (that is, two
sheets about which nothing has ever been said). In this case, Peter will not be able to arrange the sheets
in ascending or descending order, since he will not be able to distinguish between the cases when these
two sheets are in the correct order or when these they are swapped. By that, we have a contradiction.

Suppose that there is a connected component consisting of 2 vertices i and j (that is, a pair of
sheets that Vasil pointed to, but he did not point to any of these two sheets separately). Similarly to
the previous case, Peter will not be able to arrange the sheets in ascending/descending order, since the
cases when the sheets ¢ and j lie in the correct order, and when they are swapped, Peter will not be
able to distinguish, because he only knows about their difference. Again, we have a contradiction.

So, in a graph on 16 vertices, at most 1 is an isolated vertex, and all other connected components
have at least 3 vertices. This means that there are at most 6 connected components, and at least
16 — 6 = 10 edges (as you know, the number of edges in a graph is not less than the number of vertices
reduced by the number of connected components). Thus, the number of hints must be at least 10.

Now let’s give an example of 10 hints, according to which Peter will be able to arrange the sheets
in the right order. Let Vasil point out the following pairs:

(1,16),(1,14),(15,3),(15,4),(2,12),(2,11),(13,6), (13,7), (5, 10), (5,9)
From Peter’s point of view, these hints will be denoted as follows:
(a'h a2, 15)a (ala as, 13)7 <a4a as, 12)7 (a47 Gg, ]-1)7 ((17, as, 10)7 (a77 Gy, 9)’ (a107 aii, 7)7 (a107 a2, 6)7

(@13, a14,5), (a13, a15,4),



where a; is the designation of the sheets, and the third number in each triple is the difference between
the numbers on the two sheets given.

Let’s show how Peter can arrange the sheets in the right order according to these data. To do this,
he will sequentially lay out sheets in positions from 1 to 16. At the hint (aq,as, 15) Peter understands
that the numbers 1 and 16 should be written on the cards a; and a,. Then let Peter put a; in the first
position, as in the 16th position, and then it is clear from the second hint that as must be in the 14th
position:

a, 0, 0,0,0,0,0,0,0,0,00,0,0, a3, [, as

There are two options for which numbers are written on the laid out sheets:
1,0,0,0,0,0,0,0,0,0,0,0,0,14,0,16 or 16,0, 0, 0, 0,0, 0, 0, 0, 0, 0, 10, 0, 3, ,1. By the hint
(a4, as,12) Peter understands that sheets ay and as must lie at positions 3 and 15 (for any other two
positions, the difference will be less than 12), and according to the hint (a4, ag, 11) it can be understood
that a4 cannot lie on the 3th position (otherwise the sheet ag would have to fall on the 14th position,
which is occupied). We get that sheets a4, as, ag uniquely fall into positions 15, 3,4, respectively:

aq, |:|7 as, ae, |:|7 D7 |:|7 |:|7 D7 |:|7 D7 |:|7 |:|7 asz, a4, a2

There are two options for which numbers are written on the laid out sheets:
1,00,3,4,0,0,0,0,0,0,0,0,0,14, 15,16 or 16,7,14,13,00,0, 0, 0,0, 0,1, 3,0, 3, 2, 1.
Similarly, using hints (ar, as, 10) and (a7, ag, 9), we understand that ar, ag, ag are at positions 2,12, 11,
respectively:
ay,ar,as, ag, 1, UL UL UL UL U, ag, ag, U, ag, aq, as

There are two options for which numbers are written on the laid out sheets:
1,2,3,4,00,0,00,0,00,00,11, 12,01, 14, 15, 16 or 16, 15, 14, 13,0, 10, 1, 10, J, 11, 6, 5, L, 3, 2, 1. Carrying out
the same reasoning two more times for pairs of hints (a9, a11,7), (a10, @12, 6) and (a3, a14,5), (a13, a5, 4),
Peter will lay out the sheets in order

a,ar,as, ag, A13, A11, A12, I:]7 15, A14, A9, ag, @10, A3, A4, A2
Again, there are two options for which numbers are written on the laid out sheets:

1,2,3,4,5,6,7,00,9,10,11,12,13, 14, 15,16 or 16, 15,14,13,12,11,10,0,8,7,6, 5,4, 3, 2, 1. It remains to
put the last sheet ajg (which Vasil did not mention) to the 8th position, and then in the resulting row

a1, a7, a5, Ge, 13, A11, @12, A16, @15, 14, A9, A8, A410, A3, A4, A2

numbers from 1 to 16 will either be in ascending or descending order.



