8-9'" degree

Task 1.
1. Cerb aBTOOYCHBIX MapHIpyToB ropoja VHHOMOINCA yCTPOEHA TaK:

e 001ee KOJIMYECTBO aBTOOYCHBIX OCTAHOBOK B Iopojie — 9 MITYK, U JIIOOble J[Be U3 HUX CO€JIU-
HEHbI JIOPOroii;

® Ha Ka)K,ZLOM MapLprTe ,HOII}KHBI 6bITb pOBHO 3 OCTAaHOBKHA (BKJIIO“I&H Ha4daJIO " KOHeH Mapm—
pyTa);

e JII00BIE JIBA aBTOOYCHBIX MapIIpyTa UMEIOT JIM0O O/IHY OOIILYI0 OCTAHOBKY, JIMOO HU OJHOMN.

Kaxkoe nauboJibiiiee KoTmaecTBO aBTOOYCHBIX MAPIIPYTOB MOXKET UMeTh ropo, uuomommc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 9 with any two of them connected with a road;
e each route must have exactly 3 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 12
2. Cerb aBTOOYCHBIX MapIIPYTOB ropojga VHHOIOMMCA yCTPOeHa TaK:

e 0011ee KOJIMYECTBO aBTOOYCHBIX OCTAHOBOK B I0pojie — 9 MITYK, U JIIOObIe J[B€ U3 HUX CO€JIU-
HEHbI JIOPOroii;

® Ha Ka)K,ZLOM MapLprTe ,HOII}KHBI 6bITb pOBHO 4 OCTAaHOBKHA (BKJIIO“I&H Ha4daJIO " KOHeH Mapm—
pyTa);

e JII00BIE JIBa aBTOOYCHBIX MapIIpyTa UMEIOT JIM0O O/IHY OOIIYI0 OCTAHOBKY, JIMOO HU OJTHOMN.

Kaxkoe naunboJsibiiiee KoJTmaecTBO aBTOOYCHBIX MAPIIPYTOB MOXKET nMeTh ropo, uuomommc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 9 with any two of them connected with a road;
e each route must have exactly 4 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 3
3. Cerb aBTOOYCHBIX MapIHIPYTOB ropoga VHHOIOMMCA yCTPOeHa TaK:
e 00I11ee KOJIMIECTBO aBTOOYCHBIX OCTAHOBOK B ropojie — 10 mryK, u Jitobble JiBe U3 HUX COeJIu-
HEHbI JI0POroii;

® Ha Ka}K,ZLOM MapLprTe ,HOII}KHBI 6bITb pOBHO 3 OCTAaHOBKHA (BKJIIO“I&H Ha4daJIO " KOHeH Mapm—
pyTa);

e JII00BIE JIBA aBTOOYCHBIX MapIIpyTa UMEIOT JIM0O OJIHY OOIILYI0 OCTAHOBKY, JIMOO HU OJTHOMN.



Kakoe HauboJiblee KOJMIecTBO aBTOOYCHBIX MApPIIPYTOB MOXKeT uMeTh ropos MHHomomce?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 10 with any two of them connected with a road;
e cach route must have exactly 3 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 13
4. Cerb aBTOOYCHBIX MapIHIpyTOB ropojga VHHOMOINCA yCTPOeHA TaK:

e 0o0I1Iee KOJIMIECTBO aBTOOYCHBIX OCTAHOBOK B ropojie — 12 mTyK, u Jitobble JiBe U3 HUX COeJIU-
HEHbI JIOPOroii;

® Ha Ka)K,ZLOM MapLprTe ,HOII}KHBI 6bITb pOBHO 4 OCTAaHOBKHA (BKJIIO“I&H Ha4daJIO " KOHeH Mapm—
pyTa);

e JII00bIe JIBa aBTOOYCHBIX MapIIpyTa UMEIOT JIH0O OJIHY OOIILYI0 OCTAHOBKY, JIMOO HU OJHOMN.

Kakoe nauboJibiiiee Komm4aecTBO aBTOOYCHBIX MApPHIPYTOB MOXKET UMeTh ropo, uuomommc?

The bus routes web in the town of Innopolis is built as follows:

e the total number of bus stops in the town is 12 with any two of them connected with a road;
e cach route must have exactly 4 stops (including the beginning and end of the route);

e any two bus routes have either one common stop or none.

What is the largest number of bus routes the town of Innopolis can have?

Answer: 9

Solution (RUS). (upeacrasieno penrenne papuanta Nel, ocragbHble PENIAOTCS AaHAJTOTHTHO) «3a-
dukcupyems» aBTodycHyio octanoBKy X — oxny u3 9-u. Kpome nHee, B ropojie ecThb erie 8 0CTAaHOBOK, U Ha
KaKJIOM aBTOOYCHOM MapIIPyTe, TPOXOAAIeM depe3 X, eCTh ellle 2 OCTAHOBKHU, IPUYEM 3TH MAaPIIPYThI
HEe MOTYT UMeThb JPYTUX OOIIUX OCTAHOBOK, KpoMe X — 3HAYUT, TAKUX MapIIPpyTOB He Oomee 8 : 2 = 4.

