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7-8!" degree

Task 1.

1. Chacmuiicsa mocse KopabJieKpylieHus: KyIell, MomaB B OJIMKARIING MOPT, XKJIeT JeHeKHOil IoMo-
My OT JApy3eil. Y Hero ocranach JUMb OHA JPAaroleHHOCTbh — 30JI0Tasd Melb Ha Imee, U XO3duH
IroCTUHHUIBLI 3a CTOJI U KPOB 6epeT 110 O/THOMY 3B€HY HEIIOYKHU B JICHb (B n-i JAEHb Y XO3dUuHa A0JIZKHO
OBITH POBHO 1 3BEHBEB, KYCOUKH IIEIT MOXKHO MOJIy4aTh 0OpaTHO B BU/IE cgan/I). [Henb — mpous-
BeJeHne I0OBECJIMPHOT'O UCKYCCTBa, IMTO3TOMY KYIIel XO4YeT PaClluJUTh KakK MOX>KHO MEHBIITE 3BEHLEB,
HO OH He 3HaeT, KOTJA MOJIYYAT MOMOIIL OT JIPYy3eil.

Kakoe HamMeHblltee 9mCI0 3BEHBEB IEIN IIPUIETCS PACIHIINTD, ecan jajuHa mnenu — 100 3BeHbes,
U KYIILy IpHAeTcs XKaaTh He 6osee 30 aHeit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 30 days?

Answer: 5

2. Cnacmuiics mocsie KopaOJaeKpyIleHus KyIIell, MonaB B OMuzKaimii mopT, K/JIeT JeHeKHOH MOMO-
1y OT Jipy3eil. Y Hero ocrajiach JiMilb OJHA JPArONEHHOCTb — 30J10Tasl Iellb Ha Iiee, U XO3sUuH
IOCTUHHUIIBI 3a CTOJI U KPOB 6epeT 110 OTHOMY 3B€HY HEIIOYKHU B JICHb (B n-i JAEHb Y XO3dUuHa J0JI2ZKHO
OBITH POBHO 1 3BEHBEB, KYCOUKH IIEITH MOXKHO MOJIydYaTh 0OpaTHO B BU/IE C;Latm). [Henb — mpouns-
BeJeHne IOBECJIMPHOTO NCKYCCTBaA, IMMO3TOMY KYIIel XO4YeT paClnuJUTh KakK MOX>KHO MEHBIIE 3BEHLEB,
HO OH He 3HaeT, KOTJA MOJIYYAT MOMOIIL OT JIPy3eil.

Kakoe mamMeHnblitee 9mCI0 3BEHBEB IENU IIPUIETCA PACIIINTD, ecau jajiauHa menu — 100 3BeHbes,
U KYTILy IpHIeTCS XKIaTh He 6osee 20 aHeit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 20 days?

Answer: 4

3. Cnacmuiics mocsie KopabJaeKpyIleHus: KyIIell, MonaB B OMuzKaiIImit mopT, K/IeT JeHeKHOH MOMO-
1y or Jipy3eit. Y Hero ocraJiach JHUIIb OJIHA JIPArOIEHHOCTH — 30/10Tasl 1ellb Ha Iliee, U XO3AUH
IOCTUHHUIIBI 3a CTOJI U KPOB 6epeT 110 OTHOMY 3B€HY HEIIOYKHU B JI€HDb (B n-i JAEHDb ¥ XO3dWHa J0JI2ZKHO
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OBITH POBHO 7 3BEHbEB, KYCOUKH TIEIN MOYKHO TOJY4YaTh 00OpaTHO B Buje ciaqu). Llenb — npons-
BeJIeHUE I0BEJIUPHOTO UCKYCCTBA, MO3TOMY KYIIEl, XOUeT PACIUJINTh KaK MOYKHO MEHbIIIe 3BEHbEB,
HO OH He 3HaeT, KOIJ/Ia IOJIyYUT MOMOIIb OT JpYy3eil.

