Innopolis Open 2024 /25 in Mathematics 274 qualifying round

11 degree

Task 1.

1. HaiiauTe menTp cHMMeTpHH KyOmdecKoit mapaboinl y = ax® + bx? — 81z + 3, cymma u mpons-
BeJ/leHNe KODHeil KOTOPOWl paBHBI COOTBETCTBeHHO 9 m —3. B oTBer 3amumute cymMMy KOODIUHAT
HAliIEHHOTO MEHTPa CUMMETPHUH, IPH HEOOXOIUMOCTH OKPYTJIUB ee 10 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? — 81x + 3, the sum and product
of whose roots are 9 and —3, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: —291

2. Haitmure mentp cumMeTpun Kybmdaeckoit mapaboist y = az® + bx? + 24x — 19, cymma n mmpons-
BeJleHHe KOpHeil KOTOpoil paBHBI cooTsercTsenno 9 m 19. B oTBer 3ammimmTe cyMMYy KOODJIHHAT
HafiIeHHOTO MeHTpa CHMMETPHH, TPH HeOOXOIIMOCTH OKPYTIHB €€ 10 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bz? + 242 — 19, the sum and product
of whose roots are 9 and 19, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 2

3. Haitmure mentp cumMeTpun Kybmdaeckoit napaboist y = az® + bx? + 452 — 51, cymma u mpons-
BejleHne KOPHell KOTOpoil paBHBI cOOTBeTCTBeHHO 12 m 51. B oTBeT 3amummTe cymMMy KOOPJIUHAT
HaliIeHHOTO IeHTPa CUMMETPHH, IPH HEOOXOIUMOCTH OKPYTJIUB €€ J0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? + 45z — 51, the sum and product
of whose roots are 12 and 51, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 5

4. HaitnuTe NeHTP CHMMeTPUH KyOmdeckoit mapabosist y = ax® + bw? — 45z + 12, cymma u mponsse-
JIeHne KOpHeil KOTOPOil paBHBI COOTBETCTBEHHO —3 m —12. B oTBeT 3anmmmuTe cymMMy KOOpDJAWHAT
HaliIEHHOTO MEHTPa CUMMETPHUH, IPH HEOOXOIUMOCTH OKPYTJIUB ee 0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bxr? — 45z + 12, the sum and product
of whose roots are —3 and —12, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 58

Pemenne (RUS). (upeacrasieno pemenne Bapuanta N1, ocrajibHbie PEHIAIOTCS AHAJOIHIHO)
Ucnonb3ys teopemy Buera jyist KyGudaeckoro derbipexdiena suja ax® +bx?+cr+d, nojpyuum —b/a = 9,
—d/a = -3, orkyga a = 1, b = —9.
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O6osnaunm f(z) = x® —92? — 81z +3, rorma f'(z) = 322 —18x—81, u f'(x) = 0 o3mavaer r = 9 wm

r = —3 — rouku sKcrpemyma f(x). Kybuueckast napabo/ia cMMMeTPHYHA OTHOCUTEJBHO CEPEUHbL OT-
9+(—3

pe3Ka ¢ KOHIIAMHU B TOYKAX IKCTPEMYyMa, MOITOMY abCIUCCa MEHTPA CUMMETPUU PaBHA T, = 3 — 3,

2
Torja ee opanHaTa paBHa Y. = f(x.) = —294, ¥ro maer z. + y. = —291.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Using Vieta’s theorem for a cubic quadrupole of the form az® + bx? + cx + d, we obtain —b/a = 9,
—d/a = —3, whence a = 1, b = —9.

Let f(z) = 2% — 92% — 81z + 3, then f'(x) = 32? — 18z — 81, and f’(z) = 0 means x = 9 or
r = —3 — the extremum points of f(z). The cubic parabola is symmetric about the midpoint of the
segment with the endpoints at the extremum points, therefore the abscissa of the center of symmetry

is x, = w = 3, then its ordinate is y. = f(z.) = —294, which gives z. + y. = —291.

Task 2.