Teneps 3anymepyem aprodycubie ocraHoBku uucjamu ot 1 jio 9. Ilycrs B Munonosce Bcero n
aBTOOYCHBIX MApPIIPYTOB, U3 HUX 77 HPOXOJAT Yepe3 OCTAaHOBKY 1, ny — 4yepe3 octanoBky 2, u T.7. Ha
KayKJ0M MapripyTe 3 OCTAHOBKH — 3HAYUT, N1 + Ng + - -+ + ng = 3n, nupu 3rom n; < 4 mis ja110boro i
coryiacHo JokaszanHomy Bbimie. CremoBarenbo, 3n < 4 -9, orkyga n < 12,

[TokazkeM, Kak TpoBecTr 12 MapimpyToB (nudpbl 0603HAYAIOT HOMEPA OCTAHOBOK, & TPEX3HAYHbIE
uucsia — aBrobycubie MmapupyThl): 123, 456, 789, 147, 258, 369, 249, 168, 267, 348, 159, 357.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Lets
«fix» bus stop X — one of the 9. In addition to it, there are 8 more bus stops in the city, and on each bus
route passing through X, there are 2 more stops, and these routes cannot have other stops in common
except X — therefore, there are no more than 8 : 2 = 4 such routes.

Now let’s enumerate the bus stops with numbers from 1 to 9. Let there be only n bus routes in
Innopolis, of which n; go through stop 1, ny go through stop 2, etc. There are 3 stops on each route —
by that, ny +mno+ - - -+ ng = 3n, while n; < 4 for any ¢ according to what was proven above. Therefore,
3n <4-9, thus n < 12.



Finally, lets show how to establish the 12 routes (digits indicate bus stops, and three-digit numbers
indicate bus routes): 123, 456, 789, 147, 258, 369, 249, 168, 267, 348, 159, 357.

Task 2.

1. Jano uucio n = 2° - 137. Haitjure KOJIMYeCTBO HATYDPAJIbHBIX jejuTeseil n?, He sBJISIONUXCS

JEJAATEIIIMI N.

Given n = 2° - 137. Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 117

2. Jlano unciao n = 5% - 138, HaiiauTe KOJMUecTBO HATYpATbHLIX JequTeneil n?, He gBISIONIIXCS

JEJAATEIISIMI N.

Given n = 5% - 13%. Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 233

3. Jano uuciao n = 7% . 171, HaiimuTe KosmdecTBO HATypaJdbHBIX JeauTeseil n?, He SBJISIONIIXCS

JAeJITUTeIAMUA 7.

Given n = 7% - 17, Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 215

4. Hano wmcao n = 37 - 7'0. HaiianTe KommdecTBO HATYPAJBHLIX JenTeneil n?, He ABIAIONIIXCA

JCeJTUTEJIAMU 7.

Given n = 37 - 7'°. Find the number of positive integer divisors of n? that are not divisors of n.

Answer: 227

Solution (RUS). (npeacrapieno pemmenne papuanta N1, ocraiabHble perarorcest anagorndio) Ilyctnb
gaHo quciao N = a® - bY n11g HaTypasbHBIX X,y W PA3IHIHBIX HPOCTHIX a,b. lokaxkem, uro N mmveer
poBHO (2 + 1)(y + 1) HATYpATBHBIX JIeJuTeTei.

Jns magasna 3amerum, 410 Jj11000i gesmrens d duciaa N uveer Bug d = a¥ - b¥ Uil 1eJIbIX HEOTPH-
narebHbix U < x, v < y. JleflcTBUTENBHO, APYIUX MPOCTHIX JeauTeseii d uMeTh He MOXKET, a CTeleHH
BXOKJIEHHUSI B HErO TPOCTHIX @, b orpanuvennsl TakoBbiMu y [N. BoJsiee Toro, Kaxjas napa u,v B3auMO-
OJIHO3HAYHO ompejesder d — a 3HAYUT, KOJTUIECTBO TAKUX I1ap PABHO KOJIHYECTBY jesauTeseil qucaa N.
T.H. «IPaBUIO YMHOXKEHHUS» TOJCKA3BIBACT, UTO KOJMYECTBO TaKUX map pasHo (z + 1)(y + 1), uto u
TpebOBAJIOCH JTOKA3ATh.

Tenepb 3aMerum, 4To JII000I Jle/IUTe b N ABJIAeTC Je/IuTeleM n? — 3HaUYUT, UCKOMOEe KOJUYeCTBO
PaBHO PA3HOCTH KOJAMYecTB gequteneit n® un, re. (2-5+1)(2-7+1) — (5+1)(7+1) = 117.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Consider
a number N = a” - b¥ for positive integers x,y and primes a,b (a # b). Lets prove that N has exactly
(x + 1)(y + 1) positive integer divisors.



Note that any divisor d of a number N has the form d = a" - b for non-negative integers u < =,
v < y. Indeed, d cannot have any other prime divisors, and the degrees of occurrence of primes a, b in it
are limited to those of N. Moreover, each pair u,v determines d one-to-one, which means the number
of such pairs is equal to the number of divisors of the number N. The so-called «multiplication rule»
states that the number of such pairs is equal to (x + 1)(y + 1), which is what needed to be proven.

Note that any divisor n is a divisor of n? — by that, the required quantity is equal to the difference
between the numbers of divisors of n? and such for n, i.e. (2-5+1)(2-7+1)— (5+1)(7T+1) = 117.

Task 3.

