8-9'" degree

Task 1.

1. HarypaJyibHoe 9uC/IO @, B JECATHIHON 3aNUCU OKaHYUBaomieecs Ha 1mudpy d, yJI0BJIETBOPSIET pa-
BEHCTBY

a
— = 0.d4d4d4d4 ... = 0.(d4
891 0 0.(a4)

— nepuojuyecKas jgecarudnas jpoob. Haitaure a.

Positive integer a ends with decimal digit d and satisfies
a
—— = 0.d4d4d4d4 ... = 0.(d4
891 (d4)
— periodical decimal fraction. Find a.
Answer: 576
2. Harypasbhoe uuciio a, kparuoe nudpe d (2 < d < 9), yj0oB/1erBopsieT paBeHCTBY

a
105 = 0-0d6d6d6d6 ... = 0.0(d6)

— mepuoanYecKast gecaTudHas apoob. Haitaure a.

Positive integer a is divisible by the decimal digit d (2 < d < 9) and satisfies
a
—— = 0.0d6d6d6d6 . .. = 0.0(d
10 0.0d6d6d6d6 0.0(d6)

— periodical decimal fraction. Find a.

Answer: 18

3. HarypanbHoe 9uc/io a, B JeCATHIHON 3allMCH OKaHYuBatomeecss Ha nudpy d > 0, yaoBaerBopser
pPaBEHCTBY
a
— = 0.3d3d3d3d ... = 0.(3d
693 (3d)

— mepuojuvecKas AecaTuaHas apodbb. Haitaure a.

Positive integer a ends with decimal digit d > 0 and satisfies
a
— = 0.3d3d3d3d ... = 0.(3d
693 (3d)

— periodical decimal fraction. Find a.
Answer: 245

4. Harypa/ibHOE YHCJIO @, B JIECATUYHON 3aIlMCH OKaHYHBaloIeecs Ha mudpy d, yIoBIeTBOpseT pa-

BEHCTBY

a
— =0.d3d3d3d3 ... =0.(d
396 0.d3d3d3d3 0.(d3)

— nepuojnyecKas jgecatTudnas japodb. Haitaure a.

Positive integer a ends with decimal digit d and satisfies

a
— = 0.d3d3d3d3 ... = 0.(d3
396 (43)

— periodical decimal fraction. Find a.

Answer: 92



Solution (RUS). (upescrasieno pemenne sapuanra Nel, ocrajibaplie penaiores anaiornino) Ilycrs
z = 0.(d4), Torna 100z = d4.(d4) u 100z — z = 99z = d4, orkysa x = d4/99 = 1% Tepponauanbroe

PaBEHCTBO MOYKHO NPEICTABHTH B Brje = = 10444 — ¢ — 90 . d + 36. O4eBnanO, YNCIO @ TP JTOOOM

891 — 99
d okanunBaercs Ha 6, orkyna d = 6 u a = 576.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
z = 0.(d4), then 100z = d4.(d4) and 100z — z = 99z = d4, thus z = d4/99 = %4 The initial equality

can be represented as go&r = 103;4 = a = 90 - d 4+ 36. Obviously, the number a ends with 6 for any d,

thus d = 6 and a = 576.

Task 2.

1. JlaHO MHOXKECTBO A HATYpPaJIbHBIX YHCEN, He MpeBOcXoAdmux 15. CKOMbKUME CIIOCOOAMEI MOMKHO
BBIOpATH U3 HErO MOJMHOXKECTBO, COjIeprKalee XOTs Obl OJIHO MPOCTOE YHCJIO!

Given set A of all positive integers not exceeding 15. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 32256

2. Jlano MHOXKecTBO A HaTypaJbHBIX YHCeJI, He mpeBocxoadanmux 17. CKOJIbKIMHI CIIOCOOAMI MOZKHO
BBIOpATH U3 HErO IMOJMHOXKECTBO, CO/epzKalee X0Tsd ObI OJHO IPOCTOe YUCI0?

Given set A of all positive integers not exceeding 17. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 130048

3. Jlano mHOX)ecTBO A HaTypaJbHBIX YHUCeJI, He TpeBocxoadamux 13. CKOJIBKUMHI CIIOCOOAMU MOYKHO
BBIOpATH U3 HErO IOJAMHOZXKECTBO, CO/IepzKaliee X0Td Obl OHO IPOCTOe YUCJI0?

Given set A of all positive integers not exceeding 13. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 8064

4. Jano muoxkectBO A HaTypasibHBIX dnces, He npeBocxoaamux 16. CKobKuME Croco0aMu MOZKHO
BBIOPATH W3 HErO MOJMHOYKECTBO, COjIeprKaliee XOTs Obl OJTHO MPOCTOE THCJIO!

Given set A of all positive integers not exceeding 16. How many ways are there to choose its subset
which contains at least one prime number?

Answer: 64512

Solution (RUS). (npeicrapieno pemenne papuanta N1, ocraabHble penarorces aHaaorudao) Ectb
poBHO 2" €IIOCOOOB BBIOPATH MOJIMHOYKECTBO M3 MHOXKECTBA C 1 J€MEHTaAMH — 3HAYUT, U3 MHOYKECTBA
A MOoxHO BBIOPaTh noJMHOKecTBO 2 = 32768 crnocobamu. MuokecTBo A COAEPIKHUT MIECTh HPOCTHIX
ancesn (2,3,5,7,11,13), ocranbHble JeBIATh HE SBJSIIOTCS IPOCTBIME, H COCTABHTH HOIMHOKECTBO TOJIBKO
¢ aumu Moxkao 2 = 512 crocobamu. OcraabHble TOIMHOMXKeCTBA A OyIyT COmep:KaTh MPOCTOE YHCIO,
X KOJIMIECTBO paBHO 32768 — 512 = 32256.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) There
are 2" ways to choose subset of a set with n elements, thus there are 2!° = 32768 ways to choose subset
from the set A. There are 6 primes (2,3,5,7,11,13) in the set, so other 9 numbers are not prime and
we can choose 2° = 512 subsets of A using only these 9 non-primes. Other 32768 — 512 = 32256 subsets
will contain at least one prime each.



Task 3.

1. Ecrp wamiednbie Bechl (9amiku BMemamoT J000ii 06beM), ripbKa BeCOM B 1 IpaMM, MEIOK ca-
XapHOTO MecKa W cOoBOYeK. /[OMOTHUTeTbHBIX éMKOCTell HeT, B Jalllke JBe KYJYKH caxapa Cpasy
cMmeruBaiorcd. Onpee/nTe MUHEMATbLHOE YUCI0 B3BEIIUBAaHUIT, HEOOXOMUMBIX J/IsT TOTO, YTOOBI
orMepuTh 2023 rpamma caxapa.

There are weighing scale (its cups can hold any volume), a 1 gram weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 2023 grams of sugar.