1. Jano ypasuenme ax + 97y = c. Haiiiure manmMenblliee 1esoe MOJOKUTETbHOE @, TTPH KOTOPOM
cytecTByeT 1iesioe ¢ > 2025, 11 KOTOPOTo JaHHOe YpaBHEHHe He NMeeT DellleHHil B IeIbIX HeOT-
pPHUIATEIBHBIX X, Y.

Given an equation ax 4+ 97y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers x, y.

Answer: 22

2. /lano ypaBuenmne ar + 83y = c. Haiiaure HamMmeHbIee Tem0e TOJTOKHATETBHOE @, TTPU KOTOPOM
cymiecTByer 1eqoe ¢ 2= 2025, g KOTOporo JIaHHOe YpaBHEHHUE He MMeeT PEIeHUil B IeJIbIX HeOT-
puLlATEeJIbHBIX I, Y.

Given an equation ax + 83y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers z,y.

Answer: 26

3. [ano ypasuenme ax + 137y = c. Haiiiute namMenbIlee 1megoe MOJOKUTETHHOE 4, TPA KOTOPOM
cymecTByeT 1esioe ¢ > 2025, 11 KOTOPOTo JaHHOe YpaBHEHUe He NMeeT DellleHHil B IeTbIX HeOT-
pPHUIATEBHBIX X, Y.

Given an equation ax + 137y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers x,y.

Answer: 16

4. Jlano ypaBuenue axr + 79y = c. Haiinure HamMenbIee 1esioe MOJOXKUTETHHOE @, TPU KOTOPOM
cymiecTByet 1eqoe ¢ 2= 2025, g KOTOporo JIaHHOe YpaBHEHHWE He MMeeT PEIeHuil B IeJIbIX HeOT-
puLaTeJIbHBIX I, Y.



Innopolis Open 2024 /25 in Mathematics 274 qualifying round

Given an equation ax + 79y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers x, y.

Answer: 27

Pemenue (RUS). (mpeacrasieno pemenne papuanta N1, ocraabHble DEINAOTCS aHAJIOTHTHO)
Jlokazkem Teopemy CHabBecTpa: ypaBHeHHE ar + by = ¢ 11 MOMOKATEIbHBIX MEIbIX B3aNMHO MIPOCTBIX
a,b uMmeer pemreHue B IEAbIX HEOTPULIATEBHBIX T,y /s JII0OOOro meaoro ¢ > ab — a — b, HO He HMeeT
upu ¢ = ab —a — b.

HeiicTrBuresnbHo, ypaBHenune axr + by = ab — a — b umeer pemenne (b — 1,—1), mosromy Bce ero
pemenns umetor Bug (b — 1+ kb, —1 — ka) pis nensix k, oqaaxo npu k > 0 umeem y = —1 — ka < 0,
anpu k < 0 umeem x = b — 1+ kb < 0, T.e. pelrennii B MeJbIX HEOTPUIATETLHBIX T,% YpPaBHEHHE He
umveer. I[Ipu ¢ > ab — a — b cymectByer pemterue (2o, Yo), I KOTOporo nenoe g € [0,b — 1], mpu sTom
byo = c—axg = c—a(b—1) > —b. Orcioga yo > —1, 1.e. yo > 0 — HaiiyeHO pelleHne ypaBHeHUs B
HEOTPUIATEIbHBIX IIeJIBIX YKcaaX. /JoKa3are/bCTBO 3aBEPIICHO.

Wrak, aist mucxopnoro ypasuenusi tpedyercs 97a — a — 97 > 2025, orciona nesoe a > 22.

a = 22 nogaxoaut: Teopema CuibBecTpa K HEMY IPUMEHHUMA, MOCKOJIbKY 22 B3aHMHO MPOCTO ¢ 97.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets prove the theorem: the equation ax + by = ¢ for positive integers with mutual co-prime a, b has
a solution in non-negative integers x,y for any integer ¢ > ab — a — b, but does not have one for
c=ab—a—0b.