Kakoe namMenblIiiee 9muCI0 3BEHBEB IENN IIPUIETCS PACHUINTD, ecan jjuHa nenu — 100 3BeHbes,
" KTy OpUIeTcd »KjaaTh He Oosiee 40 mueit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 40 days?

Answer: 5

4. Cnacmumiicst mocjie KopabJaeKpyIieHust KyTell, monas B OJuzKaiinmit mopT, K/JIeT JeHeKHOH MOMO-
U OT Jipy3eil. Y Hero ocTaJjach JUIIb OJHA JIPATOIeHHOCTH — 30JI0Tasd Ielb Ha Ilee, U XO3iWH
POCTHHHUIIBI 32 CTOJI B KPOB OEpeT 10 OJIHOMY 3BEHY IEIOYKH B JIeHb (B N-if IeHb Y X03gUHA JOJIZKHO
ObITh POBHO T 3BEHBEB, KYCOUKH LENU MOXKHO HOJIydaTh 06paTHo B Buje caaqu). Llenb — upous-
BeJIeHUEe I0OBEJIMPHOIO UCKYCCTBA, II03TOMY KyIlell XO4eT PACHUIUTh KaK MOXKHO MEHbIIE 3BEHbEB,
HO OH HE 3HaeT, KOrJa IOJYYUAT IIOMOIILL OT Apy3eil.

Kakoe nammMeHnblIilee 9mCI0 3BEHBEB IENN MTPUIETCS PACTUINTD, ecan jjuna mnenu — 100 3BeHbes,
" KYTIY TPUIETCA »KJIaTh He OoJiee 25 mHeit?

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left — a gold chain around his neck, and the
innkeeper takes one link of the chain a day for living (on the nth day the innkeeper must have
exactly n links, and links of the chain can be returned as change). The chain is a work of jewelry
art, so the merchant wants to saw off as few links as possible, but he does not know when he will
receive help from his friends.

What is the smallest number of links of the chain that will have to be sawed off if the total length
of the chain is 100 links, and the merchant will have to wait for no more than 25 days?

Answer: 4

Pemenne (RUS). (npeacrasieno pemenne Bapuamnrta N1, ocrajbHbIe PEHIAIOTCS aHAJOIHTIHO)
[Tocie mepporo pacmuia y Hac 1 (pacrnuyieHHOe) 3BeHO W ocTajibHas (pa3soOMKHyTasl) mernovka. Ecian B
HEePBbIii JIeHb Kyl He MOy Y JIeHeT, eMy HYZKHO PacluJInTh emié o/iHo 3BeHo. Ho rae? Eciu pacnuiuThb
KpaiiHee 3BeHO, OMJIATUTHL MOYKHO JIUIIL BTOPOil JeHb. MOYKHO OCTaBUTH C Kpalo /IBa 3BEHA, a TPEThe
pacuminTh. Torga OyjaeM uMerb TPy Kycouka JinHoi 1, 2 u 97, u Bropoii JileHb MOXKHO OILIATHTH JIBY M
criocobamu: 141 w2 (nosyuus 1 cadeii), a Bcero KycoukoB XBaTuT Jist omiarsl 4 nueil. Ho Beirognee
PaCIMINTh YeTBEPTOE OT Kpad 3BeHo: 1, 3, 1 — B 3TOM cjaydae ABYX PACIUJIOB XBATHUT JJIA OIJIATHI O
nueit. Jlamee, paccyzKaas Tak Ke, JejaeM TPeTUUl Paclusi, OCTaBJsdd OT Kpasd KyCcOdeK B 7 3BEHBEB: D
JTHE TOApST yzKe OITadeHo, 6-if OIIaTuM BCeMU MPeIbIIYIIUMA + TPeThbUM PACTUICHHBIM 3BEHOM, W
TaK Jlajee.
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B caydae nenu gaunoit 100 3BeHbeB 1 HEOOXOIUMOCTH MPOKUTH B TocTHHUIE 10 30 AHEil nMmeeM ce-
Jiytoriue 4 10¢/1e[0BaTe/IbHbIX PACIM/IA U II0JIyYUBIINEC KYCOUKH (e «;» — pasJe/IuTe/ib PACIUIOB):
1; 3,1; 7,1; 15,1 nocyie yero ocranercss Kycok jymmHoi B 71 3Beno. [losyuusnmmxes nocsie 4-ro paciuia
KYCKOB XBATHUT JIMIIb HA 29 JHel, W M03TOMY TPUIETCs C¢IeIaTh emie oJuH, H-if pacrui (Jboii).

