7" degree

Task 1.

1. B gauBape HEKOTOPOro rojia 4eTBepros OOJbIIE, YeM BTOPHHUKOB, a cyO0OT MeHbIIe, YeM ISTHHIIL.
Ha xakoe 4ncio npuxoauTcs MOCTeTHUN TOHEIeIbHUK STOTO SHBAPS !

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its last Monday?

Answer: 27

2. B gauBape HEKOTOpPOTO rojia 4eTBEpProB 0OJIbINE, YeM BTOPHUKOB, a CyOOOT MEHbIIe, YeM MATHUIIL.
Ha kakoe 4mcio mpuxoauTcs TpeTuit YeTBepr 3TOro sHBapsd’

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its third Thursday?

Answer: 16

3. B gauBape HeKoTOpPOro rojia 4eTBepron 0OJIbIlle, YeM BTOPHUKOB, a CyOOOT MeHbIIe, YeM IATHUIIL.
Ha kakoe 9uc/i0 mpuxoanTcst 9eTBepTasi Cpejia ITOro STHBAPS !

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its fourth Wednesday?

Answer: 22

4. B gaBape HEKOTOPOTrO To/ia YeTBEpProB OOJIbINE, YeM BTOPHUKOB, a CyOOOT MEHBINe, YeM MATHHII.
Ha kakoe 9uc/i0 mpuxonuTcs mMepBbiii BTOPHUK ITOTO sIHBAPS !

In some year, January has more Thursdays than Tuesdays, and less Saturdays than Fridays. What
number in the January has its first Tuesday?

Answer: 7

Solution (RUS). (mpeacraieno perenne Bapuanta Ne1, octajbHble PEMAKTCs aHAJIOrHIHO) B
KaKJI0M sgHBape 31 JeHb, 9TO cocTaBigeT 4 MOTHbIe HeJe N U eTlle 3 THS — 3HAYUT, HUKAKOI TeHb HeJes T
He BCTPeTHUTCd MeHbIe 4 pa3 u O6ombine 5 pas. VI3 ycioBud ciaemyeT, 4To B yKa3aHHOM sSHBape ObLIO 4
BTOpPHUKA, 4 cyOOOTHI, 5 4€TBEPIrOB U D ISTHUIL.

Ecin ssHBaph HAYNHAETCSI ¢ BOCKPECEHbsI, OHE/IeIbHIKA HJIH BTOPHUKA, TO B HEM 5 BTOPHUKOB (11PO-
THBOPEYUT yCJI0BHI0). Ecin ssHBaph HAUMHAETCsI ¢ YeTBepra, MATHUIIBI WKl Cy6O0TH, TO B HeM 5 cy660T
(TOKe MPOTHBOPEUHT yCJI0BUIO). Takum 06pa3oM, JiJist COOIIOIeHNs YCIOBUil STHBAPD JOJIZKeH HAYMHATD-
cd CO CPeJbl, & 3HAYNT, 3aKaHUYUBATHCA MATHUIEH 31-TO, T.e. MOCTeTHUIT TTOHEIETbHUK MTPUXOTUTCI HA
27 auBaps.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Each
January has 31 days, which is 4 full weeks and 3 more days, which means that no day of a week occurs
less than 4 times or more than 5 times. From the condition it follows that in the given January there
are 4 Tuesdays, 4 Saturdays, 5 Thursdays and 5 Fridays.

If January begins on a Sunday, Monday or Tuesday, then it has 5 Tuesdays (which contradicts the
condition). If January begins on Thursday, Friday or Saturday, then it has 5 Saturdays (also contrary
to the condition). Thus, in order to comply with the conditions, January must begin with Wednesday,
which means it must end on Friday the 31st, i.e. the last Monday appears on January 27th.



Task 2.

1. B kmacce yuarca 6 meBodek m 9 MaIbdMKOB. BBLIO peleHo co3maTh U3 yIEHHKOB ITOr0 KJIacca
HaROOIbIITee KOJTUIECTBO MIKOJIBHBIX YaTOB B yueOHOM npoduie «Cdepymy, B KazKI0M U3 KOTOPBIX
Oyzer xorst Obl ojHa jgeBodKa. CKOJIBKO 9aTOB OYyAeT CO31aH0?