Indeed, the equation ax+by = ab—a—>b has a solution (b— 1, —1), therefore all its solutions have the
form (b— 14 kb, —1 — ka) for integers k, however for & > 0 we have y = —1 — ka < 0, and for £ < 0 we
have x = b—1+kb < 0, i.e. the equation has no solutions in non-negative integers x,y. For ¢ > ab—a—b
there is a solution (zo, yo) for which the integer zo € [0,b — 1], while byy = ¢ — axg > ¢ —a(b—1) > —b.
Thus yg > —1, i.e. yo = 0 — the solution of the equation in non-negative integers has been found. The
proof is complete.

By that, for the original equation 97a — a — 97 > 2025 is required, thus the integer a > 22.

a = 22 suits us since it is co-prime with 97, and by that the theorem can be applied.

Task 3.

1. [Happ BemaeT Ha CYHAYK € TOCY/IapCTBEHHON Ka3HO# 1 3aMKOB W pa3jaeT Karo4u cBouM 10 coBeT-
HUKaM TakK, 9TOObl HUKAKHE H W3 HUX He MOTJIH OTKPBITH CYHJYK, HO Jio0bie 6 — Morau (y maps
eCTh MHOXKECTBO KJIIOUeil OT KaXKJIOro 3aMK4, U COBETHUK MOXKET HOJIYUYUTh KJIIOYU OT HECKOJbKUX
3aMk6B). Haifiiure HanMenbIiiee n, mpu KOTOPOM IAPh CMOXKET JOOHTHCS YKeJIaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 252

2. llapw BemmaeT Ha CYHJIYK € TOCYJAPCTBEHHON Ka3HON N 3aMKOB W pa3faeT Kaio4un cBouM 11 coset-
HUKaM TakK, 9TO0bl HUKAKHE H U3 HUX He MOTJIH OTKDBITH CYHJYK, HO Jto6bie 6 — Morau (y maps
eCTh MHOZKEeCTBO KJII0Ueil OT KayK/JI0ro 3aMKa, U COBETHUK MOKET MOJIYIUTh KJIIOUYH OT HECKOJTbKUX
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3aMk6B). Haiiiure HanMeHbIee n, Mpu KOTOPOM HAPh CMOYKET JOOUTHCS YKeJIaeMOTo.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 462

3. Ilapp BemraeT Ha CYHJIYK € TOCYAApPCTBEHHON Ka3HON n 3aMKOB U pa3maeT Kao4un cBouM 10 coBet-
HUKaM TakK, 9TO0Obl HUKaKue 4 W3 HUX He MOTJIM OTKDBITH CYHJYK, HO Ji00bie 5 — Morau (y maps
eCTh MHOZKECTBO KJIIOUeil OT KaK/I0ro 3aMKA, U COBETHUK MOYKET IOJIyYUTh KJIIOYH OT HECKOJIbKUX
3aMk6B). Haiiure HamMenbIiee n, mpu KOTOPOM IAPh CMOKET JOOUTHCS YKeJIaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 4 of them can open the chest, but any 5 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 210

4. Ilapp Bemraer HA CYH/IYK C IOCYJaPCTBEHHONW Ka3HOW 1 3aMKOB U pas3jaer K/ao4du cBouM 11 coBet-
HUKaM TaK, 9TOObl HUKaKWe 7 U3 HUX He MOIJIH OTKDBITh CYHJIYK, HO Jo6bie 8 — Morau (y maps
eCcTh MHOYKECTBO KJIIOUeil OT KayKJIOro 3aMK4d, W COBETHUK MOYKET TOJIYIUTh KIIOUNA OT HECKOJHKHUX
3aMKO6B). Haiiiure HamMeHbIiee n, Mpu KOTOPOM HAPh CMOXKET JOOUTHCS YKeJTaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 7 of them can open the chest, but any 8 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 330