1. Ha ksierdaroit Oymare co crOpoHO# KJ€TKU, paBHOil 1, HApUCOBaH TPEYrOJIbHUK TAK, 9TO €r0 CTO-
POHBI C JijiuHaMu D U 12 JjiekaT Ha CTOPOHAX KJETOK. depe3 CKOJIbKO BEpIINH KJIETOK Ipoiiaer
OMCCceKTpHCca HAMMEHBIIEToO yIJIa 9TOro Tpeyroabanka’ [lomHanTe, 9TO BepinHa yriia, u3 KOTOPOro
IpPOBeJIeHA ODUCCEKTPHUCA, TOXKE ABJIIETCS €€ JacTbio.

On checkered paper with the side of the cell equal to 1, a triangle is drawn in such way that its
legs with lengths 5 and 12 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect? Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 3

2. Ha xnetuaroit 6ymare co cTOpOHOI KaeTKd, paBHO#l (.2, HAPUCOBAH TPEYTOJBHUK TaK, 9TO €ro
CTOPOHBI C JyimHaMu D u 12 jiezkaT Ha CTOPOHAX KJIETOK. Jepe3 CKOJIbKO BEPIIUH KJIETOK ITPOiijieT
OUCCeKTpUCa HAMMEHbBIIIEro yriia 9Toro Tpeyroabauka’ [lomauTe, 94T0 BepimuHa yria, u3 KOTOPOro
MPOBe/IeHa OMCCEKTPHCA, TOXKE SBISIETCS ee YacThIO.

On checkered paper with the side of the cell equal to 0.2, a triangle is drawn in such way that its
legs with lengths 5 and 12 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect? Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 13

3. Ha kyeruatoit 6ymare co cTOpoOHO# KJIeTKH, paBHOI 1, HApHCOBaH TPEYTOJbHUK TaK, ITO €ro CTO-
ponbl ¢ jimaamu 20 u 21 Jiexkar Ha CTOPOHAX KJETOK. depe3 CKOJIbKO BepIINH KJEeTOK Lpoiijier
OHMCCeKTpUCca HAMMEHBIIETO yIJIa 9TOro Tpeyrojbauka’ [lomanTe, 9T0 BepimHa yria, u3 KOTOporo
npoBeJIeHa ODUCCEKTPUCA, TOXKE SBJISIETCS ee YacTbio.

On checkered paper with the side of the cell equal to 1, a triangle is drawn in such way that its
legs with lengths 20 and 21 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect?” Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 5

4. Ha xknerdaroit Oymare co cTOpOHOI KJIeTKH, paBHOI (.5, HAPHCOBAH TPEYTOJbHUK TaK, UTO €ro
CTOPOHBI C JITMHAMHU 7 U 24 JezKaT Ha CTOPOHAX KJIETOK. depes CKOJTbKO BEPITHH KJIETOK MpOoii1eT
OucceKkTpuca HAMMEHbBIIIero yriia 9Toro rpeyroabauka’ [lovaure, 9To Bepimuna yria, u3 KOTOPOro
npoBeJieHa OUCCEKTPHUCA, TOXKE SBJISETCS ee 4acTbio.



On checkered paper with the side of the cell equal to 0.5, a triangle is drawn in such way that its
legs with lengths 7 and 24 lie on the sides of the cells. How many cell vertices will the bisector
of the smallest angle of this triangle intersect? Remember that the vertex of the angle which the
bisector is drawn from is also part of it.

Answer: 7

Solution (RUS). (npeicrapiieno pemenne Bapuanta N1, ocraabHble pemanTes anaaorndno) Hau-
MEHBIIUM SIBJISETCs YyIoJl HanporuB Menbinero karera AC' =5 (em. puc.). Haxouum runorenysy BC =
13 110 KaTeTaM M, UCIO/Ib3Ysl CBOMCTBO OMCCEKTPUCHI YIJIa TPEYTOJbLHUKA O JAeJeHUU €10 IIPOTHBOIOI0ZK-

!
HOW CTOPOHBI, HAXOINM OTHOIIIEHNE OTPE3KOB, Ha KOTOpbie oHa geaut AC: % = g—g = %

B

13 13

Bnas AC' u ucnoJb3ys Haiigennoe ornomenue, Haiinem AB' = AC - A;—k—i%’ = 2.4. Haijinem Tanremc

IMOJIOBUHBI MEHBIIIET'0 yIJjla TPEYyroJIbHUKa, IPpUJIEZKallero K KaTeTy:

AB' 24 1

AB 12 5

[ToyunM, 9TO KazKIyIO0 KJIETKY «BHH3» OT TOUKH B (cM. puc.) 6uccekrpuca Gyjer mepecekarb KIeTKY
B y3i1e. BHAYMT, KOJIMUYECTBO y3/I0B CeTKH, KOTOPbIE llepecekaer buccekrpuca, pasuo [2] 41 =3 (saech
[t] obo3HAUAeT TEIyI0 YacTh f, T.e. HAMOOJIbINEE [EJI0e THUCJIO0, He TPEBOCXO/IsIee t).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) The
smallest angle is the angle opposite the smaller side AC' = 5 (see picture). We find the hypotenuse
BC = 13 by the cathetes, then we use the property of the angle bisector we find the ratio of the

. C oyl qee . AB' _ AB _ 12
segments into which it divides the side 775 = £3 = 3.



12 13

Knowing AC' and the ratio of the segments, we find AB’ = AC'- Aéi—';% = 2.4. Lets calculate the tangent
of the half of the smaller angle of the triangle:
AB' 24 1

AB 12 5

We get that every cell «down» (see the triangle’s orientation on the picture) from the point B the
bisector will intersect a cell at a node. So, the number of nodes of the grid that the bisector intersects
is equal to [2] 4+ 1 =3 (here [t] denotes the integer part of ¢, i.e. the largest integer not exceeding t).

