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10" degree

Task 1.

1. M3BectHO, uTO ecTb poBHO 22924 c110COGOB BBHIOPATH N3 KOHEYHOTO MHOXKECTBA A IIOIMHOXKECTBO,
coslepzKalee HeUeTHOE YHC/IO 3TeMEHTOB. YeMy paBHO KOJMUECTBO 3J1€MEHTOB MHOXKecTBa, A?

There are exactly 22°% ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?
Answer: 2025

2. Ussecrno, uro ectb posHo 229%% crocobos BBIOpATH U3 KOHEYHOI'O MHOXKeCTBa A HOJIMHOXKECTBO,
cojiepzkaiiee 4érHoe (BO3MOYKHOE, HYJIEBOE) YUCJIO 3JeMEHTOB. UeMy PaBHO KOJIMYECTBO JI€MeH-
TOB MHOKecTBa, A7

There are exactly 22°2* ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. UsBectHo, uT0 ecTh posHo 2% cmocoboB BHIGpPATL M3 KOHEYHOTO MHOMKECTBa A MOIMHOMXKECTBO,

cojiepzKalee HeIETHOE YUCIO0 3JIeMEHTOB. UeMy paBHO KOJTHIECTBO dJeMEHTOB MHOKecTBa A7

There are exactly 2!9 ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

2101 cnoco6oB BLIOpPATh U3 KOHEYHOTO MHOXKECTBA A MOIMHOMKECTBO,

4. N3BecTHO, YTO €CTh POBHO
cojepKaiiee 4éTHOe (BO3MOXKHOE, HYJIEBOE) YHC/IO0 3JIEMEHTOB. UeMy pPaBHO KOJIMYECTBO JJI€MEH-

TOB MHOZKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemenne (RUS). (upeacrasieno pemenne Bapuanta Nel, ocrajibHbie PEHIAIOTCA AHAJIOIHIHO)
Badukcupyem HeKOTOPHIiT d1eMeHT © MHOXKeCTBa, A. Temepb pa300beM Bce ero MOAMHOKECTBA HA MaPhI,
OTJIMYAIOIIHECsT TOJIBKO HajgmaneM (ambo orcyrcrBuem) smementa . OUeBHIHO, B KaxK/I0ii mape 0JHO
IIOJIMHOKECTBO COJIEPKUT YETHOE (BO3MOYKHO, HYJIEBOE) UHCJIO JEMEHTOB, & JPYroe — HEYETHOE THUCIIO
31eMeHTOB. TakuM 0O0pa30M, «I6THBIX» MOJAMHOMXKECTB CTOTBKO K€, CKOJbKO M «HEYETHBIX» — 3HAYHNT,
eCJIM MHOXKECTBO A COIEPKUT N 9JIEMEHTOB U, KaK CJejicTBue, 2" 10AMHOKECTB (BKJIIOYAsl IyCTOE), TO
KOJIMIECTBO «HEUETHBIX» HOAMHOXKeCTB pasHo 2" : 2 = 21 Tlo ycaoBuio 910 KosmmuecTso pasHo 22924,
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oTkyaa n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «even» subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2”1, By the task’s condition, the number is
22024 thus n = 2025.

Task 2.

1. /laHBl 9ameuHble BECHI: OHE MOTYT abCOIOTHO TOYHO MOKA3LIBATL PABEHCTBO MACC I'PY30B Ha da-
HIaX BECOB, a €CJIM MACChl IPY30B PA3/IMUHbI, TO OKA3BIBAIOT, HA KAKOH yalie rpy3 Tskesee (HO
HE II0KA3bIBAIOT, HA CKOJIbKO I'Py3 Tszkesiee). Takzke jgan HAGOP rUpb, MAacca KazKIoi U3 KOTOPHIX
— I1eJ10€ TIOJIOKUTEeIbHOE YUCJI0 TpaMM. [Ipo 3ToT HabOp U3BECTHO, YTO YUCJIO TUPhL B HEM — MUHH-
MAJIbHO BO3MOXKHOE JIJIsl TOTO, ITOOBI OIIPEeICIUTD ¢ HOMOIILIO 3TUX THPh B YalledHbIX BECOB MACCy
M (B rpammax) rpy3a (M — HaTypasibHOE YHCII0, He peBocxojsiiiee 41). Haiiure MUHUMATBHY IO
BO3MOKHYIO CYMMapHYIO Maccy rupb B HaDOpe.