There are 6 girls and 9 boys in the class. It was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 32256

2. B knacce yuarca 7 jgeBouek u 10 MaJTbIMKOB. BBLIO peleHo co3/1aTh U3 YIEHHKOB 9TOrO KJacca
HarOOJIbIIIEe KOJMIECTBO HIKOJIbHBIX YaTOB B yaeOHOM npoduie «Chepymy, B KazKI10M U3 KOTOPBIX
oymer xoTst Obl ogHa geBodKka. CKOJIBKO 9aToOB OYAET CO31aHO?

There are 7 girls and 10 boys in the class. It was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 130048

3. B kmacce yuarca 6 meBodek u 7 MAJBIMKOB. BBLTO pelreHo co3JaTh U3 YUYEHUKOB ITOTO KIACCA
HaubOJIbIIee KOJIMIECTBO MKOJIBHBIX 9aT0OB B yaeObHoM mnpoduiie «Cdhepyms, B KarK0M U3 KOTOPBIX
oymer xoTst Obl ogHa geBodKka. CKOJIBKO 9aTOB OYAET CO31aHO?

There are 6 girls and 7 boys in the class. It was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 8064

4. B kiacce yuarcsa 6 jieBodek u 10 MajibuvKOB. BbLIO pelieHo co3/Jarb U3 YYeHUKOB ITOr0 KJacca
HanOOJIbIITee KOJIMIECTBO MKOJIBHBIX 9aTOB B yaeOHOM 1npoduiie «Cdhepyms, B KarKI0M U3 KOTOPHIX
oymer xoTst Ob1 ogHa AeBodka. CKOJIBKO 9aTOB OYAET CO3IaHO?

There are 6 girls and 10 boys in the class. It was decided to create the largest number of school
chats in the «Spherum» educational profile from the students of this class, with each of the chats
having at least one girl. How many chats will be created?

Answer: 64512

Solution (RUS). (npeacrapieno pemenne papuanta N1, octaabHble penaroTces aHaaorudao) Ectb
poBHO 2" ¢10CO60B BLIGPATh LOJAMHOKECTBO U3 MHOXKECTBA C 7 3JIEMEHTAMU — 3HAUYUT, BCErO U3 yUYeHU-
KOB 3TOr0 KJIacca MOXKHO cocTaBHTh 2'° = 32768 uaros. CocraBuTh uar 6e3 JeBouek MoxKHO 27 = 512
criocobamu, T.K. B Kjacce 9 MaJTbINKOB. SHAYUT, OCTAJIHHBIX YaTOB, B KOTOPHIX OYAET XOTs OBl 110 OHOI

JieBouKe, OyaeT 32768 — 512 = 32256.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) There
are 2" ways to select a subset from a set with n elements, thus there can be 2'° = 32768 chats created
from the students in the class. Also there can be 2% = 512 chats without girls since there are 9 boys in
the class. By that, the rest of the chats will have at least one girl, and there will be 32768 — 512 = 32256
such chats.



Task 3.

1. Ha ocTpoBe KHUBYT JiBa IJIEMEHH — pbIlapu (BCerja rOBOPAT MpPaBy) W JIZKENbl (BCErja JITYT).
Opnazkabl 2023 oCTPOBUTIHUHA CEJTU 38 KPYIVIBIH CTOJ, M KayKIbIi M3 HUX CKa3aJ: «CPeau JIBYX
MOHX cocelieil ecTb MOi comieMeHHUK». [Torom mpwuimes emre oauH JKer U ces 3a croj. Ilpm
KaKOM HamOOJIbIIIEM KOJIMYECTBE PhIlapeil MOKHO TapaHTUPOBATH, YTO HE BCE CMOT'YT MOBTOPUTH
YTBEPIKIEHUE «CPEJIH JIByX MOUX COCeJieil eCTh MOil COIJIEMEHHUK» 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 2023 islanders sat down at a round table, and each of them said: «among my two neighbors
there is my fellow tribesman». Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesman»?

