Innopolis Open 2024 /25 in Mathematics 1%t qualifying round

11 degree

Task 1.

1. W3BectHO, uTO ecTb poBHO 22924 cr10COGOB BBHIOPATH N3 KOHEYHOTO MHOXKECTBA A IIOIMHOXKECTBO,
coslepzKalee HeUeTHOE YHC/IO 3TeMEHTOB. YeMy paBHO KOJMUECTBO 3J1€MEHTOB MHOXKecTBa, A?

There are exactly 22°% ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?
Answer: 2025

2. Ussecrno, uro ectb posHo 229%% crocoboB BBIOpATH U3 KOHEYHOI'O MHOXKeCTBa A HOJIMHOXKECTBO,
coiepzkaiiee 4érHoe (BO3MOMKHOE, HYJIEBOE) YUCJIO 3JeMEHTOB. UeMy PaBHO KOJIMYECTBO JI€MeH-
TOB MHO»KecTBa, A7

There are exactly 22°2* ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. UsBectHo, uTo ecth posHo 2% cmoco6oB BHIGPATL M3 KOHEYHOTO MHOMKECTBa A MOIMHOMXKECTBO,

cojiepzKalee HeIETHOE YUCTIO0 3JIeMEHTOB. UeMy paBHO KOJTHIECTBO dJeMEHTOB MHOKecTBa A7

There are exactly 2!9 ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

2101 cnoco6oB BLIOpPATh U3 KOHEYHOTO MHOXKECTBA A MOIMHOXKECTBO,

4. N3BecTHO, YTO €CTh POBHO
cojepzKaiiee 4€THOe (BO3MOXKHOE, HYJIEBOE) YHC/IO0 3JIEMEHTOB. UeMy pPaBHO KOJIMYECTBO JI€MEH-

TOB MHOZKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemenne (RUS). (upexacrasieno pemenne Bapuanta Nel, ocrajibHbie PEHIAIOTCA AHAJIOIHIHO)
Badukcupyem HeKOTOPHIiT d1eMeHT © MHOXKeCTBa, A. Temepb pa300beM Bce ero MOAMHOKECTBA HA MaPhI,
OTJINYAIONIHECsT TOJIBKO HajgmaneM (amubo orcyrcrBuem) smementa . OUeBHIHO, B KaxK/I0ii mape 0JHO
IIOJIMHOKECTBO COJIEPZKUT YETHOE (BO3MOZKHO, HYJIEBOE) UUCJIO JEMEHTOB, & JPYroe — HEYETHOE THCIIO
s1eMeHTOB. TakuM 00pa30M, «IETHBIX» MOJAMHOMXKECTB CTOJTBKO K€, CKOJbKO M «HEYETHLIX» — 3HAYHT,
eC/IM MHOXKECTBO A COIEPKUT N 9JIEMEHTOB H, KaK CJejicTBue, 2" 10AMHOKECTB (BKJIIOYasl IyCTOE), TO
KOJIMIECTBO «HEUETHBIX» HOAMHOXKeCTB pasHo 27 : 2 = 2L Tlo ycaoBuio 910 KosmmuecTso pasHo 22924,
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oTkyaa n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «even» subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2”1, By the task’s condition, the number is
22024 thus n = 2025.

Task 2.

1. Topox N coctouT m3 5 X 5 KBapTaJa0B, KazKJIblil 13 KOTOPHIX — KBaJpaT co ctopoHoit 100 meTpoB
(CTOPOHBI KBaJIpATOB — 910 y/uilbl). Haiijjure HAMMEHbBIIYIO BO3MOXKHYIO JIJIMHY ILyTH, HPOXO/Isi-
IEeTo 1Mo KazK10il ysuie ropoga N xorst Obl 10 ogaOMY pasy. OTBer jgaiite B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 6700

2. Topox N cocrout u3 5 X H KBapTaJ/oB, Kax/iblii 13 KOTOPHIX — KBaJipaT co croponoit 200 merpon
(cTOpOHBI KBagpaTOB — 3T0 yauIpl). Haiianre HANMEHbBIIYI0 BO3MOXKHYIO JUIHHY IIYTH, TPOXO/Is-
IIero 1Mo Kaykaoit yanie ropoga N XoTst ObI 10 ogHOMY pas3y. OTBer jaiiTe B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 13400