Answer: 11

2. Ectb gamednbie Bechl (Yallku BMEMIAOT JI000H 00beM), IrHpbKa BECOM B 2 IDaMMa, MEIIOK Ca-
XapHOTO TecKa u coBoYek. JlomoIHuTeIbHBIX éMKOCTeH HeT, B Yalllke JBe KYy4YKH caxapa cpasy
cMmeruBaiorcd. Onpe/ie/iuTe MUHEMAJIbLHOE YUCI0 B3BEIIUBAHUIl, HEOOXOMMMBIX JIJIsl TOTO, YTOOBI
orMepuTh 2024 rpaMma caxapa.

There are weighing scale (its cups can hold any volume), a 2 grams weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 2024 grams of sugar.

Answer: 10

3. Ecrp gammednsle Bechbl (YAlIKH BMEITAIOT OO0 00beM), TUpbKa BeCOM B 1 TpamMu, MeIIOK ca-
XapHOI'O IeCKa U COBOYEK. J[OMOJIHMTE/IbHBIX €MKOCTEN HeT, B YalllKe JIBe KY4YKH caxapa cpasy
CMEIINBAIOTCH. OHpeﬂeJ’[I/ITe MHWHUMAJIBHOE YUCJIO BSBGHII/IBaHHfl, HeO6X0,ZLI/IMbIX AJid TOrO, ‘ITO6bI
oTMepuTh 199 rpamMm caxapa.

There are weighing scale (its cups can hold any volume), a 1 gram weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 199 grams of sugar.

Answer: 8

4. EcTb yamedHble BeChl (YAIIKH BMEIAIOT JIEO0OOH 00beM), 'EpbKa BECOM B 2 IpaMMa, MEIIOK Ca-
XapHOTO TMecKa W COBOYEK. /[OMOTHUTeTbHBIX éMKOCTel HeT, B Jalllke JBe KYJYKH caXapa Cpasy
CMEIINBaIOTCH. Onpeﬂem/ITe MHNHUMAJIbBHOE YHUCJIO B3B€HII/IBaHI/II71, HGO6XO,ZLI/IMBIX AJid TOro, ‘{TO6bI
orMepuTh 198 rpamm caxapa.

There are weighing scale (its cups can hold any volume), a 2 grams weight, and a bag of granulated
sugar and a scoop. There are no additional containers; in a cup, two piles of sugar are immediately
mixed. Determine the minimum number of weighings required to measure 198 grams of sugar.

Answer: 7

Solution (RUS). (npeicrapiieno pemenne papuanta N1, ocraabHble perarores aHagaoradno) Ilyctnb
k — KommucTBO TpaMM caxapa Ha OJHOII M3 Yall BeCOB. 3a OJHO B3BEIIMBAHHE MBI MOXKEM YIBOUTL Kk
(10JI02KMB HA JAPYIYIO YAIy BECOB CTOJIBKO XKe caxapa, yPABHOBECHB Yallll) UJIM PA3JeJuTh Kk moIoJjgam
(pa3es B MMEONIYIOCsT KYUKY Ha JIBe paBHBIE 10 Becy). VIMes JOMOJHUTENIBHO MHPI0 MAaCCOi 7 IPaMM,
MBI MOYKEM 3a OJIHO B3BENIMBAaHUE MOJYYUTH k + n win k — n rpamv. Coderasi onucanubie JAeiiCTBUS,
MOXKHO 3a OJHO B3BeNIMBaHHUe IOJyYnTh 2k + n wim 2k — n rpaMum.

2023 =2-101141=2-(2-5054+1)+1 =2-(2-(2:2524+ 1)+ 1)+1=2-(2-(2-2-126+ 1)+ 1)+ 1 = -- -

e=2-(2-(2-2-2-(2+2-2-2:2:2.1 1)+ 1)+ 1)+ 1

— 371eCh KOJIMYE€CTBO YMHOYKEHUI HAa 2 paBHO KOJMYECTBY B3BelMBaHWii, T.e. 11 B3BemmBaHMii XBaTUT:

0—-1—-3—>7—15—=31 — 63 — 127 — 253 — 506 — 1012 — 2023



[Tokaxkem, uro 10 B3BemmBanuii Bcerja HegoctaTodHo. /st 3roro cuadaia 3aMerum, 9TO B YCJIOBUIX
3a/1a49M, UMest THPIO B M TPAMM U Ky4YKy B kK IpaMM caxapa, 3a OHO B3BEIIMBAHUE Mbl MOYKEM IOy YUTh
He 6oJsiee 2k + n rpamMm caxapa. Torga HauOOIBINNE BO3MOXKHBIM BeC, KOTOPbI MOXKHO OTMepHuTh 3a 10
B3BEININBAHWN, paBEeH

0—-1—-3—-7—15—31 —63 — 127 — 255 — 511 — 1023

rpaMma.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let k
be the number of grams of sugar on one of the cups. During one weighing we can double k (putting the
same amount of sugar on the other cup of the scale, balancing the cups) or divide & in half (dividing the
existing cup into two equally weighting ones). Having an additional weight of n grams, we can obtain
k 4+ n or k —n grams in one weighing. By combining the described actions we can obtain 2k + n or
2k — n grams in one weighing.

2023 = 2-1011+1 =2-(2-505+1)+1=2-(2-(2-252+ 1) +1)+1=2-(2-(2-2- 1264+ 1)+ 1) +1 = -- -
e=2-(2-(2-2:2-(2:2-2-2:2:2. 1 -1+ 1)+ 1) +1

— here the number of multiplications by 2 is equal to the number of weightings, thus 11 of them is
enough to obtain 2023 grams of sugar:

0—-1—-3—>7—15—31 — 63 — 127 — 253 — 506 — 1012 — 2023

Lets prove that 10 weighings are never enough for it. To do that, first note that while having a weight of
n grams and a pile of k£ grams of sugar, we can obtain at most 2k +n grams of sugar with one weighing.
Then the largest possible weight that can be obtained with 10 weighings is

0—-1—-3—-7—15—31 —63 — 127 — 255 — 511 — 1023

grams.

Task 4.

1. B Tpeyrosbroit komuare ¢ yriaamu A, B, C' ycranoBiena Henpospadnas neperopoaka C'O (ot mosa
JI0 MOTOJIKA) TaK, 9TO U3 yriaa B BujHa poBHO mosoBuHa crenbl AC, a u3 yria A — pOBHO TpeTh
crennt BC. Uropb xoder ycranoBuTh B KomHaTe yMHYIO KOJIOHKY « VK Karmncysray ¢ Mapyceit Tak,
9T00BI JI00ast MpsiMast, napaJsiebHas M0y KOMHATHI U MPOXO/ISIIas 9epe3 KOJOHKY, MepeceKkasia
6o neperopoaky C'O, mubo creny AB. CTeHbl KOMHATHI W TEPETOPO/IKA MEPIEHIUKY/ISTPHBI TTOJTY
1 UMeioT (hopMy NpPSIMOYTOJHHUKOB, KOJOHKY MOYKHO CUMTATH TOUYEIHBIM O0BEKTOM.

