10-12"" degree

Task 1. B upocrpancrse JaHbl 4eTbipe HOIAPHO HEPABHBLIX U IIOHAPHO Hapa/lie/ibHbIX orpeska A;B;,
1 = 1,2,3,4. Jlokaxkure, 4TO TOYKHU IEPECEUCHUs ITPOJOJIKEHUIT OOKOBBIX CTOPOH MIECTU Tpameruit
A;B;A;B; (1 <i<j<4)mexkar B OIHO! MIOCKOCTH.

In a space there are four pairwise unequal and pairwise parallel segments A;B;, ¢ = 1,2,3,4.
Prove that the intersection points of the extensions of the side edges of the six trapezoids A;B;A;B;
(1 <i<j<4)lie in the same plane.

Task 2. Harypasabubie unciaa Buga 11 ... 1 (gecsatuanas 3amuch coCTOUT W3 n eanHUI) Gygem o6o3Ha-

n
qaTh R,. JlokaxKuTe, UTO CyIIecTByeT Takoe HATypaJbHOe YHCI0 k, uro R, mAenutcd Ha 41 Torma u

TOJIBKO TOTJIa, KOIJa 1 JIeJIUTCS Ha K.

Lets denote positive integers of the form 11...1 (the decimal notation consists of n digits «1») as R,,.

Prove that there exists a positive integer k such that R, is divisible by 41 if and only if n is divisible by k.



Task 3. llycts a, b, ¢ — B3auMHO NPOCTHIE B COBOKYIHOCTH HATYpPAJIbHBIE YUC/IA, U
D, = (a+b+c,a®+b*+ca" + b+ ).

Haiiure BCce Bo3MOKHBIE 3HAYeHUs1 [),,, T1e n — HATypaJabHOe YHCJI0, KpaTHoe 3.

Bamuce (ay, as,ag, . . ., ax) 0b03HATACT HAHOOJBIIH OOUIHI JeTHTEb EeJIbIX THCET A1, A, A3, - . -
Llesbie uncaa aq,as,as, . .., a, HA3BIBAIOTCS B3aUMHO MPOCTHIMU B COBOKYIIHOCTH, €CJIH
(al, ag, as, ... ,ak) = 1.

Let a,b, c be mutually co-prime positive integers, and
D, = (a+b+c,a®+b*+c*a" + b+ ).

Find all possible values of D,, while n is a positive integer divisible by 3.

The notation (ay, as, as, . .., a) denotes the greatest common divisor of the integers a, as, as, . . .

Integers ay, as, as, .. .,ay are being called mutually co-prime if (a1, as,as, ..., a;) = 1.



Task 4. Ha mjockoctu HapucoOBaHO HECKOJIBKO OKPY2KHOCTEil, NnpudeM KaxKjas lapa OKPYKHOCTel
1epeceKaeTcst POBHO B JIBYX TOYKAaX, U HUKAKWe TPU OKPY’KHOCTU He UMeloT 0bineit Touku. Kpyriocro-
POHHHK — 3TO YaCTh IJIOCKOCTHU, CO BCEX CTOPOH OTPAHUYEHHAS JIyTaMHU THX OKPYKHOCTEi, rpaHuIa
KOTOPOIl COCTOUT U3 KAKHUX-TO YT 3TUX OKPYKHOCTeil, IpudeM MeKJy JIOOBIMU JIByMsl BHYTPEHHUMHU
TOYKAMHU KPYTJIOCTOPOHHUKA MOXKHO MPOUTH, He NepeceKass HU OHON TYTH JAHHBIX OKPYZKHOCTEI.
Hanpumep, nuxke n3zo6parkeHbl JBe OKPYKHOCTH, 00pa3yioiiue 3 KpPYIVIOCTOPOHHHKA, 0DO3HAYEHHbBIE
aomepavm 1,2 m 3.

CMmexkHbIe KPYTJIOCTOPOHHUKH — 3TO KPYTJIOCTOPOHHWKHU, UMEIOIIHe OOIIYI0 AyTy OKPYKHOCTH B Ka-
YeCTBe IPAHUII, IPUYEM JIyTa J0JI2KHA ObITh HEBBIPOXK/IEHHON, TO €CTh He CBOJAMIEHCS K OHOM TOUKe.
Hanpnwvep, ma pucyHke BpIllTe CMEXKHBIMH SIBISIOTCS KPYTJIOCTOPOHHUKA 1 w2, 2 m 3, Ho He 1 m 3.

g kakoro HanMenbirero C' > 2023 MOKHO HAPUCOBATH OKPYKHOCTH TaK, IYTO BBHIITOTHEHBI YCJIOBUSI,
HepevnC/IeHHbIe BBIMIE, U 9TH OKPYKHOCTH 00pa3oBbiBa i poBHO C' KPYTJIOCTOPOHHUKOB?

Jlokaxkure, 9T0 /s JTI0OOOTO PACIOIOKEHUSI HAPUCOBAHHBIX OKPYKHOCTEl Ha IJIOCKOCTH, YI0BJIETBO-
PSIONIUX TEPeINCIeHHBIM YCIOBUAM U 00pa3yoomux He MeHee 2023 KpYyrJIOCTOPOHHUKOB, 00SI3aTEIbHO



Hafijlercd KpyIrJiOCTOPOHHUK, OI'PAHUYEHHbIT MeHee d4eM 4-Msi JlyraMu.

Several circles are drawn on the plane, with each pair of the circles intersecting at two points, and no
three circles have a common point. Let’s call round-gon a part of a plane with its boundaries consisting
of some arcs of these circles, such that it is possible to pass between any two internal points without
crossing any of the arcs of these circles .

For example, below are two circles that form a 3 round-gons labeled 1,2, and 3.

Adjacent round-gons are those having a common circular arc as a boundary, and the arc must be
not be a single point.
For example, in the picture above the round-gons 1 and 2, 2 and 3 are adjacent, but round-gons 1 and
3 are not adjacent.

For what smallest C' > 2023 can circles be drawn in such way that the conditions listed above are
satisfied and these circles form exactly C' round-gons?

Prove that for any arrangement of the circles on the plane that satisfies the conditions listed and
forms at least 2023 round-gons, there must be a round-gon bounded by less than 4 circular arcs.



Task 5. (3azaua npenocrasiena mapraepom Ouavmmra el — kommnanueii « Tuabkohd Obpazopanues )
HazoséMm kimeTdarslii KBagpaT, KaKaasd KJIeTKa KOTOPOTO MOKpAIlleHa B YEPHBIH WU B YKEITHI IBeT,
20PMOHUYHDLM, €CTH B HEM KOJTHMYECTBO UEPHBIX KJIETOK OTIUYAETCS OT KOJUYECTBA KEITHIX KJIETOK
He Oosiee yem Ha ejuHuUIly. CKOJIBKHME CIIOCODAMU MOYXKHO packpacuTh kjerku Tadsuisr 100 x 100 B
YEPHBIN 1 KEJITHINA 1[BETA TaK, 9TO0BI JIOO0I KBaIpaT B 3TOH Tab/ I OB TAPMOHUIHBIM !

Let’s call a square (with each of its cells being painted in either black or yellow) harmonious, if the
number of black cells differs from the number of yellow cells by no more than 1. How many ways are
there to paint a 100 x 100 table in black and yellow if any square in the table must be harmonious?