3. Topox, N coctout u3 3 X 3 KBapTaJjoB, KaxKJIbIil U3 KOTOPHIX — KBajpaT co ctoponoit 100 meTpon
(CTOPOHBI KBaApATOB — TO yiulpl). HaiiiuTe HANMEHBIIYIO BO3MOMKHYIO JIIHHY IIYTH, MPOXO/Id-
IEero 1Mo Kazkjioil yiuie ropoma N xorsd Obl o ogHOMY pasy. OTBeT faiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 2700

4. Topox N coctouT u3 3 X 3 KBapTaJIOB, KazK/JIbIii M3 KOTOPBIX — KBaIpaT co cToponoit 200 MeTpoB
(cTOpOHBI KBaApATOB — 3TO yiulpbl). HaiiiuTe HANMEHBIIYIO BO3MOXKHYIO JITHHY MYTH, MPOXO/Is-
IIEro M0 KaxKaoi ysuie ropoga N xors Obl 10 ogHoMy pasy. OTBer gaiite B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 5400

Pemenne (RUS). (upeacrasieno pemenne Bapuanta Nel, ocrajibHbie PEHIAIOTCS AHAJOIHIHO)

B ropome N ectb 60 orpeskos yuui jmHO# 110 100 MeTpoB Kaxkabiii. [IpejacraBum ceThb yJuil B Bujie
m1ockoro rpada, riae peGpa — YyHOMSHYTBHIE OTPE3KH, a BEPIIUHBI — MePeKPecTKN (B T.9. MePeKPeCTKH
JIBYX OTPE3KOB YJIWI[ B yIJIaX TOPOJA), U 3aMeTuM, 4To B 3ToM rpade 16 BepIiuH HEeYeTHOH CTeIeHH.
JIBe m3 HUX MOTYT OBITH COOTBETCTBEHHO HAYAJIOM U KOHIIOM IIYTH, a OCTaJbHbIe 14 MpHIeTCS MOCETUTh
KAaK MUHUMYM JIBAK/Ibl, T.€ IIPUJETCS HPONTH JBAXK/(bl KAK MUHUMYM 10 7 peOpam (110 OJHOMY Ha JiBe
«COCeJIHUE» BEPIINHbI HEYeTHON CTEeNeHn), Mo3TOMY MUHUMAJbHOE KOJMYeCTBO HPOHJIEHHBIX pebep He
MoxkeT ObITH MeHbIte 60 + 7 = 67, u Torga obiast JIJInHa COOTBETCTBYIOIINX OTPE3KOB YJIUIL COCTAB/ISAET
ue menbire 6700 merpos. CoOTBETCTBYIONIMI IpUMEP 00X0/1a MPUBEIEH Ha PUCYHKE.

e Flinish

! Start

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

In the town N there are 60 street segments, each 100 meters long. Lets represent the street web as
a planar graph, where the edges are the street segments mentioned, and the vertices are intersections
(including intersections of two street segments at the corners of the city), and note that this graph has
16 vertices of odd degree. Two of them can be the beginning and end of the path, respectively, and the
remaining 14 must be visited at least twice, i.e. it is necessary to traverse at least 7 edges twice (one
for two adjacent vertices of odd degree), therefore the minimum number of edges traversed cannot be
less than 60 + 7 = 67, then the total length of the corresponding street segments is not less than 6700
meters. The corresponding example is shown on the picture above.

Task 3.
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1. PaccMOTpuM peKypCHBHBIN aJITOPUTM /IS HEOTPHUIATETbHBIX TEJIbIX a, b, :

c, ecam b= 0
F(a,b,c) =< F(2a,b/2,c), ecim b gernoe
F(2a,(b—1)/2,c+a), ecnu b nederHoe

Pemnre ypasnenue: F(x,z,z) = 110.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) =< F(2a,b/2,¢), if b is even
F(2a,(b—1)/2,c+a), ifbisodd

Solve the equation: F(x,z,x) = 110.

Answer: 10

2. PaccMoTpuM peKkypcuBHBIH aJropuT™M JIJIsi HEOTPUIATEILHBIX NEJBIX a, b, ¢:

c, ecimn b =0
F(a,b,c) = F(2a,b/2,c¢), ecan b geTHOe
F(2a,(b—1)/2,c+a), ecan b neuernoe

Pemure ypasuenne: F'(x,z,x) = 240.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,¢+a), ifbisodd

Solve the equation: F'(x,z,z) = 240.