Pemenue (RUS). (mpencrasieno pemenne papuanta N1, ocraabHbIe DEINAOTCS aHAJIOTHTHO)
[TockonbKy HUKaKHe 5 COBETHHMKOB He MOTYT OTKPBITH BCeX 3aMKOB, Y HUX HeT KJII0Ya OT HEKOTOPOTO
3aMK4, HO 9TOT KJIIOY €CTh Y BCEX OCTAJBHBIX COBETHUKOB. 3HAYUT, KJAIOYU OT KAXKJIOI0 3aMKA JOJIZKHbI
ObITh poBHO Y 10 — 5 = 5 COBETHUKOB, TOIJIA KOJUYECTBO 3aMKGB He MOxKeT ObiTh Menbine Cf, = 252.
Ocraercst TOIBKO pa3aaTh Mo H KIH0UeH OT KayKI0T0 3aMKd COOTBETCTBYIOIEil MsATEepPKe COBETHUKOB, B
pe3ysibTaTe 4ero napb Jgo0beTcd kesaemoro. Ecam pas3maTh KJIIOYH OT KayKJIOTO 3aMK4 He Oosee yem
4 coBeTHHKaM, TO He BBIIOJHUTCS YCJIOBHUE 33Ja4u, T.K. HAMTYTCS 6 COBETHUKOB, KOTOpDble HE CMOTYT
OTKPBITH ONpeJIeTeHHbIN 3aMOK. K Ke pa3aTh K09l 0T KaXKJI0TO 3aMK4a 60Jee 1eM D COBETHUKAM,
TO HE BBIIOJHUTCS YCJIOBUE «HUKAKHE D HEe CMOI'YT OTKPBITH CYHJLYK>.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Since no 5 advisors can open all the locks, they do not have a key to some lock, but all the other advisers
have such key. This means that exactly 10—5 = 5 advisors must have keys to each lock, then the number
of locks cannot be less than C}, = 252. It remains to distribute 5 keys to each lock to the corresponding
five advisors, and by that the king will achieve what he wants. If the king distributes the keys to each
lock to no more than 4 advisors, then the task’s requirements will not be fulfilled, because there will be 6
advisors who will not be able to open a certain lock. If the king distributes the keys to each lock to more
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than 5 advisors, then the requirement «no 5 advisors will be able to open the chest» will not be fulfilled.

Task 4.

1. Pemmute ypaBHenue
(4sinx + 3cosx)(2.5cos 2z + 8sinx + 20.5) = 131

" 3allulnyTe B OTBET CYMMY TaHI'€HCOB TeX KOpHeﬁ 9TOI'0 YpaBHEHUHA, KOTOPbIE HIpUHA/JIezKaT OT-
pe3ky [0; 27|, npejcTaBuB ee B BHJE [EJOr0 YHCJIA UIH JECATHIHON JPOOH, IPU HEOOXOIMMOCTH
OKPYTJIeHHO{T j10 coThiX. Ecu 31a cymma OecKoHeYHA, 3aIlUIINTe B OTBET YUCI0 —1.

Solve the equation
(4sinz + 3cosx)(2.5cos 2z + 8sinz + 20.5) = 131

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33
2. Pemmre ypaBuenue
(3sinz 4+ 4 cosx)(2.5cos 2z + 6sinx + 16.5) = 104

" 3allUuIIUuTe B OTBET CYMMY TaHI'€HCOB TeX KOpHeIU/I 9TOI'0 YpaBHEHUA, KOTOPbIE IIpUHA/AJIezKaT OT-
pesky [0; 27|, npejcTaBuB ee B BH/E IEJOr0 YHCJIA WIH JCATHIHON JAPOOH, MPU HEOOXOIMMOCTH
OKPYTJIeHHO{T j10 coThiX. Ecum 3Ta cymma GeckoHevYHa, 3alUIINTe B OTBET YUCI0 —1.

Solve the equation
(3sinz 4+ 4cosx)(2.5cos 2z + 6sinx + 16.5) = 104

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75
3. Pemmure ypaBHenune
(4sinz + 3cosx)(2.5cos 2z + 8sinx + 23.5) = 146

U 3aIUIINTEe B OTBET CyMMY TaHT€HCOB TeX KOPHeil 3TOro ypaBHEHWsI, KOTOpPbIe MPUHA/IeZKAT OT-
pesky [0; 27|, mpegcTaBuB ee B BHJE MEJOT0 YHCJIA WIN JCATHIHON JAPOGH, TP HEOOXOINMOCTH
OKPYTJIeHHOiI /10 coThiX. Eciu 31a cymma OecKOHEYHA, 3aIUIINTe B OTBET YUCI0 —1.