Task 4.

1. Uroppb, agMuHHCTpaTOp TeXHUYecKoil moamep:kku BKoHTakTe, moMoraeT BOCCTaHABINBATL aKKa-
YHTbI 1oJib30BaTeJIel u IIOIIYTHO OTBEYa€T Ha UX BOIPOCHI. Sa OJ/IHY MUHYTY I/II‘Opb MOZKeT CAeJIaTh
OJIHO M3 CJIEIYIOINAX AeiCTBUIl:

® BOCCTAHOBHUTDL OJWH aKKayHT, HO TOTJa €Ile OJUH aKKayHT CJIOMaeTCd (BOBMO)KHO, TOT }Ke),
® BOCCTAaHOBHUTDL ABa aKKayYHTa — TOrJa IIOABHUTCIA HOBBIi1 BOIIPOC OT IIOJIB30BaTEJId;

® OTBETHUTDL Ha OJMH BOIIPOC IIOJIb30BaTeJad — TOIa IMOABATCA ABa HOBBLIX BOIIPOCA;

® BOCCTAHOBHUTDL OAMH aKKAaYHT W OTBETHTL Ha OAWH BOIIPOC — TOI'Ja CJIOMa€TCA OJHUH aKKayHT

(BO3MOZKHO, TOT 2Ke).

WznavaibHO ObLIH MpoOeMbl ¢ 10 akKayHTaMu HoJib3oBaTeseil, u 15 moap3oBaTe el HalucaaIn B
TeXTO/JIEPKKY CBOHM BOmpochl. Ecm ropio yaactesd B KaKOW-TO MOMEHT CBECTH K HYJIIO W TPO-
OsieMbl ¢ aKKayHTaMM, ¥ KOJMUYECTBO BOIIPOCOB I10Jib30BaTe ieil, TO HOBbIX LPOOJIEM U BOIPOCOB
cerojist yzke He Oyzer. 3a Kakoe MEHUMAaJIbHOE BpeMs (B MuHyTax) roph cMozkeT 106HTHCsS 9TO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.



Initially, there were problems with 10 user accounts, and 15 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 24

Urops, ajmunucrparop rexuudeckoil mojiepkku BKonTakTe, momoraer BoccTaHaB/IMBaTh aKKa-
YHTBI 0JIb30BaTeJIel 1 IOIIYTHO OTBEYa€T Ha UX BOIIPOCHI. Sa OJHY MUHYTY I/II‘Opb MOZKET CIAeJIaTh
OJTHO W3 CJICYIOMNX ACHCTBUIA:

® BOCCTAHOBHUTL OJWH aKKaYHT, HO TOr'/la €lle OAUH aKKayHT CJIOMaeTCd (BO3MO}KHO, TOT )Ke),
® BOCCTAQHOBHUTDL [IBa aKKayHTa — TOI'la IIOABUTCHA HOBBII BOIIPpOC OT I10JIb30BATEJIA]

® OTBETHUTHb Ha OJAMH BOIPOC IIOJIb30BATEJIA — TOAA IMOABATCA JABa HOBBIX BOIIPOCA;

® BOCCTAQHOBUTDL OAUMH aKKayHT U OTBETHTHb Ha OJMWH BOIIPOC — TOI'JA CJIOMAECTCAd OJAUH aKKayHT

(BO3MOKHO, TOT 7Ke).

N3navanbHo ObLTH MpoOJIeMBbl ¢ 14 aKKayHTaMu MOJIb30BaTe e, n 15 moip30BaTe eil Hamuca n B
TEeXIO/JIEPKKY CBOM Bolpochl. Ecjmm Uropio yjacres B KakKO-TO MOMEHT CBECTU K HYJIIO U HPO-
OJ1eMbl ¢ aKKayHTaMM, ¥ KOJMUYECTBO BOIIPOCOB I0JIb30BaTe eil, TO HOBBIX HPODOJIEM U BOIPOCOB
cerojiHst yKe He Oymer. 3a Kakoe MUHUMAJIbHOE BpeMsi (B MuHyTax) Iroph cMokKeT T06GHThCsS 9TO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 14 user accounts, and 15 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 28

Hropp, aJIMEHACTpATOP TeXHUUYeCcKoi nmoaaep:kku BKoHTakTe, moMoraeT BocCTaHABINBATH aKKa-
VHTBI ITOJIb30BaTe /el U MOMYyTHO OTBeYaeT HA X BONPOCHL. 3a 0JHy MUHYTY Vroph MoxKeT caenaThb
OJIHO U3 CJIeLyIOIUX AeiicTBuil:

® BOCCTAHOBUTL OJWH AKKAayHT, HO TOrJA ellle ONUH aKKAayHT CJIOMAaeTCs (BOBMO)KHO, TOT )Ke);

® BOCCTAHOBUTD [JIBA aKKAayHTa — TOLJA HOABATCH HOBBIA BOIPOC OT MOJIb30BaTEd;

® OTBETUTDH HA OJWH BOIIPOC IIOJB30BATEAA — TOTJA MOABATCA JBA HOBBIX BOIIPOCA;

® BOCCTAHOBUTH OJMH AKKAYHT M OTBETHTH HA OJMH BOIPOC — TOLJA CJOMAETCs OJUH AKKAYHT
(BO3MOZKHO, TOT ¥Ke).