Answer: 15

3. PaccMmoTpuM pekypcuBHBIH aaropuT™M s HEOTPUIATETbHBIX NEJIBIX a, b, ¢:

c, ecaim b= 0
F(a,b,c) =< F(2a,b/2,c), ecim b gernoe
F(2a,(b—1)/2,c+a), ecnu b nederHoe

Pemnre ypasuenune: F(z,z,x) = 90.

Consider a recursive algorithm for non-negative integers a, b, c:
c, itb=20

F(a,b,c) =< F(2a,b/2,c), if b is even
F(2a,(b—1)/2,c+a), ifbisodd
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Solve the equation: F'(z,z,z) = 90.

Answer: 9

4. PaccMoTpuM peKypCUBHBIM aJrOpUTM /I HEOTPUIIATEIbHBIX TEJIbIX a, b, c:

c, ecm b =0
F(a,b,c) = F(2a,b/2,c¢), ecan b yerHoe
F(2a,(b—1)/2,c+a), ecan b neaernoe

Pemnre ypasnenue: F(x,z,x) = 182.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,¢+a), ifbisodd

Solve the equation: F(x,z,z) = 182.

Answer: 13

Pemenue (RUS). (mpeacrasieno pemenne papuanta N1, ocraabHble DEIMAIOTCS aHAJIOTHTHO)
Hoxkaxkem unayKkmumeii mo b > 0 cremytomiee yreepxaenne: F'(a, b, ¢) = ab+c. baza unaykuun: F(a,0,c) =
c=a-0+c=c
[Tycrs auist mexkoroporo b > 0 umeer mecro F(a,k,c) = ak 4+ ¢ nasg Bcex 0 < k < b. Beraucium
F(a,b+1,¢):

Ecmu b+ 1 wérno, to b+ 1 = 2k, tue 0 < k < b. Torga F(a,b+ 1,¢) = F(a,2k,c¢) = F(2a,k,c) =
20-k+c=ab+1)+c.
Ecim b + 1 weuéruo, 1o b+ 1 = 2k + 1, tue 0 < k < b. Torga F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Cnenosarennuo, F(a,b,c) = ab+ ¢ s Beex b > 0, u noromy F(a,a,a) = a* + a. 3uauur, ypasue-
uue F(x,r,z) = 110 npusomurca K Busy x2 + x = 110, 1 eJIMHCTBEHHDI ero MeJsblil HeoTpUIaTe/IbHbII
KopeHb — gucjo 10.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Lets prove the following statement by induction on b > 0: F(a,b,c) = ab + c. Base of the induction:
F(a,0,¢c)=c=a-04+c=c
Let for some b > 0 we have F'(a, k,c) = ak + ¢ for all 0 < k < b. We calculate F(a,b+ 1,c¢):
If b+ 1 is even, then b+ 1 = 2k, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k,c) = F(2a,k,c) =
20-k+c=ab+1)+c.
If b4+ 1 is odd, then b+ 1 = 2k + 1, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Therefore, F(a,b,c) = ab + ¢ for all b > 0, thus F(a,a,a) = a® + a. By that, the equation
F(x,z,z) = 110 is reduced to the form z? + 2 = 110, and its only non-negative integer root is 10.

Task 4.
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1. HazsoBem n-3Be370if 3aMKHYTYIO JIOMAHYIO C 7. PABHLIMHU 3BEHLIMH U BePIIMHAMH B BEpIIMHAX
PaBUILHOIO N-yrojibuuka (n = 3). Ckoubko cymecrsyer 40-38e3:17

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 40-stars are there?

Answer: &

2. HazoBem n-3Be3/0if 3aMKHYTYIO JIOMAHYIO C 7 PAaBHBIMHU 3BEHbSIMU U BEPIIMHAMHU B BEPIIMHAX
NPaBUIILHOTO n-yroabHuka (n > 3). Ckoabko cymecrByer 50-3Be31?

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 50-stars are there?

Answer: 10

3. HazoBem n-3Be370if 3aMKHYTYIO JIOMAHYIO C 7 PABHBIMH 3BEHBSIMHW W BEPITHHAMHU B BepITHHAX
IPABUJILHOTO N-yroabauka (n > 3). Ckoabko cymecryer 80-3Be31?