Answer: 1517

2. Ha octpoBe KUBYT JBa ILIeMEHH — pbiapu (BCerja roBOpsAT MpaBiy) U JIzKelbl (Bcerja Jryr).
Opnazkapl 9999 ocTpOBUTSH ceMu 3a KPYIVIBIH CTOJ, W KaxKJIblii U3 HHUX CKa3a/l: «CpeJIH JIBYX
MOHUX COCemeil eCTh MOil COIIeMEHHHK». 1I0TOM IpHIIesn eme OIuH JIZKeI W cea 3a cTol. llpu
KaKOM HauOOJIbIIIEM KOJIMYECTBE PhIlapeil MOKHO rapaHTUPOBATH, YTO HE BCe CMOI'YT HOBTOPUTH
YTBEPK/IeHUE «CPeIu JIBYX MOWX COCejieil eCTh MOl COIIEMEHHUK 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 9999 islanders sat down at a round table, and each of them said: «<among my two neighbors
there is my fellow tribesman». Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesmans?

Answer: 7499

3. Ha octpose KUBYT JBa IJIeMeHH — pbiapu (Bcerja roBopsT TpaBiy) W JKenpl (Bcerga Jryr).
Onnazkapr 5432 OCTPOBUTAHUHA CeJTH 38 KPYTJIBIA CTOM, W KayKIbIil M3 HUX CKA3aJ: «CPeIH JIBYX
MOHX cocejieil ecTh MOii CoIieMeHHHK». II0TOM NpHIIes eme OJUH JIZKel U cel 3a CToJ. llpu
KaKOM HaubOJIbIIEM KOJMYECTBE PhIAPeil MOKHO rapaHTHPOBATh, YTO HE BCE CMOIYT IIOBTOPHTD
YTBEPKJIEHUE «CPeJM JABYX MOMX COCe/eil eCTh MO COIIeMEeHHUK» 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 5432 islanders sat down at a round table, and each of them said: «<among my two neighbors
there is my fellow tribesman». Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesman»?

Answer: 4074

4. Ha ocrpoBe »KUBYT JiBa IUIEMEHH — DHIIApH (BCErga roBOpsiT NPaBIy) W JzKelpl (Bcerja Jryr).
Opnax bt 6002 oCcTPOBUTSIHUHA CEJTU 38 KPYIVIBIH CTOJI, M KayK/Iblif U3 HUX CKa3aJ: «CPeIu JBYX
MOUX cOceJleil eCTb MOil colIeMeHHUK». [loTom mpumres eme oaun jzker u cen 3a cros. llpm
KaKOM HamOOJIbIITeM KOJUYECTBE PHIapeil MOYKHO TapaHTHPOBATH, YTO HE BCe CMOTYT MOBTOPUTD
YTBEPK/ICHUE «CPEeJU JIBYyX MOUX COCejiell eCTh MO COIJIEMEHHUKY 7

Two tribes live on the island: knights (who always tell the truth) and liars (who always lie). One
day, 6002 islanders sat down at a round table, and each of them said: «<among my two neighbors
there is my fellow tribesmans. Then another liar came and sat down at the table. What is the
largest number of knights that can guarantee that not everyone will be able to repeat the statement
«among my two neighbors there is my fellow tribesman»?

Answer: 4501



Solution (RUS). (upeiucrapieno peuenne papuanra N1, ocrajibHbie PEIIAIOTCs AHAJIOIHYHO) flc-
HO, YTO JIBa JIZKeIla He MOT'YT CHJIETb PSJIOM, a C KaxKJIbIM PbIIAPEeM CUJUT XOTs Obl OJUH PbIAPph —
3HAYMT, BCE CHJIAIINAE 33 CTOJOM Pa30UThl HA T'PYHILI PBIApeil, MeXK/1y KOTOPBIMH CHUJIAT MO OJIHOMY
JIZKEIy. 3aMeTUM, 9TO €CJIM B KaKOH-TO W3 TaKUX IPYIIT €CTh XOTs Obl 4 phIapst, TO B 3TY TPYIIY MOYKET
«BKJIUHUTBCS» OIO3/IABIINM JIZKEI[: OH CAIUTCS TaK, 9TOOBI ¢ KAaXKJI0# CTOPOHBI OT HErO CHJETH XOTS Obl
JBa peinapda. Mtak, B KaxKa0#l yIIOMIHYTO# rpytme 6o 2, mu60 3 phimaps.
[Iycth ecTh m rpyuil ¢ TpeMs pbillapsMu ¥ 1 Pyl ¢ JAByMs pbinapsavu. lTorga 4m + 3n = 2023
(KazKJI0if TpyIIe COOTBETCTBYET POBHO OJMH JIZKEID), a obIiee Iucjo poirapeii pasao 3m + 2n. lamee
n = (2023 — 4m)/3, orkyna