N3navaibHo ObLiu 1pod/ieMbl ¢ 12 akkayHTaMu 110Jib30oBaTe e, u 18 moJib3oBaresieil Halucam B
TeXIO/IJIEPKKY CBOM BOIpochl. Ecimm Mropio yaacress B KaKOW-TO MOMEHT CBECTH K HYJIIO U IIPO-
OJ1eMBbl ¢ aKKayHTaMM, ¥ KOJMUYECTBO BOIPOCOB I0JIh30BaTeeil, TO HOBHIX HPOOJEM U BOIPOCOB
cerojiHst yKe He Oymer. 3a Kakoe MUHUMAJIbHOE BpeMsi (B MuHyTax) Iroph cMoKeT J06GHThCsS 9TO-
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;

e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 12 user accounts, and 18 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum
amount of time (in minutes) can Igor achieve this?

Answer: 29

ropb, aIMIHACTPATODP TEXHUIECKON 1T KK HTaKTe, TOMOTaeT BOCCTAHABINBATH aKKa-
Urops, a cTpaTop Te eCKoil Iojiie BKonrakTe, momoraer Boccrana aTh aKKa
VHTBI ITOJIb30BaTe /el U MOMYyTHO OTBeYaeT HA UX BONPOCHL. 3a 0JHy MUHYTY roph MoxKeT caenaTh
OJIHO U3 CJIeLyIOIUX AeiicTBuil:

® BOCCTAaHOBHUTDL OJWH aKKayHT, HO TOI'la €Ill€ OJUH aKKayHT CJIOMaeTCd (BOBMO)KHO, TOT }Ke),
® BOCCTAaHOBHUTDL JABa aKKayYHTa — TOIa IIOABHTCIA HOBBII1 BOIIPpOC OT IIOJIB30BATEJId;
® OTBETHUTDL Ha OJHMH BOIIPOC IIOJIB30BaTeEJd — TOIa IOABATCA ABa HOBBLIX BOIIPOCA;
® BOCCTAHOBHUTDL OAMH aKKAaYHT W OTBETHUTDL Ha OAMH BOIIPOC — TOI'Ja CJIOMa€TCA OJHUH aKKayHT

(BO3MOZKHO, TOT ¥Ke).

Nznavaibio O 1pobsieMbl ¢ 15 akkayHTamMu noJib3oBateseit, u 10 mogp3oBaTeseil Hanucaan B
TeXIOAePKKY CBOHM Bompockl. Besm Vropio yiactes B KaKOi-TO MOMEHT CBECTH K HYJIIO M IPO-
OJIeMBI ¢ aKKayHTaMH, U KOJUYIECTBO BOIMPOCOB MOJIb30BATeNell, TO HOBBIX MPOOJIEM U BOIPOCOB
ceroJiHs yze He Oyjier. 3a Kakoe MUHUMaJIbHOE BpeMs (B MuHyTax) ropb cmozxer j100uThCs 910~
ro?

Igor, who is VKontakte technical support administrator, helps restore user accounts and answers
their questions along the way. In one minute, Igor can do one of the following actions:

e restore one account, but then another account will break (possibly the restored one);

restore two accounts — then a new question from the user will appear;
e answer one user question — then two new questions will appear;

restore one account and answer one question — then one account (possibly the restored one)
will break.

Initially, there were problems with 15 user accounts, and 10 users wrote to technical support with
their questions. If at some point Igor manages to reduce problems with accounts and the number of
user questions to zero, then there will be no new problems and questions today. In what minimum



amount of time (in minutes) can Igor achieve this?

Answer: 23

Solution (RUS). (npeicrapieno pemenne papuanta N1, ocraabhble pernatorcst anagorndno) Ilyctnb
eCTh M «CJIOMAHHBIX» aKKAyHTOB M 7. BOIPOCOB T0JIb30BaTe el — conocTaBuM nape (m,n) TOUKy ¢ CO-
OTBETCTBYIOIMME KOODIMHATAMU Ha IaockocTH. Torma geficrBusiv Uropst (1 OmMCaHHBIM B yCJIOBHE
MOC/IeJICTBUSAM ITHUX JIEHCTBHI) TIOCTABUM B COOTBETCTBHE BEKTOPBI:

e Bektop @ = (0,0): «BOCCTAHOBHTDH OJMH AKKAYHT, HO TOIJA €I OJMH AKKAYHT CIOMaeTcs (BO3-
MOZKHO, TOT Ke)»;

—
e BekTOp b = (—2,1): «BOCCTAHOBUTH J[Ba aKKayHTa — TOIJA MOSBUTCSI HOBBIH BOMPOC OT MOJIB30-
BaTeJISY;

® BEKTOD 7 = (0,1): «OTBETUTDH HA OJMH BOIPOC MOJIBH30BATEJsI — TOL/IA HOSIBATCS JiBa HOBBIX BO-
mpocas;

® BEKTOD d = (0, —1): «BOCCTAHOBUTH OJMH AKKAYHT U OTBETUTH HA OJIUH BOLPOC — TOL/IA CIIOMAETCS
OJIMH AKKAyHT (BO3MOXKHO, TOT ZKe)».