Kakas 9acTb WI0MA I KOMHATHI TOAX0uT VIropio i yCTaHOBKY KOJOHKH? SAlHUIINTEe OTBET B
BU/JIE JIECATUYIHON JTpOoOH, TP HEOOXOIUMOCTH OKPYTJIEHHOH JI0 COTHIX.

In a triangular room with corners A, B, C, a new opaque wall CO (from the floor to the ceiling)
is installed in such way that exactly half of the wall AC' is visible from the corner B, and exactly
a third of the BC' wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall CO or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: 0.42



2. B rpeyroJibhoii komuare ¢ yriiamu A, B, C' ycranosiiena venpo3spadnas neperopojka C'O (ot noJa
JI0 TOTOJIKA) TaK, 94To U3 yriia B Bujgna poHo nososuna crerbl AC, a u3 yria A — poBHO 4eTBepTh
crenbl BC. Irops xo4eT ycTaHOBUTH B KOMHaTe yMHYI0 KOJIOHKY « VK Kancymas ¢ Mapyceii Tax,
9T00BI JIF00ast psiMast, apaJsIeTbHas M0y KOMHATHI U MPOXO/ISIAst 9epe3 KOJOHKY, MepeceKkasia
6o neperopoaky C'O, nubo creny AB. CTeHbl KOMHATEI M IEPErOPOIKA MEPIEHIUKYISIPHBL IOy
1 UMeioT (GopMy MPAMOYTOJIHHUKOB, KOJTOHKY MOYKHO CUATATH TOYETHBIM O0OHEKTOM.

Kakas gacTp mioma um KoMHATH 00aX0auT Vropro jijist yCTaHOBKH KOJIOHKH! 3AIUIINTE OTBET B
BU/IE JECSTUYIHO Jpo0u, Tpu HEOOXOIUMOCTH OKPYTJIEHHON 10 COTHIX.

In a triangular room with corners A, B, C, a new opaque wall CO (from the floor to the ceiling)
is installed in such way that exactly half of the wall AC'is visible from the corner B, and exactly
a quarter of the BC' wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall CO or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: 0.45

3. B rpeyrouabHoii komuare ¢ yriaamu A, B, C' ycraHoBiiena Henpo3padnas neperopoaka C'O (or mosa
JI0 TOTOJIKA) Tak, 94T0 W3 yria B BujHa poBHO Tperh creHbl AC, a u3 yrima A — poBHO YeTBepTh
crensl BC. Uropb Xo4eT ycTaHOBUTH B KOMHaTe YMHYIO KOJIOHKY « VK Kamcyma» ¢ Mapyceii Tak,
ITOOBI JTI00ast MpsMast, TapaJIebHas MOy KOMHATHI U MPOXOIAIIAs depe3 KOJIOHKY, TepeceKkasa
6o neperoposaky CO, nmubo creny AB. CreHbl KOMHATHI M IEPErOPOJIKA HEPIIEH IUKYIAPHBI TTOJLY
1 UMeIoT (POPMY MPSIMOYTOJIBHUKOB, KOJIOHKY MOYKHO CUYATATH TOYEYHBIM O0HEKTOM.

KaKaH YJaCTh IJIOIIaJAWM KOMHATHI IIOAXOAUT MFOpIO AJId YCTaHOBKU KOJIOHKI/I? SaHI/H_HI/ITe OTBET B
BUJIE JIECATUYIHON JIpo0OH, pu HEOOXOIUMOCTH OKPYIJIEHHON JI0 COTHIX.

In a triangular room with corners A, B, C, a new opaque wall CO (from the floor to the ceiling) is
installed in such way that exactly a third of the wall AC'is visible from the corner B, and exactly
a quarter of the BC wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall C'O or the wall AB. The walls of the
room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: 0.58

4. B tpeyrosbHoii KomHaTe ¢ yriamu A, B, C' ycranos/eHa Henpospadnas neperopojika C'O (ot mosa
JIO TIOTOJIKA) TaK, 4TO U3 yria B BujHa poBHO TpeTh crenbl AC, a u3 yria A — poBHO OJHA TisiTast
gactb crerbl BC. ropb xo4er yctaHOBUTH B KOMHaTe yMHYI0 KOJIOHKY « VK Karcymray ¢ Mapyceii
Tak, 4TOObI JII00as MpsiMasi, mapaJijiebHas MOy KOMHATHI U HPOXO/IINas depe3 KOJOHKY, [epece-
kaJja oo neperopoaky C'O, nmubo creny AB. CTeHbl KOMHATH U MEPETOPO/IKA T PIEH UK YISTPHBI
HOJIY U UMeI0T (popMy IPAMOYTOJTLHUKOB, KOJIOHKY MOYKHO CUHTATH TOYEUHBIM OOBHEKTOM.

Kakag gacTh miomam KOMHATH MOAX0AUT VIropio Jjis yCcTaHOBKU KOJIOHKH! 3aIUIINTe OTBET B
BHJIE JIECATUYHON Apo0OU, Ipu HEOOXOAMMOCTH OKPYIJIEHHOH /10 COTBIX.

In a triangular room with corners A, B, C', a new opaque wall CO (from the floor to the ceiling) is
installed in such way that exactly a third of the wall AC'is visible from the corner B, and exactly
a fifth of the BC wall is visible from the corner A. Igor wants to install a smart speaker «VK
Capsule» with Marusya in the room so that any straight line parallel to the floor of the room and
passing through the speaker will intersect either the wall CO or the wall AB. The walls of the



room are perpendicular to the floor and have the shape of rectangles; the smart speaker can be
considered a point object.

What part of the room area is suitable for installing the speaker in the way Igor wants? Write
your answer as a decimal, rounded to 2 decimal digits if necessary.

Answer: 0.61

Solution (RUS). (upeicrasieno pemenune Bapuanra Ne1, ocrajibHble pemaorest aHajiorniio) Pac-
CMOTPHUM BHJI CBEPXY: CTE€HbI KOMHATBHI CTAHYyT CTOPOHAMHU TPEYIrOJIbHUKA, & IEPErOpOIKa — OTPE3KOM,
COEUHSIIONIMM €0 BEPIIMHY ¢ OJIHOI 13 BHYTPEeHHUX ToueK. Toraa 3a/1a4y MOXKHO nepedopMyIupoBaTh
CJIeIYIOTIIM 06pa30M: HANTH IJIOMIA/ (b TeOMEeTPHIECKOro MecTa BHyTpeHHIX ToueK (['MT) P Tpeyrosb-
anka ABC, Takux, 4To J06asa mpsMas, Ipoxoasdiias depe3 P, mepecekaer smbo AB, mubo CO. Ilycrn
npambie AQ, BO nepecexkaior cropousl BC, AB Tpeyroabunka B Toukax Aj, By, COOTBETCTBEHHO.