-1
3m+2n:3m+2-(2023—4m)/3:3m+2-(2022/3—m—(m—l)/3):m—|—1348—2-mT,

otkyaa m = 3k + 1 jyg HeKOTOpOro 1eoro k (uHade obiee YUCI0 philapeii He OyIeT MeJbIM YHCTIOM).
[Tonyunm, aTo obIee dmc/Io phinapeit 3a crosoM paBHo 3k + 1349 — 2k = k + 1349, npudem 4m =
4(3k + 1) < 2023, orkyga k < 2019/12 = 168.25, 1.e. naubo.biiee nenoe k = 168. Urak, naubosibiiee

BO3MOKHOE 4HCJIO pbinapeil papHo 168 + 1349 = 1517.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) It
is clear that two liars cannot sit next to each other, and at least one knight sits next to a knight, which
means that everyone sitting at the table is divided into groups of knights with one liar sitting between
the groups. Note that if in any of these groups there are at least 4 knights, then a new liar can «fit»
into this group: he sits down in such way that at least two knights sit on each side of him. So, in each
group there are either 2 or 3 knights.

Let there be m groups with three knights and n groups with two knights. Then 4m + 3n = 2023
(each group corresponds to exactly one liar), and the total number of knights is 3m + 2n. We have
n = (2023 — 4m)/3, thus

3m+2n=3m+2-(2023 —4m)/3 =3m+2-(2022/3 —m — (m —1)/3) :m—|—1348—2-mT1,

thus m = 3k+1 for some integer k (otherwise the total number of knights will not be an integer). We get
the total number of knights at the table as 3k+ 1349 — 2k = k+ 1349, with 4m = 4(3k+1) < 2023, thus
k <2019/12 = 168.25, i.e. the largest possible value of k is 168. Finally, the largest possible number of
knights is 168 + 1349 = 1517.

Task 4.

1. HatypasbHOe 9HC/IO a, B JECATHIHON 3alUCU OKaHYIUBaioneecd Ha 1Mudpy d, yI0BJIETBOPSET pa-
BEHCTBY

a
— = 0.d4d4d4d4 ... = 0.(d4
891 0 0.(44)

— mepuoAuvecKas AecaTuuHas apodb. Haiinure a.

Positive integer a ends with decimal digit d and satisfies

a
—— = 0.d4d4d4d4 ... = 0.(d4
891 0 0.(a4)

— periodical decimal fraction. Find a.
Answer: 576

2. Harypanbaoe uncyio a, kparaoe mudpe d (2 < d < 9), yI0BIeTBOPSET PABEHCTBY

a
— = 0.0d6d6d6d6 . .. = 0.0(d
100 0.0d6d6d6d6 0.0(d6)

— mepuojnYecKast gecaTudHas apodb. Haitaure a.



Positive integer a is divisible by the decimal digit d (2 < d < 9) and satisfies

a
— = 0.0d6d6d6d6 . .. = 0.0(d
100 0.0d6d6d6d6 0.0(d6)

— periodical decimal fraction. Find a.
Answer: 18

3. HarypanbHoe 4ucjio a, B JieCATHYIHON 3aIicy OKaHduBaolieecs Ha nudpy d > 0, yIoBaeTBOpsier
PaBEHCTBY

a
— = 0.3d3d3d3d ... = 0.(3d
593 0.3d3d3d3 0.(3d)

— mepuoauvecKas AecaTuuHas aApodb. Haiinure a.