Solve the equation
(4sinx + 3cosx)(2.5cos 2z + 8sinz + 23.5) = 146

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33
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4. PemmnTe ypaBHEHUE
(3sinx +4cosx)(2.5cos2z + 6sina + 21.5) = 129

7 3alUIIUTE B OTBET CYMMY TAHT€HCOB TeX KOPHEll 3TOro ypaBHEHHd, KOTOPbIE MPUHAJIEXKAT OT-
pe3ky [0; 27|, upejcraBuB ee B Bujie HEJOI0 YUC/A WIH JECATUYHON JPpOoOH, HPU HEOOXOAUMOCTU
OKPYTJIeHHO#T j10 coTbiX. Ecim 3ra cymma OeckoHevYHa, 3aIlUIIuTe B OTBET YUCa0 —1.

Solve the equation
(3sinx + 4 cosx)(2.5cos 2z + 6sinz + 21.5) = 129

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75

Pemenne (RUS). (npeacrasieno pemenne Bapuamnta N1, ocrajibHbIe PEHIAIOTCS aHAJOIHIHO)
IIpeoOpasyeM ypaBHeHHE K BHILY 5(% sinx + %cos r)(=5sin?z + 8sinx + 23) = 131 u 3ameTnM, 9TO
% sin x+g cos x = cos(x—arccos g) < 1. [l nociejHero MHOZKHATEIA JIEBOI 9aCTH PaBeHCTBA 0003HATHM
f(t) = —5t* + 8t + 23 (3mech t = sinx € [—1;1]), Torma f(t) momOKUTETbHA U TPUHAMAET HAUGOIBIITEE
3HAYEHUEe f(#_%)) = 8L s sine = 1.

Irax, jeBasi 9acTh pABEHCTBA He npeBocxoaut 5-1-12F = 131 u npuHuMaeT 910 3HAUCHIE TONBKO IPH
x = arccos 2 +2mn (n € Z) (ua orpeske [0; 27] ecTh ToMBKO 01Ha Takas Touka). Torma tga = 3 ~ 1.33.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We transform the equation to the form 5(2sinz + 2 cosz)(—5sin® 2 + 8sinz + 23) = 131 and note
that %sinx + gcosx = cos(x — arccos %) < 1. For the last factor on the left side of the equality, we
denote f(t) = —5t* + 8t + 23 (here t = sinx € [—1;1]), then f(t) is positive and takes the largest value
f(2_(_f5)) = L1 when sinz = ;.
So, the left side of the equality does not exceed 5 -1 - % = 131 and takes this value only for
x = arccos 2 + 2mn (n € Z) (there is only one such point on the segment [0;27]). Then tgz = § ~ 1.33.

Task 5. Yucsa 1,2,3,...,2024 3anucajn B HEKOTOPOM TOPsiJIKe, TOJIYUUB TTOCIEI0BATETHHOCTD
ai, a9, as, ..., a4. Hailimnre HambosbiTee BOSMOKHOE 3HAUEHNE BBIDAYKEHWS

la; — as| + |ag — as| + |ag — aq| + - - - + |a2023 — 2024
ObocuyiiTe cBoit OTBeT.

The numbers 1,2,3,...,2024 being written in some order form a sequence ay, as, as, ..., asgy. Find
the greatest possible value of the expression

la1 — as| + |ag — as| + |ag — aq| + - - - + |a2023 — 2024

Explain your answer.
Answer: 2048287

Pemrenne (RUS). Ormernm Ha gncaoBoii npsivoit Toukn 1,2,3, ... ,2024. Kaxaomy pacmnosiozxe-
HUIO YHMCEJI B TIOJLY YeHHOMN 110CIeI0BATEILHOCTH MOYKHO MOCTABATH B COOTBETCTBUE 3aMKHYTYIO JIOMAHYIO
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C BepIIMHAMM B YKA3aHHBIX TOYKAX, U HA000POT, KaxKI0il TAKOH JTOMAHOI COOTBETCTBYET IMOCJEI0BA-
TEJIBHOCTD. Y Ka3aHHOE B yCJOBUHU 3a/a4M BbIPAzKEHUE — 3TO JIMHA TAKOW JIOMAHOM, T.e. CyMMa JIJIMH
OTPE3KOB MEXK/Ly COCEJHUMHU TOYKAMHU € YIETOM KPATHOCTU MOKPBITHA 3BEHBSIMH.