C

Joxkaxewm, aro uckombiMm ['MT asisiercst wersipexyronbauk C'A;OB;. PaccMorpuM mpou3BoIbHY IO
BHYTPEHHIOIO TOYKY ITOTO YeThIPEXYTOJbHIKA; 0e3 OrpaHuvIeHusi OOITHOCTU OYy/eM CUYUTAThH €€ BHYTPEH-
Heit Toukoit Tpeyroibuuka C'B1O. [IpoBenem depe3 P HEKOTOPYIO MPAMYIO [ U TPEINOI0KUM, 9TO OHA
ue nepecekaetr C'O. VI3 aToro caeayet, uto oHa nepecekaer orpesku OBy, C'By. [lycts [ mepecekaer BC
B Touke 1. Torma jiyu TP siBisiercst BuyTpennuMm i yriaa By TO, npudem jiya T'O nepecekaer cropo-
Hy AB WCXOJHOTO TPEYTOJbHUKA — & 3HAYWT, jiyd 1P Takxke nepecekaer ee. Vtak, jirobast BHY TPEHHSIST
touka dersipexyroiabanka C'A;OB; Bxoant B nckomoe ['MT.

Tenepp paccMOTPUM TOYKHU BHE YIIOMAHYTOI'O Y€TBIPEXYTOJbHUKA U IOKaXKeM, YTO OHH He 00J1a/1ai0T
TpebyembiMm 1t uckomoro I'MT cBoiictBoMm. [l BHemHuX Todek Tpeyroabanka ABC 310 coBceM ode-
BUJIHO (LOJJIXOUT, HALPUMED, UPsiMas, HPOXOJMIIAs 4epe3 JAHHYI0 BHEIIHIOK TOYKY HapaJliebHO
onHoit u3 cropon AABC), nyist BHyTpeHHUX TO4YeK Tpeyrojabanka AOB — Toxke (J0CTaTOYHO MPOBECTH
dqepes JAHHYI0 TOUYKY TpsMyo, napasieabiyio AB). Ocrammch nBa tpeyroabanka — AOB; u BOA;.
PaccMorpuM nepBblit u3 HEX (BTOPOil paccMaTpuBaeTcs aHaaoruvuo). Vrtax, mycrb P — BHyTpeHHssI
touka AAOB;. Ilpoenem npamyo PK, roe K — npou3BosibHasg TOUKa orpe3ka B(O, OTIHYHAA OT €ro
KOHIOB: Takas npsMas He nepeceder uu C'O, uu AB.

VTBepxk/ieHne JJ0Ka3aHo.

. Sca,0B; AB; __
Nrak, Tpedyercst naiitu —5 oo Ipmiaem Ja =

AO AO

BA, 1
» BC 3

1o ycsosuio. CoryiacHo Teopeme Mene-

=W o |—

B S S S
Sc4,0B; _ 504,08, Saca; _ - Saosy CAl _
SaBc Saca,  Sasc Saca,” OB
AO AB,, CA 3 1,2 5
1 - : : =(1---5);=—%~=042
U-da ac) e~ 0-132)5- 1

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
look from the top to the room: its walls AB, BC, C'A will become the sides of the triangle, and the wall



C'O will become a segment connecting its vertex with one of the internal points. Then the problem can
be reformulated as follows: find the area of the locus of the interior points P of the triangle ABC, such
that any line passing through P intersects either AB or C'O. Let the lines AO, BO intersect the sides
BC', AB of the triangle at points Ay, By, respectively.

Let us prove that the required locus is the quadrilateral C A;OB;. Consider an arbitrary internal

point of the quadrilateral; without loss of generality, we will consider it an internal point of the triangle
CB,0. Lets draw some line [ through P and assume that it does not intersect C'O. Then it intersects
the segments OBy, C'By. Let [ intersect B1C at point T'. Then the ray TP is internal to the angle B;TO,
and the ray T'O intersects the side AB of the original triangle — and therefore the ray TP also intersects
it. So, any internal point of the quadrilateral C'A;OBj is included in the desired locus.
Now let’s consider points outside the mentioned quadrilateral and show that they do not have the
property required for the desired locus. For external points of triangle ABC' this is quite obvious (for
example, a straight line passing through a given external point parallel to one of the sides of AABC
is suitable), for internal points of triangle AOB its obvious, too (it is enough to draw a straight line
through this point parallel to AB). There are two triangles left — AOB; and BOA;. Let’s consider the
first of them (the second one is considered similarly). So, let P be the internal point of AAOB;. Lets
draw a line PK, where K is an arbitrary point of the segment BO that is different from its ends: such
a line will not intersect either C'O or AB.

Q.E.D.
s . _
So, we need to calculate ZSM9%L with 481 — 1 BAL — 1 {ging Menelaus’s theorem, we get
’ Sasc AC 2’ BC 3 8 ) g

A0  AB CBi _ A0 _ A0 _ 3 1o

oA BC " BiA = L thus G =3 = 47 = 7. Finally,

Scaos, _ Scaos Saca _ q _ Saosy CA1_
SaBc Saca, Sapc Saca, CB

AO ABy, C4A; 3 1,2 5
(1_AA1'AC)'(JB_( _Z'E)é_ENMQ

Task 5.

1. Yepes kBajipaTHOE MOJIE TPOXOAAT 18 IPAMBIX JOPOT, KOTOPBIE meadaT ero Ha 100 mpsaMOyToTbHBIX
YYIACTKOB. DTH YIACTKH B ITAXMATHOM HOPSIIKE pACIpPeIeTeHbl MeXKIy IBYyMs OpaThbamMu — AHIpe-
em u bopucoMm, npudeM Bce y9acTKu Ha JuaroHaid AHJpes OKa3aauchb KBaJApaTHbIME. BepHo Jiu,
9TO COBOKYITHAS ILIOMIA/Ib YIACTKOB AH/Ipest He MEeHbIIIe COBOKYITHOMN IJIOMA N yIacTKOB bopuca?

A square field has 18 of straight roads running through dividing it into 100 rectangular areas.
These areas are divided between two brothers — Andrew and Boris — in chessboard order. Each
area on Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s
land is not less than total area of Boris’s land?

2. Yepes kBa/IpaTHOE 110J1€ TPOXOJAT 22 IPAMbIE JJOPOI'H, KOTOPbIE /T ero Ha 144 npsiMoyTroJibHbIX
y9aCTKa. ITH yIACTKH B IMIAXMATHOM MOPsiJIKe PACIIPE/IIeHBI MEXK/1y ABYMsI OparbsiMu — AHIpeem
n Bopucowm, npudem Bce y4acTKu Ha AuaroHan AHIpest OKa3aJnch KBaIpaTHRIMU. BepHO Jiu, 9TO
COBOKYIHAsI ILJIOMA/Ib YIaCTKOB AH/Ipest He MeHbIIle COBOKYITHOM IO yI4acTKoB bopuca?

A square field has 22 of straight roads running through dividing it into 144 rectangular areas.
These areas are divided between two brothers — Andrew and Boris — in chessboard order. Each
area on Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s
land is not less than total area of Boris’s land?