Positive integer a ends with decimal digit d > 0 and satisfies

a
— = 0.3d3d3d3d ... = 0.(3d
593 0.3d3d3d3 0.(3d)

— periodical decimal fraction. Find a.
Answer: 245

4. HarypaJjibHOE YUCJIO @, B JECATHIHON 3alncu OKaHYuBalolneecs Ha nudpy d, yJaoBIeTBOpsieT pa-

BEHCTBY
a
— = 0.d3d3d3d3 ... = 0.(d3
396 (d3)

— mepuojuvecKas AecaTnuHag apodb. Haiinure a.

Positive integer a ends with decimal digit d and satisfies
a

— = 0.d3d3d3d3 ... = 0.(d3
396 (d3)

— periodical decimal fraction. Find a.

Answer: 92

Solution (RUS). (npeicrapieno pemenne papuanta N1, ocraabhble pernatorcs anagorndno) Ilycrnb

z = 0.(d4), Torna 100z = d4.(d4) u 100z — z = 99z = d4, orkyna x = d4/99 = 1% Tlepponauanbroe
PaBEHCTBO MOZKHO NPEJICTABUTDL B BUJIE go7 = 10;1; 1 = 4 =90-d+ 36. OueBHIHO, YUCIO @ TIPH JTHOOOM

d oxkamumBaercd Ha 6, oTKyna d = 6 u a = 576.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
z = 0.(d4), then 100z = d4.(d4) and 100z — z = 99z = d4, thus z = d4/99 = %1 The initial equality
can be represented as g7 = 105;4 = a = 90 - d 4+ 36. Obviously, the number a ends with 6 for any d,
thus d = 6 and a = 576.

Task 5.

1. Anna npujgymMasa HOBYIO IAXMaTHYIO GbuUrypy — merac (KpbLIaThiii KOHb): OH MOZKeT XOJUuTh Ha 10
KJIETOK B OJJHOM HAIIPABJIEHUN (II0 TOPU3OHTAIM UM BEPTUKAIK), & 3aTeM Ha 8 KJIEeTOK B MepIeH-
JIMKYJISPHOM HaupapjeHuu. MoOKHO Jid IOKPACUTh HEKOTOPbIE KJIeTKH DeCKOHeYHOH Ges10i JoCKu
B YEPHBII I[BET TaK, 9TOObI KazKJIbIM CBOMM XOJOM IIerac Holaaajl B KJIETKY HPOTHBOIIOI0KHOIO
nsera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 10 squares in one
direction (horizontally or vertically), and then 8 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?



2. AnHa upu/yma/ia HOBYIO axMaTHyo (hurypy — nerac (Kpbliarblii KOHb): OH MOZKeT X0AuTh Ha 10
KJIETOK B OJHOM HallpaBJICHHUHA (HO IFOPpU30OHTAJIN UJIN BepTI/IKaJH/I), a 3aTeM Ha 4 KJIETKH B LI€PIICH-
JIMKYJISIPHOM HarpajeHun. MOKHO JIn MOKPACUTh HEKOTOPbIE KJIETKH OECKOHEYHOH 0Oesioil TOCKH
B LIeprII.;'I IIBET TakK, I{TO6I)I KaKJIbIM CBOUM XOJO0M Il€TacC HolaJaJl B KJIETKY ITPOTUBOIIOJJIO?KHOTO
npera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 10 squares in one
direction (horizontally or vertically), and then 4 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?

3. AHHa mpuIyMasia HOBYIO MMAXMATHYIO (bUTYPY — merac (KpBLIATHINA KOHB): OH MOXKeT XOJUTh Ha 8
KJIETOK B OJHOM HallpaBJICHUU (HO IFOPU30OHTAJIN WUJIN BepTI/IKaJ[I/I), a 3aTeM Ha 6 KJIETOK B II€pIIEH-
JIMKYJISIPHOM HarpaBjeHuu. MOoKHO JIn MOKPACUTh HEKOTOPbIE KJIETKH OECKOHEYHO 0OesIoil JTOCKH
B LIeprII.;'I IIBET TakK, r{TO6I)I KaKJIbIM CBOMM XOJOM II€TacC MolaJaJl B KJIETKY ITPOTUBOIIOJJIO?KHOTO
npera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 8 squares in one
direction (horizontally or vertically), and then 6 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?