A scale is given: it can absolutely accurately show the equality of the masses of the loads on the
scale pans, and if the masses of the loads are different, then it shows on which pan the load is
heavier (but does not show how much heavier the load is). Also given a set of weights, the mass
of each being a positive integer number of grams. It is known about this set that the number of
weights in it is the minimum possible for determining the mass of M grams of the load (M is
a natural number not exceeding 41) using these weights and the scale pan. Find the minimum
possible total mass of the weights in the set.

Answer: 40

2. JlaHbl yalledHble BeCbl: OHM MOI'YT abCOJIFOTHO TOYHO IIOKA3blBATh PABEHCTBO MACC IPY30B Ha ya-
IIAaX BECOB, a €CJIM MACChl I'PY30B PA3/IMYHbI, TO MOKA3BIBAIOT, HA KAKOW dalle rpys Tszkeyee (HO
He MOKa3bIBAIOT, Ha CKOJBKO TPY3 Tsizkesee). Takzke JaH HaOOP I'MPh, Macca KayKI0i U3 KOTOPHIX
— [eJI0e MOJIOKUTEIBLHOe IHCI0 TpaMM. IIpo 9ToT HAGOp M3BECTHO, 9TO YHCJIO I'MpPb B HEM — MH-
HEMAJIBHO BO3MOZKHOE I TOTO, YTOOLI OIPEIEJUTh ¢ MOMOIILIO STUX MpPbh W YAIIEeYHLIX BECOB
maccy M (B rpammax) rpysa (M — marypasibHOe 4uciio, He npeBocxojsiiee 122). Haiijure Munu-
MaJIbHYIO BO3MOZKHYIO CYMMAapHYIO MacCy I'Mpb B Ha0Ope.

A scale is given: it can absolutely accurately show the equality of the masses of the loads on the
scale pans, and if the masses of the loads are different, then it shows on which pan the load is
heavier (but does not show how much heavier the load is). Also given a set of weights, the mass
of each being a positive integer number of grams. It is known about this set that the number of
weights in it is the minimum possible for determining the mass of M grams of the load (M is
a natural number not exceeding 122) using these weights and the scale pan. Find the minimum
possible total mass of the weights in the set.

Answer: 121
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Pemenue (RUS). (mpeacrasieno pemenne Bapuanta N1, octaabHbIe PEINAIOTCI AHAJIOTHTHO)
Cwm. pemenne 3aga4dn 11.6.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
See the solution of the task 11.6.

Task 3.

1. PaccMOTpuM peKypCHBHBIN aJITOPUTM JIJIsI HEOTPHUIATEbHBIX TEJbIX a, b, C:

c, ecan b =0
F(a,b,c) =4 F(2a,b/2,c¢), ecn b 4eTHOe
F(2a,(b—1)/2,c+ a), ecan b neuernoe

Peuure ypasuenune: F(x,z,x) = 110.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) =< F(2a,b/2,c), if b is even
F(2a,(b—1)/2,¢c+a), if bis odd

Solve the equation: F'(x,z,z) = 110.

Answer: 10

2. Pacemorpum pekypceuBHBIH aaropuT™M JIJisi HEOTPULIATEIbHBIX HEJIbIX a, b, C:

c, ecmn b =0
F(a,b,c) = ¢ F(2a,b/2,c¢), ecan b yeTHoe
F(2a,(b—1)/2,¢+a), ecan b nederHoe

Pemnre ypasuenne: F(x,z,x) = 240.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,c+a), if bis odd

Solve the equation: F(x,z,x) = 240.

Answer: 15

3. PaccMmoTpuM peKypcuBHBIH aaropuTM JJIsi HEOTPUIATEIbHBIX NEJIBIX a, b, ¢

c, ecan b= 0
F(a,b,c) =< F(2a,b/2,c¢), ecan b weTHoe
F(2a,(b—1)/2,c+a), ecau b nederHoe
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Pemmure ypasuenne: F(x,z,x) = 90.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) =< F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,c+a), ifbisodd

Solve the equation: F'(x,z,z) = 90.
Answer: 9

4. PaccMoTpuM peKypCUBHBIH aJrOPUTM JIJI HEOTPUTIATEIHHBIX TEeJIbIX a, b, c:

c, ecm b =0
F(a,b,c) = F(2a,b/2,c¢), ecnu b ernoe
F(2a,(b—1)/2,¢+a), ecan b nederHoe

Pemure ypasuenune: F(x,z,x) = 182.