3. Yepes KBaJpaTHOE TOJIEe MPOXOAAT 26 MPAMBIX JIOPOT, KOTOPBIe JAea4T ero Ha 196 mpsaMoyroabHbIX
YYIACTKOB. DTH YIACTKH B IIAXMATHOM HOPSIIKE PACIPeIeTeHbl MeXKIy IBYyMs OpaThbsaMu — AHIpe-
eM u bopucoMm, mpuueMm Bce yIacTKHU Ha AuaroHaan AHIpes oKa3aanch KBaJpaTHBIMEH. BepHo /u,
9TO COBOKYITHAS ILIOMIA/Ib YIACTKOB AH/Ipest He MEeHbIIIe COBOKYIHOM MJIOMA/ 1 y9acTKOB bopuca?

A square field has 26 of straight roads running through dividing it into 196 rectangular areas.
These areas are divided between two brothers — Andrew and Boris — in chessboard order. Each



area on Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s
land is not less than total area of Boris’s land?

4. Yepes kBaJipaTHOE 110JI€ TPOXOJAT 14 HPAMBIX JOPOTI, KOTOPbIE JIeJIT ero Ha 64 mpsaMOyroibHbIX
y9IaCTKA. ITH yIACTKH B IMIAXMATHOM MOPsIJIKEe PACIIPE/IIEHBI MeXK/Iy ABYMsI OparhsiMu — AHIpeem
u BopucowM, npudem Bce y4acTKH Ha AuaroHaan AHjpes oKa3aauch KBaJpaTHbIMU. BepHo Ju, 410
COBOKYIHAsI ILJIOMIA/Ib YIaCTKOB AH/Ipest He MeHbIIle COBOKYITHOMN IO yaacTKoB bopuca?

A square field has 14 of straight roads running through dividing it into 64 rectangular areas. These
areas are divided between two brothers — Andrew and Boris — in chessboard order. Each area on
Andrew’s diagonal turned out to be of square shape. Is it true that total area of Andrew’s land is
not less than total area of Boris’s land?

Solution (RUS). (npeicrapieno pemenne Bapuanta N1, ocrajibHble pemanTcest aHaaoradno) s
HavaJja 3aMeTuM, 9TO Pa3/AeJuTh NpsaMoyTobHOe 1mose Ha 100 mpsaMoyro/ibHBIX y4acTKoB 18 jgoporammn
MOZKHO TOJIBKO IPOBEJIs 10 9 «IOPU30HTAIBHBIX> (110 OTHOIIEHUIO K ONpe/IeJIeHHOl 3apaHee BHIGPAHHOI
CTOpPOHE TOJISI) U «BEePTUKATBHBIX» JOPOr. JIeHCTBUTENBHO, MYCTh 1M — KOJUYIECTBO TOPU30HTAIBHBIX
JIOPOT, N — KOJIMYEeCTBO BePTUKAIbHBIX Jopor. Torjia

m+n =18
(m+1)(n+1) =100

Y

OTKy/1a m =mn = 9.

Packpacnu 1ioie B a mBeta (mycTh yaacTku Anapest Oy1yT 9épHbIME, a yaacTkn Bopuca — Gesbim)
1 IPOHyMepyeM HOJI0CHl yIaCTKOB (MexK 1y IapaJjlIeJbHBIMI JOPOraMu) [0 TOPU30HTAIN U IIOBePTHKA/IH
qpctamvu o 1 10 10. Cpasy 3aMeTnM, 9TO COBOKYIHas ILIONIATL TOPOT IOCTOSHHA W 3aBUCHT TOJLKO
OT MX KOJIMYECTBA — & 3HAYUT, He BJAMSET HA COOTHOMICHHE ILIOMAeil Ge/IbIX U YéPHBIX yIaCTKOB.

YépHble y4acTKH OBIBAIOT JBYX THIOB: OJHH CTOAT HA HePeCeYeHHH MOJO0C C YeTHBIMH HOMEPAMH,
JpyTHe — Ha MepecedeHn  T0JI0C ¢ Hed8THEIME HOMePaMI. BBIKIIbIBas CHAYAIa Y6THBIE TOPH30HTAIH,
IIOTOM YéTHbIEe BePTHKAJHU, HOJYYHM Y8pHBIA KBajparT (T.K. JuaroHajbHble yuacTKH AHjpes — KBaJl-
paTHBIE COTJIACHO YCJIOBHIO) CO CTOPOHOH a. AHAJOIMYHBIM 00OpPa30M BBIKHIbIBas HEUSTHBIE TOJIOCHI,
HOJIyduM 48pHBI KBajgpaT co cToponoit b. VTtak, «uépHas» (T.e. mpuHajIesKaias AHIPero) ILIOMalb
pasna a® + b?. Torna «Genast» mwiomaas pasia (a + b)? — (a® + b?) = 2ab. Tlokaxem, 4TO «uepHasi>
IJIOINAIh He MEHBIe «Oes1oiiy:

(a—0)>>0=a®—2ab+b* > 0= a*+b* > 2ab,
YTO 3aBepIiaeT pereHne 3a/a4n.
Kpurepuu oneHnBaHus:
® VYACTHUK BbISICHUJI KOJIMYECTBO «TI'OPU30HTAJILHBIX» U «BEPTHKAJbHBIXY JIOpor — 1 OaJu;
® [I0JIyYeHbl BEPHBIE BhIPAYKEeHUsl JjIs CyMM ILIoma ieit yaactkoB Anjpest u Bopuca — 3 6asuia;

® JI0OKa3aHO HEPABEHCTBO MEXK/Iy 110Jy4YE€HHbIMH BbIpazkKeHusiMu — 1 GaJi.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Note
that dividing a rectangular field into 100 rectangular sections with 18 roads can only be done by drawing
9 <horizontal» (relative to a certain pre-selected side of the field) and «vertical» roads. Indeed, let m
be the number of horizontal roads, and n be the number of vertical ones. Then

m+n =18
(m+1)(n+1) =100

Y

thus m =n=09.



Let’s paint the field in two colors (let Andrew’s areas be black and Boris’s areas be white) and
number the rows and columns of areas (between parallel roads) with numbers from 1 to 10. Let’s also
note that total area of the roads is constant and depends only on their quantity, and therefore does not
affect the ratio of the areas of white and black areas.

There are two types of black areas: some are at the intersection of even-numbered rows and columns,
others are at the intersection of odd-numbered ones. Throwing out first the even rows, then the even
columns, we get a black square (since Andrew’s diagonal areas are squares) with side a. Similarly,
throwing out odd rows and columns, we get a black square with side b. So, the “black” area (i.e.,
belonging to Andrew) is equal to a® 4+ b*. Then the «white» area is equal to (a + b)?* — (a* + b?) = 2ab.
Lets show that the «black» area is not less than the «whites:

(a—0)>>0=a®>—2ab+b*>> 0= a*+b* > 2ab,

which completes the solution.

Criteria:
e the participant found out the number of «horizontals> and «vertical» roads — 1 point;

e the correct expressions were obtained for the sums of the areas owned by Andrew and Boris — 3
points;

e the inequality between the obtained sums is proven — 1 point.

Task 6.