4. Auna mpuaymasia HOBYIO MAXMATHYIO (DUTYPY — merac (KpPBLIATHINA KOHB): OH MOZKET XOJUTh Ha 6
KJIETOK B OJJHOM HallpaBJICHHUHA (HO IOPU30OHTAJIN UJIN BepTI/IKaJH/I), a 3aTeM Ha 4: KJIETKH B LI€PIICH-
JIMKYJISIPHOM HalpaBjieHuu. MOKHO JIn MOKPACUTh HEKOTOPbIE KJIETKH OECKOHEYHO 0esioil JTOCKH
B LIeprII.;'I IIBET TakK, r{TO6I)I KaKJIbIM CBOUM XOJOM II€TacC HolaJaJl B KJIETKY MTPOTUBOIIOJJIO?KHOTO
npera’

Anna came up with a new chess piece — pegasus (winged horse): it can move 6 squares in one
direction (horizontally or vertically), and then 4 squares in a perpendicular direction. Is it possible
to paint in black some squares of an infinite white board so that each move the pegasus switches
its cell’s color?

Solution (RUS). (npeicrabiieno pemenne Bapuanta N1, ocraabHble DEIAIOTCS AaHATOTHIHO) Pa3o-
ObeM JOCKY Ha KBaJpaThl 2 X 2 U pacKpachM 5TH KBaJpaThl B MIAXMATHOM IOpsaKe. Torma mocie me-
peMenieHud Ha ]_0 KJIETOK II0 I'OPU3OHTaJIM HJIM BEPTUKAJIM IBET KJIETKHU IleraCa U3MEHHUTCA, a II0CJIe
HOCJIE/IYIOIIEro IepeMelnenns Ha 8 KJeTOK B HePHeH/IUKYJISIPHOM HANPABJICHUH [BET KJIETKH YyZKe He
TIOMEHAETCH.

Kpurepuu oneHnBanus:
® 1IpUBEJIeH [PUMEDP HOJX0/sIIeil packpacku — 2 6aJiia;

® JI0KA3aHO, YTO IIPHUBEIEHHBIN IPUMEp YIOBIETBOPSIET YCIOBUIO — 3 GaJiia.
Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
divide the board into 2 x 2 squares and color these squares in a chessboard pattern. Then, after pegasus

moves 10 steps horizontally or vertically, the color of its cell will change, but after a subsequent move
of 8 cells in a perpendicular direction, the color of the cell will not change.

Criteria:
e an example of a suitable coloring is given — 2 points;

e it is proved that the given example satisfies the task’s condition — 3 points.



Task 6.

1. Ha mnockoctu nan 20-yronpuuk. [leTs mporiesn B1o1b ero CTOPOH, PAIOM € KazKI0# I3 HUX 3aINCaB
JIpoOb, B YUCJIUTEIe KOTOPOil — JITMHA 9TOI CTOPOHBI, a B 3HAMEHAaTe/ e — CyMMa JIJTMH OCTAJIbHBIX
cropon 20-yrosibHuka. Jlokazkure, 9T0 cyMMa BCEX 3allMCAHHBIX JIpobeil MeHbIie 2.

A 20-gon is given on the plane. Peter walked along its sides, writing down a fraction next to each
of them: the numerator of a fraction is the length of the side, and the denominator is the sum of
lengths of the remaining sides of the 20-gon. Prove that the sum of all the written fractions is less
than 2.

2. Ha mrockoctu pan 15-yroabauk. [leTs mporires BJoJIb €ro CTOPOH, Psi/IOM € KayKJI0# U3 HUX 3allicaB
JIpoOb, B YUCUTE/Ie KOTOPOIl — JI/TMHA 9TOI CTOPOHBI, a B 3HAMEHATe/Ie — CYMMa JIJIMH OCTaJIbHBIX
cTOpoH 15-yrosbauka. /lokazxKuTe, YTO cyMMa BCeX 3allMCaHHBIX JIpoOeil MeHbIe 2.

A 15-gon is given on the plane. Peter walked along its sides, writing down a fraction next to each
of them: the numerator of a fraction is the length of the side, and the denominator is the sum of
lengths of the remaining sides of the 15-gon. Prove that the sum of all the written fractions is less
than 2.