Consider a recursive algorithm for non-negative integers a, b, c:

¢, if b =0
F(a,b,c) =< F(2a,b/2,c), if b is even
F(2a,(b—1)/2,c+a), if bis odd

Solve the equation: F(x,z,x) = 182.

Answer: 13

Pemenne (RUS). (npeacrasieno pemenne Bapnanta N1, ocrajbHbIe PEHIAIOTCS aHAJTOTHTHO)
Hokazkem unayKknueii mo b > 0 cieyromiee yrepxkaenne: F(a,b, ¢) = ab+c. Basza unnykmun: F(a,0,c) =
c=a-0+c=c
[Tycrs st mekoroporo b > 0 umeer mecro F(a,k,¢) = ak 4+ ¢ aua Becex 0 < k < b. Bbruucium
F(a,b+1,c):

Ecau b+ 1 wérno, to b+ 1 = 2k, tae 0 < k < b. Torga F(a,b+ 1,¢) = F(a,2k,c¢) = F(2a,k,c) =
2a-k+c=a(b+1)+c
Ecmu b + 1 weuérno, to b+ 1 = 2k + 1, tme 0 < k < b. Torma F(a,b+ 1,¢) = F(a,2k 4+ 1,¢) =
FQ2a,k,c+a)=2a-k+c+a=alb+1)+ec

Cuenosaresnno, F(a,b,c) = ab+ ¢ s Beex b > 0, u noromy F(a,a,a) = a* + a. 3uauur, ypasue-
une F'(z,x,x) = 110 npuBogurcs K BuIy 22 + x = 110, ¥ eAWHCTBEHHBII ero Me/blil HeOTPHIATEIbLHBIIT
KopeHb — qucyo 10.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets prove the following statement by induction on b > 0: F(a,b,c) = ab + c. Base of the induction:
F(a,0,c)=c=a-04+c=c
Let for some b > 0 we have F'(a, k,c) = ak + ¢ for all 0 < k < b. We calculate F(a,b+ 1,c¢):
If b+ 1 is even, then b+ 1 = 2k, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k,c) = F(2a,k,c) =



Innopolis Open 2024 /25 in Mathematics 1%t qualifying round

20-k+c=a(b+1)+c
If b4+ 1 is odd, then b+ 1 = 2k + 1, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Therefore, F(a,b,c) = ab + ¢ for all b > 0, thus F(a,a,a) = a® + a. By that, the equation
F(x,z,z) = 110 is reduced to the form z? + 2 = 110, and its only non-negative integer root is 10.

Task 4.

1. Topox N cocrout u3 5 X 5 KBapTaja0B, KaxKJAblii U3 KOTOPHIX — KBajApaT co ctoponoit 100 meTpon
(cTOpOHBI KBaApaTOB — 3TO yuIpl). HaiinTe HANMEHBITYI0 BO3MOXKHYIO JTHHY MYTH, MPOXO/Is-
IEero Mo Kaxkaoi yuaure ropojga N xorda Obl 1o ogHOMY pasy. OTBeT jaiiTe B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 6700

2. T'opom N coctrouT m3 5 X 5 KBapTaa0B, KazK/Iblil M3 KOTOPBIX — KBaJIpaT co ctoponoit 200 meTpoB
(cTOpOHBI KBaApaTOB — TO0 yauIpbl). HaiiiuTe HANMEHBIIYIO BO3MOMKHYIO JITHHY MYTH, MPOXO/Is-
IIEro 10 KaxKaoi ysuie ropoga N xors Obl 10 ogHoMy pasy. OTBer gaiite B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 13400

3. Topox, N coctout u3 3 X 3 KBapTaJjoB, KaxKJIbIil U3 KOTOPHIX — KBajpaT co ctoponoit 100 meTpon
(CTOPOHBI KBaApATOB — TO yiulpl). HaiiiuTe HANMEHBIIYIO BO3MOMKHYIO JIIHHY IIYTH, MPOXO/Id-
IEero 1Mo Kazkjioil yiuie ropoma N xorsd Obl o ogHOMY pasy. OTBeT faiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 2700