1. I/ICKyCCTBeHHbeI UHTEJIJICKT CIIpaBJIdeTCd €Ile He CO BCEMU 3a/la9aMU B CJIOBaX. Bor HelpujiyMaH-

Hasd UCTOpUId: HeKOTOpOﬁ CcucreMe UCKyCCTBEHHOI'O MHTEJIJIEKTa 6bIIIO IIpeajozKeHo HallTu MaKcu-
a-b-c
a+b+c?

MaJIbHOe 3HaYeHne OTHOTIEHN e abc — TPeX3HATHOE YHCIIO0 B AecaTHanOl 3amcn. Crerema
«paccyuaay Tak:

YTOOBI OTHOIIIEHHE % HMeJT0 MaKCHMAaJIbHOe 3HAYeHHe, HaJ0 ITOOBI T MOJYIHI MaKCHMAJIbHOE H3
BO3MOXKHBIX 3HAY€HUH, a | — MHHUMAJIbHOE U3 BO3MOXKHbBIX 3Ha4YeHuil. Tak KaKk T — 3TO POU3Be-
JIeHHe JIeCSITHIHBIX IH(PP Tpex3HadyHoro 4ucjia, 10 r = 9-9-9 = 729; rak kak y — 310 cymma
JIeCATHYHBIX U Tpex3zuadnoro uncjia, 70 Yy = 1 + 0+ 0 = 1. IlosTomy nckomoe MakCHMaJIbHOE
3HadYeHHne PaABHO ngl =1729.

Pasywmeercs, orBer HenpaBuabHbIA. [IpeggaraeM BaM peIinTh CJIEAYONYI0, UyTh OoJiee CA0KHYIO
3a/1a4y:

Jna kaxmoro derbipex3nadnoro unciaa abed (a,b,c,d — mudpst or 0 mo 9, npudem a # 0) mozm-
CUNTAIN 3HAYCHNe OTHOMeHHsT —42C9 3 3ameM OTCOPTHPOBA/IN BCE 4eTBIPEX3HAUHbIE THC/IA CHA-
a+b+c+d?

Jajia B MOpPsijiKe BO3pACTaHWsi 3HAYEHWH ITOrO OTHOIIEHUs, a 3aTeM (B CJIyvae PaBHBIX 3HAUEe-
HUIl YKa3aHHBIX OTHOIIEHW) — B MOpPsiIKe BO3PACTAHUST CAMHUX YeTHIDEX3HAYHBIX dHces. Takumm
obpazom, Hampumep, uunciao 2000 mpu Takoit copTupoBke mpesmectByer uncay 1111 (tak kak

2:0-00 11141 1000 _ _2:000
50000 < Tririci)» @ meno 1000 npemmectsyer uncay 2000 (Tax kax = HO

1+0-+0+0 2+0+0+0°
1000 < 2000).
Kakoe 1auc/i0 HaXoauTCst B MOJIy9€HHOI TocIe10BaTeibHOCTH HA 8989 MecTe?

Artificial intelligence does not yet deal with all tasks «in words». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio afb’fc,
is a three-digit number in decimal notation. The system «reasoned» like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then x = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =140+ 0= 1. Therefore, the required maximum value is 2% = 729.

1
Of course, the answer is wrong. We ask you to solve slightly more difficult problem:

where abc




For each four-digit decimal number abed (a # 0) we calculated the value of the ratio %,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
2%0%0620 < 1;1:1'11), and the number 1000 precedes the number 2000 (since 1%&%% = Qjoofdgo,
but 1000 < 2000).

What number is in the 8989nd place in the resulting sequence?

Answer: 9997

I/ICKyCCTBeHHbIﬁ NHTEJIJICKT CIIpaBJ/JIdeTCd €Ille He CO BCEMHU 3a/ladaMU B CJI0OBaX. Bor HenIpuayMaH-
Had UCTOopud: HeKOTOpOfI cucreMe UCKyCCTBEHHOI'O MHTEJIJIEKTa ObLIIO IpeaI0zKeHo HalTH MaKCH-

ai’g’jc, re abc — Tpex3HavYHOe YHCIIO B IecaTHIHOM 3anucu. Cucrema

MaJIbHOE 3HaYEeHUEe OTHOIIEHU ST
«paccyauaay Tak:

9TOOBI OTHOIIICHHE % HMeJI0 MaKCHMAaJIbHOE 3HAYeHHe, HaJi0 ITOObI T MOJIYIH MaKCHMAaJIbHOE H3
BO3MOZKHBIX 3Ha9YeHHH, a 1y — MHHAMAJIbLHOE U3 BO3MOXKHBIX 3Ha9eHM. Tak KaK T — 3TO IPOH3Be-
JIeHHE JIeCSITHYHBIX IH(P TPEX3HAYHOIo ducja, 1o xr = 9 -9 -9 = 729; tak Kak y — 310 cymma
JIeCSITHIHBIX IMTH(pP Tpex3HadHoro ducaa, 70 Yy = 1 + 0+ 0 = 1. [losromy nckomMoe MaKCHMAaJIbHOE
3HaYEeHHE PABHO @ = 729.

Pasywmeercs, orBer HenpaBuabHbIA. [IpegiaraeM BaM peIuTh CJIEAYIONYIO, 9yTh OoJiee CJA0KHYIO

3aJa4y:

Jl1st Kasa0ro dersipexsnaunoro uncia abed (a,b,c,d — mudpsr or 0 g0 9, npuuem a # 0) moi-
CUATAJIN 3HAYEHUE OTHOIICHUSI %, a 3aTeM OTCOPTUPOBAJIN BCE YeThIPeX3HAUHBIC YHC/Ia CHA-
qaga B IOPSJIKE BO3PACTAHHsS 3HAYEHUH ITOTO OTHOIIEHHs, a 3aTeM (B CJAyvae PABHBIX 3HAYE-
HUil yKa3aHHBIX OTHOINEHHI) — B IIOPAJIKE BO3PACTAHUSA CAMHUX YETHIPEX3HAYHBIX 4uCes. Takum
obpazom, Hanpumep, duciao 2000 mpu Takoit coprupoBke npemmectByer uncay 1111 (tak kak
oty < Triieg)s a ameao 1000 mpexmectryer wncay 2000 (Tak Kak [pitts = sogtis, HO

1000 < 2000).

Kakoe 4nco HaxoauTcs B MOJYUeHHOI TocIeoBaTe/bHOCTH Ha 8987 MmecTe?

Artificial intelligence does not yet deal with all tasks «in words». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio aig'jc, where abc
is a three-digit number in decimal notation. The system «reasoned» like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then x = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =140+ 0 = 1. Therefore, the required maximum value is &191 =729.

Of course, the answer is wrong. We ask you to solve slightly more difficult problem:

For each four-digit decimal number abed (a # 0) we calculated the value of the ratio %,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
2i60%060+0 < 1;1:1'11), and the number 1000 precedes the number 2000 (since 1%0%0&0 = 243604}06107
but 1000 < 2000).

What number is in the 8987rd place in the resulting sequence?