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 80-stars are there?

Answer: 16

4. HazoBeM n-3Be3/10if 3aMKHYTYIO JIOMAHYIO C 70 PABHBIMU 3BEHbSIMH W BEPITUHAMHI B BePIITHHAX
PABUILHOIO N-yrojibuuka (n > 3). CkoJbko cymiecrByer 72-3Be3:17

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 72-stars are there?

Answer: 12

Pemenue (RUS). (mpeacrasieno pemenne Bapuanta N1, octaabHble PEINAIOTCI AHAJIOTHTHO)
[Tycte AB — 01HO U3 3BEHBEB JIOMAHOM-«3BE3/1bl» M3 YCJIOBUS; HA30BEM «IHAIOM» 3BE3JIbl KOJIUYECTBO
BEPIIMH N-YrOJIbHUKA Ha MeHbIIeil ayre AB onucanHON OKOJIO HEro OKPY?KHOCTH, yBEJIMYEHHOE Ha
1 (mampumep, eciim A, B — cMe)KHBIe BEPIHHBI, TO miar 3Be3/pl paBed 1). O4eBHIHO, 9TO N-3BE3/A
OHO3HAYHO 3a/1a€TCS CBOUM IAroM, MpUYEeM 3Be3JIbl JIJId Maros k u n — k OJUHAKOBHI.

OcTanoch MOHATD, IPH KaKUX k KOJMIECTBO 3BEHLEB JIOMAHOII-«3Be3/Ibl» OyIeT paBHO N: SCHO, YTO
ecoiu HO/(n, k) = d > 1, 10 u3 d noapsiji uyniux BepIIdH N-yrOJbHUKA TOJIBKO OjHA Oy/1eT BepIInHOl
3BE3/Ibl, ¥ OTOMY KOJMYECTBO €€ 3BEHbEB OYJIeT MEHbBIIE N.

Nrak, k v n J0JKHBI OBITH B3aUMHO NPOCTBHIMU, IPUYEM 3Be3/bl pa3dUBAIOTCS Ha, IMapbl PaBHBIX,
I09TOMY TpebyemMoe KOJMIecTBO paBHO ¢(n)/2, tjue ¢(n) — dyuknus Diinepa qucaa n, T.e. KOJTHIECTBO
HATYPAJbHBIX YHCEJI, HE IPEBOCXOALAIINX 7 U B3AUMHO IIPOCTBIX C N.

[Tockosbky ¢(40) = 16, komuectBo 40-3B€311 paBHO 8.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let AB be one of the links of an n-star from the task’s formulation; we will call the star’s «step» the
number of vertices of the n-gon on the smaller arc AB of the circle described about it, increased by
1 (for example, if A, B are adjacent vertices, then the step of the star is 1). Obviously, the n-star is
uniquely determined by its step, and the stars for steps k and n — k are the same.

It remains to understand for what £ the number of links of an n-star will be equal to n: it is clear
that if GCD(n, k) = d > 1, then out of d consecutive vertices of the n-gon, only one will be a vertex of
the star, and therefore the number of its links will be less than n.

So, k£ and n must be relatively prime, and the stars are divided into pairs of equal ones, so the
required number is p(n)/2, where ¢(n) is the Euler function of n, i.e. the number of positive integers
not exceeding n and relatively prime to n.

Since p(40) = 16, the number of 40-stars is 8.

Task 5. Cpean Bcex OPTOTOHATBHBIX MPOEKIIHiT TPEYTOTbHOI TUPAMUIBI I Ha IJIOCKOCTh CaMYI0 00JThb-
HIyIO IJIOIIA/b UMEeT HMPOEeKIUs Ha IJIOCKOCTh (v, SBJISIONIAsCH YeThIPeXyroJbHUKOM U UMEIONast 1110~
maib 12. Haitaure oObem nmpamuibl P, ecjii pacCTosiHuE MeXKJy ee CKPeIuBaIoNMMUcs pedpaMu,
napaJuieJIbHbIMA (v, paBHO 2. OOOCHYITE CBOII OTBET.

Among all orthogonal projections of a triangular pyramid P onto a plane, the projection onto the
plane o, which is a quadrilateral of an area 12, has the largest area. Find the volume of the pyramid P
while the distance between its edges parallel to « is 2. Explain your answer.