4. Topox N coctouT u3 3 X 3 KBapTaJIOB, KazK/JIbIii M3 KOTOPBIX — KBaIpaT co cToponoit 200 MeTpoB
(cTOpOHBI KBaApATOB — 3TO yiulpbl). HaiiiuTe HANMEHBIIYIO BO3MOXKHYIO JITHHY MYTH, MPOXO/Is-
IIEro M0 KaxKaoi ysuie ropoga N xors Obl 10 ogHoMy pasy. OTBer gaiite B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 5400

Pemenne (RUS). (npencrasieno pemenne Bapuanta N1, ocrajbHbIe PEHIAIOTCS aHAJTOTHTHO)

B ropome N ectb 60 orpe3koB yaur aauHOo# Mo 100 MeTpoB KazKablid. [IpeacTaBum ceTh yIuIl B BUjIE
10cKOT0 Tpada, rie pebpa — YIOMSHYTHIE OTPE3KH, & BEPITHHBI — MEPEKPECTKU (B T.4. TEPEKPECTKH
JIBYX OTPE3KOB VJIHI[ B yIVIaX TOPOJA), U 3aMeTuM, 9T0 B 3ToM rpade 16 BepinH HEYeTHON CTENeHH.
JIBe 3 HUX MOTrYT OBITH COOTBETCTBEHHO HAYAJIOM MW KOHIIOM IIYyTH, a OCTaJbHbIe 14 MpHIETCS MOCETUTH
KaK MHHUMYM JIBasKJIbl, T.e TIPHJIETCS MPOHTH IBAXK/Ibl KAK MUHUMYM 10 7 peGpam (110 OJHOMY Ha JBe
«COCeTHUE» BEpIINHbI HEYETHON CTEeNeHn), Mo3TOMY MUHUMAJbHOE KOJUYECTBO MPOHIEHHBIX pebep He
MOZKeT OBITH MeHbIrre 60 + 7 = 67, u Toraa obImag AIUHA COOTBETCTBYIONINX OTPE3KOB VJIHUI] COCTABISIET
e menbire 6700 merpos. CooTBeTCTBYOIIMIT IpUMEP 00X0a MPUBEIECH HA PUCYHKE.

Finish

! Start

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

In the town N there are 60 street segments, each 100 meters long. Lets represent the street web as
a planar graph, where the edges are the street segments mentioned, and the vertices are intersections
(including intersections of two street segments at the corners of the city), and note that this graph has
16 vertices of odd degree. Two of them can be the beginning and end of the path, respectively, and the
remaining 14 must be visited at least twice, i.e. it is necessary to traverse at least 7 edges twice (one
for two adjacent vertices of odd degree), therefore the minimum number of edges traversed cannot be
less than 60 + 7 = 67, then the total length of the corresponding street segments is not less than 6700
meters. The corresponding example is shown on the picture above.

Task 5. Hekoropas OeckoHedHas IOCJeI0BATEIbHOCTh HATYPAJbHBIX 4HCeJ 00J1aJaeT CJIeIyIOIIM
CBOMCTBOM: JIJIsI JIIOOOTO IEJI0T0 MOJOKUTEILHONO 1 cpeanee apudMeTHIeCKoe MepBbIX 7 + 1 WIeHOB
9TOMN 0C/I1€/I0BATEJIbHOCTH OTJIMYAETCS OT CPeJHero apudMeTudecKoro ee nepBbixX 1 4JIEHOB Ha OJ{HO U
TO Ke I1eJI0€ TOJI0KHUTEJIbHOe TUC/I0. TaKkzKe U3BECTHO, YTO HEKOTOPBIN WjIeH 3TOH 1moc/ie10BaTe/ IbHOCTH
paBeH cyMMe BCeX MPeJblIyINX Y4JIeHOR.
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CKOJIBKO CYIIECTBYET Pa3JTHIHBIX [TOCIe0BATETbHOCTEMH, YIOBICTBOPAIONINX OMUCAHHBIM BHIIIE YCI0-
BHUAM H cozepzkamux ducao 20247 ObocuyiiTe cBoi OTBET.

Some infinite sequence of positive integers has the following property: for any n, the arithmetic mean
of the first n+ 1 terms of this sequence differs from the arithmetic mean of its first n terms by the same
positive integer. It is also known that some term of this sequence is equal to the sum of all previous
terms.

How many different sequences are there that satisfy the conditions described above and contain the
number 20247 Explain your answer.