Answer: 9799

MCKYCCTBGHHbIﬁ NHTEJIJICKT CIIpaBJ/JIde€TCd €Ille He CO BCEMHU 3a/la9aMU B CJI0OBaX. Bor HeIIpuayMaH-
Had UCTOpHUId. HQKOTOpOfI cucTeMe MCKYCCTBEHHOI'O MHTEJIJIEKTa OBLIO Ipeaa0zKeHo HalTU MaKCH-

a‘ig’jc, rje abc — Tpex3HavYHOe YHCIIO B IecaTHIHOM 3anucu. Cucrema

MaJIbHOE€ 3HaY€HNE OTHOIIICHM A
«paccygujia» Tak:
9TOOKI OTHOIIIECHHE % HnMeJjI0o MaKCuMaJIbHO€ 3Ha4YeHue, Ha/o qTOOBI I noJIy9uJjl MaKCHMaJIbHOE U3



BO3MOXKHBIX 3HAYECHHUH, & 1) — MHHUMAJIbHOE U3 BO3MOXKHbBIX 3HA4YeHUI. Tak KaK T — 3TO IIPOU3Be-
JIeHHe JIeCSITHYHBIX IH(PP Tpex3HadyHoro 4ucjia, 10 r = 9-9-9 = 729; rak kak y — 310 cymma
JIeCITHIHBIX U Tpex3nadnoro uncjia, 70 Yy = 1+ 0+ 0 = 1. Ilosromy nckomoe MakCuMaJIbHOE
3HAYEHHe PABHO @ =729.

Pasymeercs, orBer HenpaBuabHbIA. [IpegiaraeM BaM peIuTh CJIAYIONYIO, 9yTh OoJiee CJI0KHYIO
3aa9dy:

Jlas KazKaoro deTnipexsmaunoro unciaa abed (a,b,c,d — mudpsr ot 0 10 9, npmuem a # 0) moz-
CUNTaJIN 3HAYCHNEC OTHOIICHU A %, a 3aTeM OTCOPTUPOBaJIM BCE€ YETBIPEX3HAYHbIC YHCJIa CHa-
Jajia B MOPsijIKe BO3DACTaHWs 3HAYEHHH ITOrO OTHOIIEHUs, a 3aTeM (B CJIyvae PaBHBIX 3HaUe-
HUIl YKa3aHHBIX OTHOINEHW) — B MOPsijIke BO3PACTAHUST CAMHX YeTHIPDEX3HAYHBIX duces. Takum
obpazom, Hampumep, dunciao 2000 mpu Takoit copTupoBke mpesmectByer uncay 1111 (tak kak

2:0-0-0 1111 1000 _ _2000
501000 < Tritica), @ dmero 1000 mpenmrectsyer wmey 2000 (Tax Kax = HO

1+0+0+0 2+0+0+0°
1000 < 2000).
Kaxkoe 1aunc/io HaxoauTest B MoJIydeHHOl mocteoBarenbHoctu Ha 8990 mecre?

Artificial intelligence does not yet deal with all tasks «in words». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio a‘izjc, where abc
is a three-digit number in decimal notation. The system «reasoned» like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then t = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =1+ 0+ 0= 1. Therefore, the required maximum value is @ =729.

Of course, the answer is wrong. We ask you to solve slightly more difficult problem:

For each four-digit decimal number abed (a # 0) we calculated the value of the ratio %,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
242604}0610 < 11&'11:1'_11), and the number 1000 precedes the number 2000 (since 14&60%06&0 = Qibofdgro,
but 1000 < 2000).

What number is in the 8990th place in the resulting sequence?

Answer: 8899

NckyccrBennblit HHTEJJIEKT CIIPABJISETCS €Ie He CO BCeMU 3aJ/ladaMy B cjioBax. Bor Hemnpuyman-
Hasl UCTOPHS: HEKOTOPOW CHCTEMe MCKYCCTBEHHOTO MHTE/JIEKTa OBbLIO MPEeJIJIOKEHO HAWTH MaKCH-
MaJIbHOE 3HaYeHNe OTHOIIEeHU S ai'gjc, riie abc — Tpex3HAMHOe YHCII0 B AecaTHUHOI 3amuc. CucreMa
«paccyamiay Tak:

ITOOBI OTHOIITCHUE % HMeJI0 MAaKCHMAJIbHOE 3HaUeHHe, HAJA0 ITOOBl X TOJYIHI MAaKCHMAJBHOE U3
BO3MOXKHBIX 3HAY€HHUH, a | — MHHUMAJIbHOE U3 BO3MOXKHbBIX 3Ha4YeHuil. Tak KaK T — 3TO IPOU3Be-
JIeHHe JIeCSITHIHBIX IH(PP Tpex3HadHoro 4ucjia, 1o xr = 9-9-9 = 729; rak kak y — 310 cymma
JecTHIHBIX 1Ipp Tpex3HadHoro dncia, 7o Yy = 1 + 04 0 = 1. IlosTomy nckoMoe MakcHMAaJIbHOE
3HadYeHne PABHO ngl =1729.

Pazymeercs, orBeT HenpaBuibHbBIA. [IpeamaraeM BaM penmuTh CIeAYIONIYIO, 9yTh OOJIee CI0KHYIO
3a/ia4y:

st kaxioro yerbipex3nadnoro uuciaa abed (a,b,c,d — uudpst or 0 g0 9, upuyem a # 0) mos-

CUUTAJIN 3HAYEHUE OTHOIIIEHNU A —abed a 3aTeM OTCOPTHUPOBAJIN BCE YE€ThIPDEX3HAaYHbI€ YHCJIa CHA-
a+b+c+d’

YaJla B MOpdAKe BO3paCTaHUA 3HAYEHU 3TOTrO0 OTHOIIIEeHUud, a 3aTeM (B CJIyda€ PaBHBIX 3Ha4e-
HUIl YKAa3aHHBIX OTHOIIEHWI) — B MOPsijIKe BO3PACTAHUS CAMHX Y€TBIDEX3HAYHBIX dHces. Takumm
obpazom, nampumep, uduciao 2000 mpu Takoit copTupoBke mpesamectByer uncay 1111 (tak kak

2:0-00 11141 1000 _ _2:000
55040400 < Tritigr), @ aucao 1000 npepmecrsyer ducay 2000 (rax kax = HO

1+0+040 — 240+040°
1000 < 2000).




Kakoe qucio Haxoaurest B OJIy4e€HHOI 1ociegoBare/ibHocTr Ha 8992 mecre?

Artificial intelligence does not yet deal with all tasks «in wordss». Here is a true story: some
artificial intelligence system was asked to find the maximum value of the ratio aig'jc, abc
is a three-digit number in decimal notation. The system «reasoned» like this:

for the ratio £ to have a maximum value, x must have the maximum possible value, and y must
have the minimum possible value. Since x is the product of decimal digits of a three-digit number,
then x = 9-9-9 = 729; since y is the sum of decimal digits of a three-digit number, then
y =140+ 0 = 1. Therefore, the required maximum value is ngl =1729.