T.e. BLIIOJTHUTE JEHCTBHE — 3HAYUT HEPEMECTUTLCS BIIOJIL COOTBETCTBYIOIIEIO BEKTOPA, IIPH 3TOM He
Hapyllasd yCJ/JI0BUA HEOTPUIATE/JIbHOCTH KOOPpAUHAT €I'0 KOHIIOB (KOJI—Ba AKKayHTOB U BOIIDOCOB — LEJIbIE
HeoTpuiareabubie uncaa). lleas — momacts B Touky (0,0) — 310 Oymer o3HaYaTh, YTO He OCTAJIOCH
npobJIeM ¢ aKKayHTaMHW ¥ BOTIPOCAMU TMOJIb30BaTe e,

Cpasy 3aMeTHM, 9TO JefiCTBHS, COOTBETCTBYIONIIE BEKTOpaM @ U  , He IPUBOJAT K IPHOTHZKEHIIO
K (0,0), kpome ciydaeB, Korja T meiictBus BomonHsooTca u3 Touek (1,0) u (0, 1), cooTBeTCTBEHHO.
WMubivu csioBamu, u3 3tux Jeiicrsuit iropio npuroaurcs e 6oJiee 0J{HOTO, HPUYEM €CJAU U IPUTOIUTCH,
TO TOJILKO 1 pa3 — B camylo MOCJIEIHIOI0 MUHYTY.
Yro6bt nepemecrurbes B 1ouky (0,0) geficrBusivm, cOOTBETCTBYIONIMMEI BEKTOPAM ? u j, HY2KHO Ha-
xoauThest B Toukax (2,0) u (1, 1), coorBercrBenHo.

VTak, npu moMOIIH BEKTOPOB 7 u 7 HeobXoMMo mepemMectuThest u3 Touku (10, 15) B Touky (2,0),
60 (1, 1), mu6o (1,0), mu6o (0, 1) 32 MUHEMATBHOE KOJHYECTBO «IIATOBY, MOCJIE 9ero MoTpebyeTcs erne
ojun niar jis nepemenienus B (0,0).

_)
Pacemorpum ciaydaii mepemernnennst B (2,0): mycTh st 9TOro morpeboBagoCh & BEKTOPOB b U y
BEKTOPOB 7, Te.x- b +y-d = (-8,-15), wm
—2z 4+ 0y = —8
lr —1y=—-15 '

orkyaa x = 4, y = 19, 1.e. Bcero Uropro norpedyercs 4+ 1941 = 24 neiicrBusg. AHAJTOIHYHBIM 00Pa30M
pacemorpes touku (1,1), (1,0), (0,1), nomyunm, uro Haiimenubie 24 neficTBust — camblii OBICTPBIT U3
BO3MOZKHBIX CIOCODOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let
there be m «broken» accounts and n user questions — match the (m,n) pair to a point with the
corresponding coordinates on the plane. Then we will associate Igor’s actions (and the consequences of
these actions described in the task’s formulation) with the following vectors:

e vector @ = (0,0): «restore one account, but then another account will break (possibly the restored
one)»;



_>
e vector b = (—2,1): «restore two accounts — then a new question from the user will appear»;

o vector ¢ = (0,1): «answer one user question — then two new questions will appears;

e vector 7 = (0, —1): «restore one account and answer one question — then one account (possibly
the restored one) will breaks.

To perform an action means to move along the corresponding vector, without violating the condition
of non-negativity of the coordinates of its ends (the number of accounts and questions are non-negative
integers). The goal is to get to the point (0,0) — by that, there will be no problems left with accounts
and user questions.

Note that the actions corresponding to the vectors @ and ¢ do not lead to (0,0), except when
these actions are performed from points (1,0) and (0, 1), respectively. In other words, Igor will need no
more than one of these actions, and if he does, it will be only once — at the very last minute.

To move to the point (0,0) by actions corresponding to vectors b and d, you need to be at points
(2,0) and (1,1) , respectively.

So, it is necessary to use the vectors E} and 7 to move from point (10, 15) to point (2,0), or (1, 1), or

(1,0) or (0,1) in a minimum number of «steps», after which it would take another step to move to (0,0).

— —
Consider the case of moving to (2,0): let this require x vectors b and y vectors 7, ie.x- b +y-7 =
(—8,—15), or

—2r+ 0y = -8
lr — 1y = =15

thus z =4, y = 19, i.e. [gor will need 4 4+ 19 + 1 = 24 actions in total. Having similarly considered the
points (1, 1), (1,0), (0,1), we find that the 24 actions just found are the fastest possible way to achieve
the goal.

Task 5.

1. AnHa yTBepzKIaeT, UTO MOYKHO 3aIlHCATh 4ncao, KpatHoe 20232°24 me memonnsysa mudper «0» u
nocJieioBaTeibHOCTell udp «13» m «666», a cyeBepHbii TUMyp rOBOPHUT, IYTO 3TO HEBO3MOXKHO.
Kro u3 mux npas? Ob6ocHyiiTe cBOil OTBET ¢ HOMOIIBIO MATEMATUKH, & HE CyeBepHii.

Anna claims that it is possible to write a number that is a multiple of 2023*?* without using
the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2. Anna yTBep:KIaeT, 9TO MOXKHO 3amucaTh 4uciao, kparnoe 2023%0%, ne ucnomnsys mudpor «0» n
nocJieioBaTesibHocTeil mudp «13» u «666», a cyeBepubrii TuMyp roBopuT, 9T0 3TO HEBO3MOZKHO.
Kro n3 mux npas? Ob6ocHyiiTe cBOil OTBET ¢ MOMOIIbIO MATEMATUKH, & He CyeBepwHii.