Answer: 12

Pemenue (RUS). Ilycrb aq, as, as, ... — npousBojbHas ((bUKCHPOBAHHASI) TIOCTIEI0BATETHHOCTD,
obJIaaoNas CBOMCTBAME, OMUCAHHBIX B YCJIOBHAX 3aJa4u; JJI YIPOUIEHHA OO03HAYEHHH 0OO3HAYMUM
IIEPBBII 3/JIEMEHT ITOH 10C/Ie0BATEIbHOCTH @ (T0 ecTh 4y = a). st 1106010 HaTypaJbHOro 1 0003HAYUM
Sy CyMMy MEPBBIX 7l 4JIEHOB T0CJIEI0BATEILHOCTH; B YaCTHOCTH, S1 = a1 = a.

S,
[To ycioBuio 3aga4u, Jjist JJIOOOT0 HATYPAJIBHOTO 7L UMeeM FJT — ST? — 9TO HEKOTOPAas MOJIOYKUTETbHAST

%, %, %, ... — LEJOYUCIeHHad apudMeTnie-
CKas MPOrPeCcCus: % =a+ (n—1)d u S, = na+ n(n — 1)d. [Tosromy st 1106010 HATYPATBHOIO N
nosyuaeM api1 = Spi1— S, = ((n+1)a+ (n+1)nd) — (na+n(n—1)d) = a+2nd n a, = a+2(n—1)d.

[To ycsioBuIO 332491, /I HEKOTOPOTO HATYPAJIBHOTO k BBITIOJHEHO S = G4 1, TO ecTh ka+k(k—1)d =
a+ 2kd wnn (k — 1)a = k(3 — k)d; Tak Kak a u d — 1e/ble TOJOKHUTEIbHbIE YUCIA, TO k = 2, OTKY/IA
a = 2d, u 77151 TOOOTO HATYPATBHOTO N TMOJyYaeM a, = a + 2(n — 1)d = a + (n — 1)a = na.

B rakom ciay4gae, a,, = 2024 (/151 HEKOTOPOrO HATYPAIBHOIO M) O3HAYaeT, 410 ma = 2md = 2024.
CureioBaTe/IbHO, YHCI0 BO3MOXKHBIX 3HAYEHUI 1M PABHO KOJUYECTBY HATYPAJbHBIX JIEIUTEJIeH JTHCIa

2024/2 =2%-11-23, re. 3-2-2 = 12.

Kpurepuu oneHnBaHus:

HeJ1as KOHCTaHTa, 0D03HAYUM ee yepes3 d; CJieg0BaTeIbHO,

e 110JIyu€eHa HepeKyppeHTHas (popmysia 00IIero jaeHa moc/ie0BaTe/ IbHOCTH, HO ¢ OmuOKoit — 1 mep-
BUYHBIH OaJLT;

® [10/IyU€eHa HepeKyppeHTHas dopmysia 00IIero 4jeHa MocJjej 0oBaTe/ ibHOCTH 0e3 omubok — 2 1ep-
BUYHBIX DaJLIa;

® JI0OKA3aHO, YTO TOJHKO TPETHil UIeH TOCTIeI0BATETLHOCTH MOYKET OBIThH PABEH CyMMe MPeIbI Iy IHX
— 3 nepBUYHBIX OaJLIa;

® BEPHO BBINOJTHEHBI TPEIbIIYIIIE III., OTBET BHIUYHUCICH C HE3HAYUTEIbHON OMINOKOiT — 4 IepBUYHBIX
baJLa;

® BEPHO BLIIIOJIHEHDBI IIPEAbIAYINHUE IIII. U IIOJIYyY€H BeprIfI OTBeT — D IIE€PBUYIHBIX 0aJII0B.

Solution (ENG). Let ay, as, as, ... be an arbitrary (fixed) sequence with the properties described
in the task’s formulation; to simplify the notation, we denote the first element of the sequence by a (by
that, a; = a). For any positive integer n we denote by S, the sum of the first n terms of the sequence;
in particular, S; = a; = a.

For any positive integer n we have Snt1 _ Su _ thig is some positive integer constant, we denote it by
n+1 n
d; therefore, %, %, %, ... 1s an integer arithmetic progression: % =a+(n—1)dand S,, = na+n(n—1)d.

Therefore, for any positive integer n we obtain a, ; = Spi1 — S, = ((n + 1Da+ (n+ 1)nd) — (na +
n(n—1)d) = a+ 2nd and a, = a + 2(n — 1)d.