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
After the first cut, we have 1 (sawn) link and the remaining (open) chain. If the merchant did not receive
money on the first day, he needs to saw another link. But where? If you saw the outermost link, you
can only pay for the second day. You can leave two links at the edge and saw the third. Then we will
have three pieces 1, 2 and 97 long, and the second day can be paid in two ways: 1 + 1 or 2 (receiving 1
in change), and in total there will be enough pieces to pay for 4 days. But it is more profitable to saw
the fourth link from the edge: 1, 3, 1 — in this case, two cuts will be enough to pay for 5 days. Then,
reasoning in the same way, we make a third cut, leaving a piece of 7 links from the edge: 5 days in a
row have already been paid, the 6th will be paid with all the previous ones + the third sawn link, and
SO on.

In the case of a chain 100 links long and the need to stay in a hotel for up to 30 days, we have the
following 4 consecutive cuts and the resulting pieces (where «;» is the cut separator): 1; 3,1; 7,1; 15,1
after which a piece 71 links long will remain. The pieces obtained after the 4th cut will be enough for
only 29 days, and therefore one more, 5th cut (any) will have to be made.

Task 2.

1. PaccmMoTpum peKypcuBHYIO (DYHKIIHIO:

(n) = n—>o, ecam n > 2024
| F(F(n+6)), ecmmn <2024

CKOJIbKO KODHEil B HATypaJbHbIX (MOJOXKHTEJIBHBIX IEJbIX) YHCIax uMmeer ypasHenuwe F(n) =

20207 Ecim oHO He mMeer KOpHei, ubO KOpHeH 0ecKOHEeYHO MHOTO, TO BBemauTe () B moje st
OTBETA.

Consider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or
there are infinitely many roots, then enter 0 as your answer.

Answer: 2025

2. PaccmorpuM pekypcuBHYIO (DYHKIUIO:

(n) n—o, ecmu n > 2025
F(F(n+6)), ecaunn < 2025
CKOJIbKO KOpHeil B HATYDPATbHBIX (IIOJOKHTEJBHBIX IEIbIX) YHCIaX HMeeT ypasaenne [(n) =
20207 Ecmu oHO He mMeeT KOpHeil, ubO0 KopHeil 6eCKOHeYHO MHOTO, TO BBegauTe () B moje s
oTBeTA.
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Consider the recursive function:

(n) = n—>o, if n > 2025
| F(F(n+6)), ifn<2025

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or

there are infinitely many roots, then enter 0 as your answer.

Answer: 2026

3. PaccmorpuM pekypcuBHYIO (DYHKITHIO:

(n) = n—>o, ecam n > 2024
| F(F(n+6)), ecmmn <2024

Haiijiure cymMMy BCeX HOJIOKUTEIbHBIX HEJIbIX KOpHeil ypaBHenus F'(n) = 2025. Eciu oHo He ume-
eT KopHei, Jinbo KopHeit 6ecKoOHEYHO MHOTO, TO BBeauTe () B 1oJie i OTBETA.

Consider the recursive function:

(m) = n—>5, if n > 2024
| F(F(n+6)), ifn<2024

Find the sum of all positive integer roots of the equation F'(n) = 2025. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2030

4. PaccmorpuM pekypcuBHYIO (DyHKIUIO:

(n) = n — b, ecau n > 2024
F(F(n+6)), ecmn <2024
Haiiure cymMMy Beex MOJIOKUTEIBHBIX MEJbIX KOpHeil ypasaenust F'(n) = 2024. Ecan oHo He nme-
eT KOpHeii, 1n00 KOpHeil 6eCKOHeYHO MHOTO, TO BBeauTe () B moJsie Jjis OTBeTA.