Anna claims that it is possible to write a number that is a multiple of 2023%°? without using
the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2023
3. Anna yTBepKIaeT, 4TO MOXKHO 3almCaTh 9ucI0, Kparnoe 2023292377 ne ucnoansys nudpor «0»

u nocjeaoBarebHocTel MUdp «13» u «666», a cyeBepHbiit TuMyp roBOpUT, 9TO 3TO HEBO3MOXKHO.
Kro n3 nux npas? ObocHyiiTe cBOil OTBET ¢ IMOMOIIbIO MATEMATUKH, & He CyeBepHii.



Anna claims that it is possible to write a number that is a multiple of 20232023" ithout using

the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

2023
4. AHna yTBepKIaeT, 9TO MOYXKHO 3alHcaTh 4ncao, KpaTaoe 202320247 me ncmompsysa muadpor «0»

u nocjeaoBaTebHOCTel Hdp « 13» u «666», a cyeBepHbIil TUMYpP TOBOPUT, 9TO 3TO HEBO3MOXKHO.
Krto n3 mux npas? Ob6ocHyiiTe CBOil OTBET ¢ TMOMOIIbIO MATEMATUKH, & HE CyeBepwHii.

Anna claims that it is possible to write a number that is a multiple of 20232024 without using

the digit «0» and the sequences of digits «13» and «666», but superstitious Timur says that it’s
impossible. Who is right? Explain your answer using mathematics, not superstition.

Solution (RUS). (upeacrasieno pemmenne Bapuanra Nel, ocrajibHbie perarorest anaaoraano) To-
KakeM, 9TO Tpebyemoe 4mc/j0 MOYKHO 3aliCaTh TPH MOMOIMH TOJLKO mudphl « 1» — a 3maunt, AHna
npaBa.

Utax, mycThb a, — HaTypaJbHOe UHCJI0, JeCATHYHAs 3alliCh KOTOPOTO COCTOHT U3 N <«eJUHHIL, T.e.
ar = 1, ap = 11, a3 = 111, .... IlycTth 7, — ocTaTKn OT meqeHud a, Ha 20232°%* mpm BCeBO3MOMKHBIX
HATypaJIbHBIX 7. Ecam cpemn 1y, 7y, ..., Topgs200a €cTh 7, = 0, TO cooTBercTByIomee a; Kparno 20232924,
4TO JOKA3BIBAET MPABOTY AHHBI.

Ecnn e cpenn 71,7, . . ., agegeees HeT «0», TO, coracuo npunnunmy upuxie, waitxyres r; = 1r; (i # j.
He orpannumsag oGunoctH, Gyaem cuntats ¢ < j). Torma a; —a; = a;—; - 10° kparno 2023%°%* ) npu stom
10 B3aummO mpocto ¢ 2023 — a 3HauuT, a;_; kKpatno 2023°°?!, uro mokaspiBaeT MpaBoOTY AHHBL.

Kpurepuu onmeHuBaHUg:
® IIPUCYTCTBYET UJesl MCIO/IH30BATh B 3AIMCH YHCJIA TOJHKO OHYy nudpy — 1 6asr;
® [IpM PAaCCMOTPEHWH OCTATKOB MCIOJb30BaH npuHiun Jlupuxie — 2 6aria;

® 1IpH PACCMOTPEHWH OCTATKOB MCIOIb30BaH MpUHINM /lupuxie, 10Ka3aH0, 9TO OCTATOK TPH JieJIe-
HUU @, Ha HYyKHOE YHCJIO MOXKeT ObITh paBeH (0 — 3 Gasia;

® BEpHBII OTBET IIPU HE3HAUUTETbHBIX OMINOKAX B pelreHun — 4 6asia;

® II0JIHOCTBIO BEpHBIE peIlleHne W OTBeT — 5 OAJIJIOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Let’s
prove that the required number can be written using only the digit «1», which means Anna is right.
First, let a,, be a positive integer which decimal notation consists of n digits «1», i.e. ay = 1, ag = 11,
az = 111, .... Let r,, be the remainders from dividing a,, by 2023%°?* for all possible integers n. If among
T1,T2, . .., Tag2g2024 there is 7, = 0, then the corresponding ay, is a multiple of 20232°?4, which proves Anna
is right.
If among 7y, 79, ..., 9232024 there is no «0», then, according to the Dirichlet’s principle, there exist
r; = r; (i # j; without loss of generality, we assume i < j). Then a; — a; = a;—; - 10" is a multiple of
20232024 while 10 is coprime with 2023 - thus, a;_; is a multiple of 2023%°?* which proves Anna is right.

Criteria:
e there is an idea to use only one digit to write the required number — 1 point;

e when considering remainders, the Dirichlet principle was used — 2 points;

e when considering remainders, the Dirichlet principle was used, also it was proven that the remainder
when dividing a,, by the required number can be equal to 0 — 3 points;



e correct answer with minor errors in the solution — 4 points;

e completely correct solution and answer — 5 points.

Task 6.

1. 13 66abI11ero npaBUIbHOrO 8-yroIbHUKA BBIPE3ATN MEHBINNI mpaBUIbHBIN 6-yroapuuk. Obs3a-
TEJIbHO JIM MOXKHO HPOBECTH HPAMYIO Tak, 4TOObI OHA Pa3Je/luia OCTaBILYIOCs (GUrypy Ha JBe
paBHOBesinKHue (T.e. paBHbIe 10 1Iomaau) Gurypsr?