3. Ha mnockoctu mam 2023-yronbuuk. Ilers mpomresr BIOIBL €ro CTOPOH, PAAOM C KaxKTIOW W3 HUX
3almcaB JIpobb, B YUC/IUTE/Ie KOTOPOil — JJIMHA 3TOI CTOPOHBI, a B 3HAMEHaTe/le — CyMMa JIJIMH
ocTaJbHBIX cTOPOH 2023-yroJsibHuka. /lokazkure, 4T0 CymMMa BCeX 3alMCAaHHbIX JIpodeil MeHbie 2.

A 2023-gon is given on the plane. Peter walked along its sides, writing down a fraction next to
each of them: the numerator of a fraction is the length of the side, and the denominator is the sum
of lengths of the remaining sides of the 2023-gon. Prove that the sum of all the written fractions
is less than 2.

4. Ha mmockoctn gan 100-yronpauk. lleTd mporesn BIOB ero CTOPOH, PSIOM € KayKIOH W3 HHAX
3aIlicaB JIpoOb, B YHCJIUTE/Ie KOTOPOil — JIJIMHA 3TOil CTOPOHBI, a B 3HAMEHaTe/ie — CyMMa JIJTHH
ocTaabHBIX cTOpoH 100-yroiapauka. /lokazkute, 9T0 cyMMa BCeX 3alUCAHHBIX JpoOeil MeHbIIe 2.

A 100-gon is given on the plane. Peter walked along its sides, writing down a fraction next to each
of them: the numerator of a fraction is the length of the side, and the denominator is the sum of
lengths of the remaining sides of the 100-gon. Prove that the sum of all the written fractions is
less than 2.

Solution (RUS). (npeicrapiieno pemenne papuanta N1, ocraabHble peraores anagaoradao) Ilyctnb
a1,Q3, . ..,0 — AIUHBI cTOPOH 20-yrosbHUKA, TOraa P = a; + as + - - - + agg — €ro nepumerp. 3aMeTum,
9TO Kazk/asi CTOPOHA MHOTOYTOJIbHUKA MEHBIIIE CyMMbl OCTAJIbHBIX — 3HAYUT, CYMMa OCTAJIbHBIX OOJIbIIe
nosrynepumerpa: P—a; > P/2 st moboii croponst a;. Pacemorpum cymmy apo6eii, 3anucannbix [lerei:

aq a2 20 ap a2 R

P—CL1+P—CL2+ _'_P—G,QO P/2+P/2+ +P/2 P/2 ’

9T0 U TPeOOBAJIOCH JIOKA3ATh.

Kpurepuu onennBanud:

® OTMEYEHO, UTO JJIUHA CTOPOHBI MHOTOYTOJHHUKA MEHBIIE CYMMBI JITUH OCTAJbHBIX €r0 CTOPOH —
2 baJsna;

® IIOMUMO YKA3aHHOTO B IMPEJBIIAYIIEM MYHKTe, OTMedYeHo, uto P — a; > P/2 — 1 6aJur;

[ ] HpI/IBe,HeHbI HquI/Ie paccy)K,HeHI/IH, BMeCTe C Hpe,ZLBI,ZLYH_H/IMI/I HyHKTaMI/I COCTaBJIAIOIIINEC pemeHI/Ie
3a1auu — 2 Gasra.



Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
ai, as, ..., as be the lengths of the sides of the 20-gon, then P = a; + as + - -+ + ayg is its perimeter.
Note that each side of the polygon is less than the sum of the others, which means that the sum of the
others is greater than the half of the perimeter: P — a; > P/2 for any side a;. Consider the sum of the
fractions written by Peter:

aq a 20 aq a2 (g0 Ay + Qg+ -+ ay

P—a1+P—a2+ +P—a20 P/2+P/2+ +P/2 P/2 ’

Q.E.D.

Criteria:

e it is noted that the length of a side of a polygon is less than the sum of the lengths of its other
sides — 2 points;

e in addition to what is indicated in the previous row, it is noted that P —a; > P/2 — 1 point;

e other reasoning is given, together with the previous ones, completing the solution to the task — 2
points.