Answer: &

Pemenue (RUS). [Iycrb ckpermuBatonmuecs pebpa, 0 KOTOpbix ropoputcs B yeaosuu — AB, CD, a
UX IPOEKIHHU Ha m1ockocTh o — A'B’', C' D', coorBercreenno. Beuny mapannensaoctu umeem AB = A'B’,
CD=CD.
Kpowme Toro, mromap S yerbipexyroabuuka A’ B'C’ D' moxer 6biTh HalijieHa Kak %-A’ B'-C'D'-sin ¢,
rie p — yroa mexay A'B" u C'D'. B cBor ouepenn, oobem V' nupavuabt ABC'D MOXHO HallTH Kak
% -AB-CD - h-sinp, tae h — paccrosiane mexay npsvbiva AB u C'D. Otciona noaydaem

1

1
S h==
3

V = .12.2 =218
3

Kpurepuu oneHnBaHus:
e JlaH BepHbIil oTBeT Oe3 obocHoBanuii — () OaJLIOB;

e JIaH BepHBIl OTBET U MPUBEIeHA MOTEHINAIBLHO ILIOJOTBOPHAS UIes JT0KA3ATEIbCTBA — 2 TepBUU-
HbIX DaJLia;

® JaH BEPHBIIl OTBET, MPUBEJIEHA U YACTUYHO peaJn30BaHA MOTEHIUAJIBHO ILJIOJOTBOPHALA UL JO-
Ka3aTejbCTBa — 3 IEePBUUYHBIX DaJLIa;

® JJOKa3aTe/JIbCTBO COACP2KUT TOJIBKO HE3HAYUTEJ/JIbHDbIE omubru — 4 IIEePpBUYIHBIX 6a,n,na;

® TIOJTHOCTHIO BEPHOE JTOKA3ATEJIhCTBO — H NMEPBUYHBIX OAJLIOB.

Solution (ENG). Let the edges mentioned in the task’s formulation be AB,CD, and their
projections onto the plane a be A'B’,C'D’, respectively. Due to parallelism, we have AB = A'B’,
CD=CD.
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In addition, the area S of the quadrilateral A’B’C’D’ can be found as % -A'B"-C'D’ - sin ¢, where ¢
is the angle between A’B’ and C’D’. Moreover, the volume V of the pyramid ABCD can be found as
% -AB-CD - h-sinp, where h is the distance between the lines AB and C'D. By that,

1 1
3 3

Criteria:

the correct answer is given without explanation — 0 points;

the correct answer is given and a potentially fruitful idea for proof is given — 2 pre-points;

the correct answer is given, a potentially fruitful idea for proof is given and partially implemented
— 3 pre-points;

the proof contains only minor errors — 4 pre-points;

a completely correct proof — 5 pre-points.

Task 6. /lanbl gammednble BeChl: OHH MOI'YT aOCOIOTHO TOYHO IIOKA3bIBATH PABEHCTBO MACC IPY30B Ha
Jalax BeCOB, 4 €CJIM MACChl IPY30B PA3JIMYHBI, TO MOKA3BIBAIOT, HA KAKOl valle rpys3 Tszkesee (HO He
IIOKA3bIBAIOT, HA CKOJIBKO I'Py3 Tsizkesee). Takxke jian HAGOP U3 N I'UPb, Macca KaxJIOH U3 KOTOPbIX —
[eJI0€ MOJIOKHATEIbHOE YUCI0 IPaMM, 9TOOBI ONPEIEJUTh ¢ MOMOIIBI0 3THX I'MPb M YaIIeYHbIX BECOB
a0y Maccy m < M(n) (m — meoe moJoKUTEIbHOE YHCJIO TpaMM) Ipy3a, riae M(n) — MakcuMaiabHO
BO3MOKHOe Jijis janHoro n. Haiigure Boipazkenue g M (n). ObocHyiiTe ¢Boil oTBer.

A scale is given: it can show absolutely accurately the equality of the masses of the loads on the scale
pans, and if the masses of the loads are different, it shows on which pan the load is heavier (but does
not show how much heavier the load is). Also given a set of n weights (the mass of each is a positive
integer number of grams) in order to determine with the scale any mass m < M(n) (m is a positive
integer number of grams) of the load, where M (n) is the maximum possible for the given n. Find an
expression for M (n). Explain your answer.