From the larger regular 8-gon a smaller regular 6-gon was cut out. Is it always possible to draw a
straight line that divides the remaining figure into two figures with equal areas?

2. N3 66ub11ero mpaBu/IbHOTO 6G-yroIbHUKA BbIPE3aJi MEHbINNi npaBuibublii 10-yroasauk. Obs3a-
TeJIbHO JIU MOYKHO MPOBECTH MPAMYIO TaK, UYTOOBI OHA pa3/esiia OCTaBIIyOCca (DUTYpPy HA Be
paBHOBesInKHe (T.e. paBHbIe MO MIomaau) Gurypor?

From the larger regular 6-gon a smaller regular 10-gon was cut out. Is it always possible to draw
a straight line that divides the remaining figure into two figures with equal areas?

3. N3 661b11ero npaBuibHONO 8-yroJibHUKA BbIPe3a/ii MeHbIIni npaBuibblii 10-yroapauk. Obsi3a-
TEeJIbHO JIU MOYKHO TPOBECTH MPIMYIO TaK, YTOObI OHA pasje/injia OCTaBIIyIocs (purypy Ha JiBe
paBHOBesnKHe (T.e. paBHbIe MO mIomaan) Gurypsr?

From the larger regular 8-gon a smaller regular 10-gon was cut out. Is it always possible to draw
a straight line that divides the remaining figure into two figures with equal areas?

4. U3 66sbI1ero npaBuibHOoro 10-yroJibHUKa BBIPE3a/id MEHBIIUI MpaBUJIbHbINH 6-yroabHuk. Obs3a-
TEeJTbHO JIU MOYKHO TPOBECTH MPIMYI0 TaK, UYTOOBI OHA pa3jennja OCTABHIyIOCS (bUrypy Ha JBe
paBHOBeiMKuUe (T.e. paBHbIe 110 1L0Au) dhUuryps?

From the larger regular 10-gon a smaller regular 6-gon was cut out. Is it always possible to draw
a straight line that divides the remaining figure into two figures with equal areas?

Solution (RUS). (upeicrasieno pemenne Bapuanta N1, octajibHble PEHIAoTesi AHAJIONHIHO) 31eCh
u Jlajiee OyjieM Ha3bIBATh IEHTPOM IMPABUJIBLHOTIO 2N-yTOJbHUKA [EHTD OIMUCAHHONH OKOJIO HEro OKPY K-
HOCTH — OH PACIOJIaraeTcsl Ha MepPeceveHnun HAMOOJIBINMUX JuaroHaJeil 2n-yroJbHuKa. 3aMeTuM, 9TO
IPOU3BOJIbHAS IpsAMasd [, MPOXOALAIas Yepe3 IEeHTP HPAaBUIBLHOTO 2n-yTOJbHHUKA, JEJTUT ero Ha JiBa
PaBHBIX (& 3HAYUT, ¥ PABHOBEJIMKHUX) MHOTOYTOJIBHIUKA: OHU COBMEIAIOTCS TOBOPOTOM BOKDYT IEHTPA
UCXOJHOTO 2n-yronbHuka Ha 180°.

[Tycrs A — nenrp ucxognoro (66sbirero) 8-yrosibuuka, a B — meHrp Menbirero 6-yrosbauka. Torma
npsivasi AB et KazK bl 13 HUX Ha JBAa PABHOBEJIMKUX MHOTOYTOJIBHUKA, T.€. TI0 KarK Iy cTopony AB
JIEZKUT TIOJIOBWHA TLIOMIA/IA KAYKJIOTO U3 JIBYX YIIOMSHYTBIX MHOTOYTOJTBHUKOB — & 3HAYUT, TA MpsiMast
VIOBJIETBOPSIET YCIOBUAM 3a/Ia4H.

Kpurepuu oneHuBaHUdg:

® JI0Ka3aHO, UTO €CJIU IIeHTPhl MHOIOYTOJIbHUKOB COBIIAIAIOT, TO JIF0Das TpsiMast, MPOXOIsIasl depes
STH NMEHTPBI, JIeJUT (PUTYpPY Ha paBHOBEIUKHE — 1 OaJLT;



® [I0KA3aHO, YTO HPsiMas, POXO/IdIas Yepe3 eHTP HIPABUJILHOIO 2N-YIOJIbHUKA, JEJUT ero Ha JiBa
PaBHBIX / DABHOBEJIMKUX — 3 OAJLIa;

® J0Ka3aHO, YTO Tpebyemas mpsMasl COeIuHsIeT MeHTPhl MHOTOYTOJIbHIUKOB — 5 OAJLIOB.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly) Here
and later we will call the center of a regular 2n-gon the center of its circumcircle — it is located at the
intersection of the largest diagonals of the 2n-gon. Note that an arbitrary line [ passing through the
center of a regular 2n-gon divides it into two equal (and therefore having equal areas) polygons: they
coincide after rotating around the center of the original 2n-gon by 180° .

Let A be the center of the original (larger) octagon, and B the center of the smaller 6-gon. Then
the line AB divides each of them into two equal polygons, i.e. by each side from AB lies half the area
of each of the two polygons, which means that the line satisfies the task’s conditions.

Criteria:

e it has been proven that if the centers of the polygons coincide, then any line passing through these
centers divides the figure into two with equal areas 1 point;

e it is shown that a line passing through the center of a regular 2n-gon divides it into two equal /equal-
sized — 3 points;

e it is proved that the required line connects the centers of the polygons — 5 points.