Orpesok [a, a+ 1] MOKeT MOKPHIBATHCST TOJBKO 3BEHBSIMU, OJMH KOHEI[ KayKI0r0 W3 KOTOPHIX JIEKHUT
B MHO)KecTBe {1,...,a}, a npyroii — B muoxkectBe {a+1,...,2024}, npuuém Kazka0il ToUKe JOOOTO U3
9TUX MHOXKECTB OTBeYaeT He 0oJiee JBYX 3BEHBEB, a 3HAYNT, MOKPLIBATH OTPE30K [a,a + 1] Moxker He
bostee 2 - min{a, 2024 — a} 3Benbes.

Urak, orpe3ok [1,2] nokpsIT He Gojiee deMm JBYMst 3BeHbsiME (Kak 1 oTpe3ok [2023,2024]), orpe3ok
[2,3] — wernipbymst (kak u [2022,2023]), n 1.a. ITockoabKy JlomMaHasi He 3aMKHYyTa, XOTs Obl OJMH U3
OTPE3KOB [a, a + 1] GyeT HOKPBIT HeYeTHBIM YUCIOM 3BeHbeB. Toria JIJIMHA JIOMAHON He TPEBOCXOIUT

2-(1+2+3+---+1011 4+ 10124+ 1011+ --- +3+2+ 1) — 1 = 2048287
[IpuBenem nmpumep JIOMaHO#, Ha KOTOPOW JIOCTUTAETCSA ONUCAHHBIA MaKCHMYM:

1012, 2024, 1,2023, 2,2022, 3,...,1013

Kpurepuu oneHnBanusd:

® JlaH BepHbIl OTBET U yKa3aHO, YTO HYZKHbIIl IpUMeED JOCTUIAeTCs, KOI/Ia PA3HOCTH MEXKJLy COCe/l-
HUMH YJIeHAMU TI0C/I€/I0BATE/ILHOCTH OJIM3KH K MAaKCUMAJIbHO BO3MOYKHBIM, HO CaM ITPUMED sIBHO
He TIPUBEJIeH — 1 MepBUYHBINA OaJLI;

® JlaH BEPHBII OTBET W NPUBEJEH BEPHBII NpUMep, HO JI0KAa3aTeJIbCTBO HEBEPHO — 2 TEPBUYHBIX
baJsLIa;

® JlaHA BepHas OIeHKa JIJIMHbI JIOMAaHOil, HO HET BEPHOI'O IpUMEpPaA — 3 IePBUYHBIX OaJLia;

® IIpPHUBEJIEHO KOPPEKTHOE JO0KA3ATETHCTBO OIEHKH, HO JIOMYIIeHa BRIYUCIUTETbHAS ONINOKa — 4 1mep-
BHYHLIX OaJLIa;

® II0JIHOCTHIO BEepHOE W 0OOCHOBAHHOE PeIlleHHe W BePHbBI OTBET — D MepBUYHBIX OAJIIOB.

Solution (ENG). Lets mark the points 1,2, 3, ...,2024 on an axis. Each arrangement of numbers
in the resulting sequence can be assigned a polygonal chain with vertices at the points mentioned, and
vice versa, i.e. each such polygonal chain corresponds to some sequence. The expression specified in
the task’s formulation is the length of such chain, i.e. the sum of lengths of the segments between the
points, taking into account the multiplicity of the link coverage.