Answer: 3"

Pemrenne (RUS). /Ins Haganma 3aMeTuM, 9TO PHPH HE 3alpeIieHo (a 3HAYUT, MOXKHO) KJIACTh
Ha 00e waru BecoB. Ecam MBI MOXKeM OIpeenTh, 9TO BeC w rpys3a menbine t + 1, Ho 6osabire ¢t — 1
(st HEKOTOPOTO TEJIOrO MOJOKUTENIBHOrO t), TO, KOHEYHO, w = t, T.K. II0 YCJOBHIO Macca rpy3a —
eJI0€ YUCJI0. 3HAYNT, He 00S3aTeIbHO HMETh BO3MOXKHOCTD «B3BEIINBATL» BCE IIOJOKUTEILHBIE TeIble
w < M(w), a jocrarouno B3BenuBarh Bee 4érubie w or 2 10 M (w)—1 (M (w) 1012KHO ObITh HEYETHBIM,
q9100bI OBITH MaKCHMAIbHBIM: econ w > M (w) — 1, To w = M (w)).

Bes orpanndenus o0mHOCTH OyIeM CYATATH, 9TO B3BEIINBAEMBIil IPY3 JIEZKUT Ha JICBOH Jalle Becos.
OueBnaHO, 1/ KaxKJI0H M3 N THPb €CTh POBHO 3 BO3MOXKHOCTH: JIMOO OHA JIE2KMT HAa IPABOH darre
BECOB, JIN0O Ha JIEBOi, 1100 BOOOIIe He YIACTBYeT BO B3BCIIMBAHUU — 3HAYUT, KOJTMIECTBO YETHBIX MACC,
KOTOPBIE MBI MOZKEM OTMEPHTb, He IPEBOCXOIUT 2 ——L: KOJHYECTBO CIOCOO0B PACIIOIOKATD 7 THPb MAHYC
OJIHO (COOTBETCTBYET CHTYyAIlMU, KOTJIa Mbl BOOOIIE He KJI3JeM T'MPU Ha BEChl), JIEJIEHHOE Ha JBa, T.K.
KaK/JIOMY PACIIOJIOKEHUIO COOTBETCTBYET HEHYZKHOE — «IIPOTHBOIOJOKHOE» (JIeBasi Jaima MeHseTcs Ha
npaByo, u Haobopor), 1t Kotoporo w < 0, orkyma M(n) < 3"

Bribepem rupn ¢ Maccamm 2,2 - 3,2 -32,2-3%,...,2-3""! rpaMM 1 mOKazKeM, KaK C UX MOMOMIBIO
OIpeIe/IUTh JTI000i MOJOKUATEIbHBIN Meablil Bec w < 3™,

Herpy/iHo 10HATH, 4T0 J11000€ (11e/10€ 110JI0KUTENLHOE) YUCJI0 B TPOUUHON CHCTEME CUUCIeHUS MOK-

HO IpeJCTaBUTh B BUAE PAa3HOCTU HEJbIX IIOJOXKUTEJIBbHBIX 4YHUCEJI, B TpOI/I‘{HOﬁ 3alliCu KOTOPBIX HeE
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ucrnoab3yercd mudpa «2». Ecim w 4érHOE, TO mpecTaBUM ero B TaKOM BHje: w = a — b, e 4ucia
@, b 3aMuCHIBAIOTCA B TPOMYHON cucreme caucieHus 6e3 mudpbl «2», u nudpol «1» CTOST B 9TUX THUC-
JaX B Pa3HBIX pa3psinax (wHade 5Tu 1mudpbl MOXKHO 3aMeHUTh Ha Hy/m). SlcHo, uro a,b < 3", T.e. B
WX TPOMYHOM 3aIMCH WCTOJIB3YIOTCs He Gostee n 3navamux mudp (y kaxmoro). Temepsb mycTh eganauie
B k-M paspse COOTBETCTBYeT rmps Maccoil 2 - 3* (k =0,1,2,...,n — 1), npudyeM pa3psbl IUCIA G
COOTBETCTBYIOT IpaBOil walle BeCOB, a paspgaabl b — jeBoit. Takum obpaszoM, pa3HocTu a — b coorBer-
CTBYET PACHOJIOXKEeHUE THPh HA JBYX 9YallaX BECOB, TOrja a — b npuHUMaeT Bce YETHbIE 3HAYEHUs OT 2
70 (3" — 1), T.e. MBI MOYKEM B3BECUTH JIIO0OE MOJIOKHUTEIbHOE YeTHoe W < 3".