Of course, the answer is wrong. We ask you to solve slightly more difficult problem:

where abc

For each four-digit decimal number abed (a # 0) we calculated the value of the ratio aibbfci =,

and then sorted all four-digit numbers, first in ascending order of the values of this ratio, and
then (in the case of equal values of the ratios) — in ascending order of the four-digit numbers
themselves. Thus, for example, the number 2000 after this sorting precedes the number 1111 (since
oS < i), and the number 1000 precedes the number 2000 (since 505 = ;200

but 1000 < 2000).
What number is in the 8992nd place in the resulting sequence?

Answer: 8998

Solution (RUS). (npeicrapieno pemenune papuanta N1, ocraabHble peniaiores anagsorndao) Cra-

qaJia, JOKaKeM, YTO OTHOIICHHE % He yObIBaeT 1pU BO3pacTaHuu JIFOOOU mudpbl 3TOr0 4uc/ia, He

pasuoit 9. IIycts 0 < ¢t < 8 — mr0bast mudpa unciaa abed, x,y — COOTBETCTBEHHO NMPOU3BEIEHNE U CyMMa
OCTAJILHBIX UMD ITOTO TUCTA.

2y > 0=yt +at* +xt +ay > oyt + o’ +at = 2t + Dt +y) > (y+ (¢ + 1)zt =

z(t+1) S @t
y+(t+1) " y+t

TO €CTb IIPU YBeJIUYEHUHU | Ha eIMHUILY OTHOIIEeHHE IIPOU3BeieHnsd Mudp K UX cyMMe He YOBIBAaeT, UYTO U
TpebOBAJIOCH TOKA3ATh.
Cl1e10BATEJIBHO, YeTHIPEX3HAUHBIE JeCATHYHbIe Yucaa abed, BO-IePBBIX, YIIOPSIO0YeHBI 110 cyMMe 1udp.
Tpebyercs naiitu 8989-it wien nocseoBarenbroct, B Kotopoit 9000 wienos (1000, 1001, ..., 9999 —
posro 9999 — 1000 + 1 = 9000) — wHBIME CcJIOBaMH, Hy2KeH 12-if €ien «c KoHIa». MakcuMasibHas cymMma
mudp — 36, ¥ eCTb TOJIBKO OJHO YeThIpEeX3HAaUHOe YUCJIO0 C TaKoil cymmoil mudp — 31o 9999, a 3Ha4MUT,
9TO W eCTh MOCJeHee YUCJI0 B HAIlel MOCTeI0BATETbHOCTH. KCTh 4eThIpe 4eThIpeX3HAUYHBIX YHCTIA C
cymmoii ucp, pasaoii 35 (9998, 9989, 9899 u 8999), oHu u OyayT BTOPLIM, TPETHUM, UETBEPTHIM W
HSTHIM YHCJIAME «C KOHIA» B HAIllel 1OCJ/Ie/10BATEeIbHOCTH.
Yerpipex3nadnbie 9ucjia ¢ cyMMOi mudp 34 MOKHO pa3dUTh Ha JiBe IPYIIIBI: T€, KOTOPbIe 00Pa30BaHbBI
mndpamvu 9, 9, 8, 8, u Te, Koropwie obpazosanbl mudpavu 9, 9, 9, 7. Uncaa BHyTpH KaxKIo0il U3 3THX
IPYII YIOPSIOYEHBI 110 BO3PACTAHUIO, IIPH STOM BCE YHUCJA MEPBOIl T'PYIIBI PACIOJIOXKEHBI OJIHXKe K
KOHITY IIOCJIeJIOBATEJIbHOCTH, YeM YUCJIa U3 BTOPOU I'PYINBI, T.K. 9988 ~, 9997 SHAYUT, CJIeAYIO-

9+9+8+8 ~ 9+9+9+7"
e mecTb (MMEHHO CTOJIbKUMHU CHOCODAME MOZKHO COCTaBUTH 4ucio u3 mudp 9,9,8,8) uucesn ¢ KoHIa

nocJiegoBaTebHOCTH — 3T0 9988, 9898, 9889, 8998, 8989, 8899; 3a numu cireytor 9997, 9979, 9799, 7999.

Kpurepuu orieHuBaHUA:
e OoTMedeHO HeyObIBaHWE OTHOIIEHUs POu3BeeHns mudp K ux cymme — 2 6aJjuia;

e J[0Ka3aHO HeyObIBaHUEe OTHOIIEHUS MPOU3Be/IeHUs MUMP K UX CyMMe, IPH 3TOM OTMEYEHO, YTO ITO
BEPHO TOJILKO ecjiu Bce nudphl MeHbire 9 — 1 6aJw;

® BEPHO BHITIOJIHEH TIepe0op «C KOHIAa» MOCJIeI0BATETLHOCTH — 2 0aslIa;



e JionyleHa omuOKa 1pu 1uepedope, MpuBe/iias K HEBEPHOMY OTBeTy — MUHYC 1 OaJu.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) First,
lets prove that the ratio ajbbfci - does not decrease as any digit of this number (that is not equal to 9)
increases. Let 0 < ¢t < 8 be any digit of the number abed, x,y be the product and sum of the remaining

digits of this number, respectively.

xy > 0=zxyt+axt°+xt+zxzy > xyt + xt° + 2t = x(t + +y) 2 y+({t+1))zt =
y > 0= oyt + ot? + ot + xy > ayt + ot* +at t+D(t+y) > (y+ (t+1)at

z(t+1) S @t
y+(t+1) " y+t

thus when ¢ increases by one, the ratio of the product of digits to their sum does not decrease, which
is what was to be proven.

Therefore, four-digit decimal numbers abed are firstly ordered by the sum of their digits. We need to find
the 8989th term of a sequence which has 9000 terms (1000, 1001, ..., 9999 - exactly 9999—1000+1 = 9000)
— in other words, we need the 12th term «from the end» . The maximum sum of digits is 36, and there
is only one four-digit number with such a sum of digits — it’s 9999, which means that this is the last
number in our sequence. There are four four-digit numbers with a sum of digits equal to 35 (9998, 9989,
9899 and 8999), and these will be the second, third, fourth and fifth numbers «from the ends» in our
sequence.

Four-digit numbers with a sum of digits of 34 can be divided into two groups: those formed by the digits
9,9, 8, 8 and those formed by the digits 9, 9, 9, 7. The numbers within each of these groups are ordered
in ascending order, with all the numbers of the first group located closer to the end of the sequence
than the numbers from the second group, since 2288~ 9997 Ry that, the next six (that’s how

9+9+8+8 ~ 9+9+9+7
many ways there are to make a number from the digits 9,9,8,8) numbers from the end of the sequence

are 9988, 9898, 9889, 8998, 8989, 8899; followed by 9997, 9979, 9799, 7999.

Criteria:

e the ratio of the product of digits to their sum has been noticed to be non-decreasing — 2 points;

e the ratio of the product of digits to their sum has been proven to be non-decreasing, also noticed
that its true if all the digits are less than 9 — 1 point;

e correctly searched «from the end» of the sequence — 2 points;

e an error was made during the search, which led to an incorrect answer — minus 1 point.