The segment [a,a + 1] can be covered only by those links with one end lying in the set {1,...,a}
and the other end in the set {a + 1,...,2024}, and each point of any of these sets corresponds to
no more than two links, which means that the segment [a,a + 1] can be covered by no more than
2 - min{a, 2024 — a} links.

Thus, the segment [1,2] is covered by no more than two links (as is the segment [2023,2024]), the
segment [2, 3] is covered by no more than four links (as is [2022, 2023]), etc. Since the chain is not closed,
at least one of the segments [a, a + 1] will be covered by an odd number of links. Then the length of the
broken line does not exceed

2-(1+2+3+---+1011+ 10124+ 1011+ --- +3+ 2+ 1) — 1 = 2048287
Lets give an example of a polygonal chain which the described maximum is reached on:

1012, 2024, 1,2023, 2,2022,3, . ..,1013

Criteria:
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e the correct answer is given and it is mentioned that the required example is achieved when the
differences between adjacent members of the sequence are close to the maximum possible, but the
example itself is not explicitly given — 1 pre-point;

the correct answer and correct example are given, but the proof is incorrect — 2 pre-points;

the correct estimate of the length of the polyline is given, but there is no correct example — 3
pre-points;

e a correct proof of the estimate is given, but a computational error was made — 4 pre-points;

a completely correct and explained solution and the correct answer are given — 5 pre-points.

Task 6. /lan xy0 ¢ pebpom 1, meHTp KOTOpPOro coBIagaeT ¢ BepmimHOi () HpPaBUILHON TPeyroJbHO
HUpaMU/Ibl, OOKOBBIE pebpa KOTOpOil paBHBI 2, U BCe ILIOCKHE YIIbl IpH BepinuHe O — npsMmbie. MoxkeT
JI1 OBITH TaK, YTO BCe BEPIIUHBI KyOa JiexKaT BHe nupamMuabi? OOOCHYHTE CBO OTBET.

Given a cube with edge 1, the center of which coincides with the vertex O of a regular triangular
pyramid, the lateral edges of which are equal to 2, and all the plane angles at the vertex O are equal to
90°. Is it possible for all the vertices of the cube to lie outside the pyramid? Explain your answer.

Answer: [Ta, takoe Bo3moxuO / Yes, it is possible

Pemenne (RUS). Ormerum, 4ro 0OCHOBAHHE HUPAMU/IbI PACIIOJIOKEHO BHE Kyba, OCKOJIbKY 110-

JIyJIHaroHa/ib Kyba paBHa ‘/75 < 1, 9TO MeHbIIIe BBICOTHI MUPAMUJIBI, UMEIOIe IIuHy 4/ 22 —% > 1.

3amMeTuM, 4TO MOYKHO OJHOBPEMEHHO PA3MEeCTUTHh § HelepeceKAIoNXCcs MHPAMHA/I, YIO0BJIeTBOPSIONIINX
YCJIOBUSM 3aJ1a9M, MPOCTO <«IMPOIJIUB» TLJIOCKOCTH OOKOBBIX TpaHeil OJHOU MUpAMUILI 32 ee DOKOBBIE
pebpa, a 3arem JOCTPOMB OCHOBAHUsI OCTABIIMXCS 7 MUPAMEJ. 3HAYUT, €CJAU MbI CMOZKEM IOBEPHYTH
ONMUCAHHYI0 KOHCTPYKIMIO BOKPry Touku () Tak, 9TOOBl BHYTPU OJHON W3 MHUPAMUJ OKA3AIUCH JIBE
BepIUHBl Ky0a, TO CpeJau OCTAJbHBIX 7 MUpaMUJI HalJeTcs Ta, KOTOpas He COJEPXKUT HU OIHOIN u3
OCTAJIBHBIX 6 BepIIuH KyOa.

OmnumreMm, Kak TOCTPOUTH TUPAMHUJLY, BHYTPH KOTOPOl OKaXKyTCsd JBe BEePIIMHLI Kyba: JjId 3TOro
nopepueM ee BOKpyr Touku O Tak, 4robbl JBe (puKcMpoBaHHbIe CMeKHble Bepmunbl A, B kyba oxa-
3aJIUCh B OOKOBOI T'paHU MUPAMUIbI — ITO BO3MOKHO, TOCKOIBKY ZAOB < 90°. Ocrajoch HEMHOTO
«TIOTITEBEJINTHY TMUPAMHULY Tak, 9T00bI 00e Toukn A, B oka3ajuch BHYTpPHU Hee.