Ecam ke w HEYETHO, TO ONMMUCAHHBIM BBINIE CIOCOOOM ompefeanm dernsie w + 1 (ecom w < 3") u
w — 1 (ecau w > 1) — TaK MBI ONPEJIETUM W ¢ YIETOM TOTO, YTO OHO TIEJIOE.

Kpurepuu oneHuBaHudg:
® IIpHBeJIeHA MTOTEHINAIBHO IJIOJOTBOPHAST Wes perieHns — 1 mepBuYIHbIi 6aJsL;

e NpHBeJeHa U YaCTHIHO PeaqTn30BaHa MOTEHIIHATBHO ITOTOTBOPHAS UIes PEIeHns — 2 TePBUIHBIX
baJsLIa;

e NpHUBEJEHA UJes C TPOUTHOMN CHCTeMOIt (B TOM WM HHOM BHJIE), HO HET JOCTATOTHOTO 0O0CHOBAHS
— 3 nepBUYHBIX OaJLia;

® pellleHue IIOYTHU IIOJTHOCTBIO BEPHO 3a MCKJAIYEHHEM HE3HaUYNUTEJIbHDBIX O]_[II/I6OK, Jaubo He y4T€eHo,
9TO HE€YEeTHbIE B€Ca MO2KHO H€ YpaBHUBATL ABHO — 4 IIEePBUYIHBIX 6&.)'[.]'[&;

® II0JIHOCTBIO BEpHOE pellleHrne — H MepBUUHBIX OAJIIOB.

Solution (ENG). Note that it is not prohibited (and therefore it is allowed) to place weights on
both scale pans. If we can determine that the weight w of the load is less than ¢ 4 1, but greater than
t — 1 (for some positive integer t), then, of course, w = t, since by the condition the mass of the load
is an integer. It means that it is not necessary to be able to «weigh» all positive integers w < M (w),
but it is sufficient to weigh all even w from 2 to M(w) — 1 (M(w) must be odd to be maximal: if
w > M(w) — 1, then w = M(w)).

Without loss of generality, we assume that the load lies on the left scale pan. Obviously, for each
of the n weights there are exactly 3 possibilities: either it lies on the right pan of the scale, or on the
left, or does not participate in the weighing at all — this means that the number of even masses that we
can measure does not exceed %: the number of ways to arrange n weights minus one (corresponds to
the situation when we do not put weights on the scale at all), divided by two, since each arrangement
corresponds to an unnecessary one — the «opposite» (the left pan changes to the right, and vice versa),
for which w < 0, whence M(n) < 3™.

Lets choose weights with masses 2,2-3,2-32,2-33,...,2-3""! grams and show how to use them to
determine any positive integer weight w < 3".

It is easy to see that any (positive integer) number in the ternary notation can be represented as
a difference of positive integers, in the ternary notation of which the digit «2» is not used. If w is
even, then we will represent it in the following form: w = a — b, where the numbers a, b are written in
the ternary notation without the digit «2», and the digits «1» are in different places in these numbers
(otherwise these digits can be replaced with zeros). It is clear that a,b < 3", i.e. in their ternary notation
no more than n significant digits are used (for each). Now let the k-th digit correspond to a weight of
2-3% (k=0,1,2,...,n— 1), where the digits of a correspond to the right scale pan, and the digits of b
correspond to the left. Thus, the difference a — b corresponds to the arrangement of the weights on the
two scale pans, then a — b takes all even values from 2 to (3" — 1), i.e. we can weigh any positive even
w < 3"

If w is odd, then we will use the method described above to determine even weights w+1 (if w < 3")
and w — 1 (if w > 1) — this is how we will determine w taking into account that it is an integer.

Criteria:
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a potentially fruitful solution idea is given — 1 pre-point;

a potentially fruitful solution idea is given and partially implemented — 2 pre-points;

e an idea with a ternary system (in one form or another) is given, but there is no sufficient
explanation — 3 pre-points;

the solution is almost completely correct except for minor errors, or it is not taken into account
that odd weights do not need to be explicitly equalized — 4 pre-points;

a completely correct solution — 5 pre-points.