For some positive integer k we have Sy = ag41, thus ka+k(k—1)d = a+2kd or (k—1)a = k(3—k)d,;
since a and d are positive integers, then k = 2, whence a = 2d, and for any positive integer n we obtain
an=a+2n—1)d=a+ (n—1)a=na.
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In this case, a,, = 2024 (for some natural m) means that ma = 2md = 2024. By that, the number
of possible values of m is equal to the number of positive integer divisors of 2024/2 = 22 - 11 - 23 which
isd3-2-2=12.

Criteria:

e a non-recurrent formula for the general term of the sequence was obtained, but with an error — 1
pre-point;

e a non-recurrent formula for the general term of the sequence was obtained without errors — 2
pre-points;

e it was proven that only the third term of the sequence can be equal to the sum of the previous
ones — 3 pre-points;

e the previous steps were completed correctly, the answer was calculated with a minor error — 4
pre-points;

e the previous steps were completed correctly and the correct answer was obtained 5 pre-points.

Task 6. /Taubr Tpeyronsauku ABC u Ay B;C, pacnonoxkennsie tak, uro BC || B1Cy, AC || A1Ch, u
touku A, B, Ay, By nexat Ha oaHoii npsamoii. [IycTh onucannble 0OKpyKHOCTH TpeyroJbHHKOB A BC' n
AB,C uepecekaiorcst B toukax P, Q). Jlokaxure, aro Touku P, (), C} jexar Ha OIHON MPAMOIi.

Given triangles ABC and A; B;Cy located in such way that BC' || B;Cy, AC' || A;C4, and points
A, B, Ay, By lie on a line. Let the circumscribed circles of triangles A; BC' and AB,C' intersect at points
P, Q). Prove that points P, @, C lie on a line.

Pemenne (RUS). fcuo, uro oana u3 00mKMX TOYEK YHOMSHYTHIX B YCJOBUH OKPYKHOCTEH —
510 Touka (', modToMy mycth P — ee BTOpoe mMmsi, a ToYka () — BTOpas TOYKA MEPECeICHUs ITUX
OKPYZKHOCTEH.
Torna LACQ = LAB1Q u ZQCB = ZQA,B. llosromy LA,C1B, = ZACB = ZACQ + ZQCB =
LAB1Q+/ZQA B = ZA1Q By, T.e. Toukn Ay, By, C7 u (Q nexxat Ha onHOIl oKpyzKHOCTH. Clle10BaTeIbHO,
LAC1Q = LA B1Q = ZACQ. YuursiBas, uyro A1Cy || AC, nonyuaem Tpebyemoe.

Kpurepuu onmeHuBaHUg:

® IIpuBeJieHa MOTEHIINAIbHO ILJIOIOTBOPHAS UJesl JOKA3aTeIbCTBA, HO C Cepbe3HOi OMMOKOil B pac-
CYKIEHUSIX — 2 TIePBUYHBLIX OaJlia;

e NIpHUBEJEHA MOTEHIINAILHO IJIOJOTBOPHAS HJesl JOKA3ATEeJIbCTBA, HO C OMIUOKON B BHIYHCICHUSIX —
3 mepBUYHBLIX OaJLia;

® B JI0KA3aTeJIbCTBE COJAEPKATCS TOJHKO HE3HAYNTEIbHBIE OMMMOKNA — 4 MePBUYHBIX OaJLIa;

® IIOJIHOCTBIO BEPHOE JIOKA3ATEJIHCTBO — H MEPBUYHBIX OAJLIOB.
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Solution (ENG). It is clear that one of the common points of the circles mentioned in the task’s
formulation is point C', so let P be its second name, and point () be the second intersection point of
the circles.

Then LZACQ = LAB1Q and ZQCB = ZQA,B. By that, ZA,C1B; = ZACB = ZACQ+ ZQCB =
LABQ + ZQA B = LZAQBy, i.e. points Ay, By, C; and () lie on the same circle. Thus, ZAC1Q =
LA1BQ = ZACQ. Considering that A;C, || AC, we obtain the required conclusion.

Criteria:

e a potentially fruitful idea for a proof is given, but it contains a serious error in reasoning — 2
pre-points;

e a potentially fruitful idea for a proof is given, but it contains an error in calculations — 3 pre-points;
e the proof contains only minor errors — 4 pre-points;

e a completely correct proof — 5 pre-points.