Kpurepuu onennBanus:

e 1puBejieHbl rpadudeckue nMpuMepbl 6e3 aHaJUTUYIeCKUX 000cHOBaHUi nx KoppekTHoctu — () mep-
BUYHBIX 0AJLJIOB;

® JI0Ka3aHO, YTO OCHOBAHUE MUPAMU/IBI JIEXKUT BHE KyOa — 2 MepBUYHBIX OAJLIA;

® IPUCYTCTBYET ILJIOJAOTBOPHAS Maest ¢ NPpUHIHUIIOM JIupuxie, HO CO 3HAYNTEJTHLHBIM HEJI0YEeTOM — 2
[EePBUYHBIX 0aJIIa;

® II0Ka3aHO, YTO €CJU OCHOBaHUE IMUPAMUJLI IapaJsiie/bHO I'PpaHd KyOa, TO BEPIIMHBI 3TOI I'paHu
U TOYKH OCHOBAHHUS MUPAMHUJIBI JieXKAT Ha OJTHOW OKPY:KHOCTH IPHU MPOEIUPOBAHUU TOUYEK — 2
HEePBUYHBIX OaJLIa;

® [IPUCYTCTBYET ILIOAOTBOPHAS Wjed ¢ npuHnuiom lupuxiie, HO He JJOKA3AHO, YTO OCHOBAHUE IIHU-
paMu/Ibl JIEXKUT BHE KyOa, JInOO Jpyrue Hejpo4ueThl — 3 MepBUYHBIX DaJLIa;

® pellleHue OYTH BEPHOE, HO eCTh HeDOJIbIIINE HEJ0UYeThl, TAKNE KaK OTCYTCTBUE PUMePa MOI'PYkKe-
HUs JIBYX BepIUH Kyba BHYTPh MUPAMUIbI — 4 IEPBUYHBIX OaJlia;
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® IIOJTHOCTBIO BEpHOE B 0OOCHOBAHHOE PellleHre — H MepPBUYHBIX OAJIIOB.

Solution (ENG). Note that the base of the pyramid is located outside the cube, since the half-

diagonal of the cube is \/75 < 1, which is less than the height of the pyramid, which has a length of

\/22 — % > 1. Note that it is possible to simultaneously place 8 non-intersecting pyramids that satisfy
the conditions of the task by simply «extending» the planes of the lateral faces of one pyramid beyond
its lateral edges, and then completing the bases of the remaining 7 pyramids. Therefore, if we can rotate
the described construction around point O in such way that two vertices of the cube are inside one of
the pyramids, then among the remaining 7 pyramids there will be one that does not contain any of the
remaining 6 vertices of the cube.

Lets describe how to construct a pyramid that will contain two vertices of the cube: to do that, we
rotate it around point O so that two fixed adjacent vertices A, B of the cube will be in the lateral face
of the pyramid — this is possible because ZAOB < 90°. All that remains is to «wiggle» the pyramid a
little so that both the points A, B will be inside of it.

Criteria:
e graphical examples are given without proper proof — 0 pre-points;
e it is proven that the base of the pyramid lies outside the cube — 2 pre-points;
e there is a fruitful idea with Dirichlet’s principle, but with a significant mistake — 2 pre-points;

e it is shown that if the base of the pyramid is parallel to a face of the cube, then the vertices of the
face and the points of the base of the pyramid lie on the same circle when projecting the points
— 2 pre-points;

e there is a fruitful idea with Dirichlet’s principle, but it is not proven that the base of the pyramid
lies outside the cube, or other mistakes — 3 pre-points;

e the solution is almost correct, but there are minor mistake(s) like there is no example of how to
place two vertices of the cube inside the pyramid — 4 pre-points;

a completely correct and explained solution — 5 pre-points.