Counsider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024
Find the sum of alll positive integer roots of the equation F(n) = 2024. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2029

Pemenue (RUS). (mpeacrasieno pemenne papuanta N1, ocraabHble DEINAOTCS aHAJIOTHTHO)
Jng moboro n > 2025 oueBnano 6e3 BcAkoil pekypcun, uro F(n) = n — 5. Borancaum F(n) maa
HecKOJIbKUX N < 2024:
F(2024) = F(F(2030)) = F(2025) = 2020
F(2023) = F(F(2029)) = F(2024) = 2020



Innopolis Open 2024 /25 in Mathematics 1%t qualifying round

F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Jokaxkem nnaykimeii o k ciaegyiomee yreepxaenne: F(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 mob6oro k € {1,2,3,...,2019}. Baza unayknum yxke J0Ka3aHa B
IIPEMepax BBIIIe.
[Tycrs pist nekoroporo k > 0 Beimoneno F'(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) =
F(2020 — k) = 2020. Torna nmeem:

F(2024 — (k4 1)) = F(2023 — k) = 2020 1o npeanoioKeHuI0 WHILYKIIH;
F(2023 — (k+ 1)) = F(2022 — k) = 2020 10 mpeoI0KeHIIO HHIYKIH;
F(2022 — (k+ 1)) = F(2021 — k) = 2020 110 mpemoI0KEeHHIO HHIYKITH;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 10 UpeaioI0KeHuI0 HHY KIIUH;
F(2020 — (k +1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F(2025 — k)) = F(F(2024 — (k — 1)) =

F(2020) = 2020.
Takum oOpa3oM, yTBep:K/IeHHE JTOKA3aHO.
Urak, F(n) = 2020 pys Bcex HarypaabHbix n < 2025 — rakux posao 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
For any n > 2025 it is obvious without any recursion that F'(n) = n — 5. Lets calculate F'(n) for several
n < 2024:

F(2024) = F(F(2030)) = F(2025) = 2020

F(2023) = F(F(2029)) = F(2024) = 2020
F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Lets prove the following statement by induction on k: F'(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 for any k € {1,2,3,...,2019}. The induction base has already been
proved in the examples above.

Let F(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) = F(2020 — k) = 2020 be satisfied for
some k > 0. Then we have:
F(2024 — (k4 1)) = F(2023 — k) = 2020 by induction hypothesis;

F(2023 — (k + 1)) = F(2022 — k) = 2020 by induction hypothesis;
F(2022 — (k + 1)) = F(2021 — k) = 2020 by induction hypothesis;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 by induction hypothesis;
F(2020 — (k + 1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F(2025 — k)) = F(F(2024 — (k — 1))) =

F(2020) = 2020.
By that, the statement is proven.
So, F'(n) = 2020 for all positive integers n < 2025 — there are exactly 2025 of them.

Task 3.

1. Ussectro, uto ecth posHo 2202 ¢110c06OB BHIOpATH M3 KOHEUHOTO MHOXKECTBA A IOJIMHOMKECTBO,

cojiepzKalee HeIETHOE YUCIO0 IJIeMEHTOB. UeMy paBHO KOJHIECTBO dJeMEHTOB MHOKecTBa A7

There are exactly 22°?* ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 2025
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2. N3BecTHO, 9TO ecTh poBHO 220%* cHOCOGOB BHIOPATH M3 KOHETHOI'O MHOXKECTBa A IMOIMHOXKECTBO,

cojiepKaiiee 4€THOe (BO3MOXKHOE, HYJIEBOE) YHC/IO 9JEMEHTOB. UeMy pPaBHO KOJMYECTBO JIEMEH-
TOB MHOZKecTBa A7

There are exactly 22°2* ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. UssectHo, uTo ecth posHo 2% cmocoboB BHIGpPATL M3 KOHEYHOrO MHOMKECTBa A MOIMHOMXKECTBO,

cojiepzKalee HeIETHOE YUCTIO0 IJTeMEHTOB. UeMy paBHO KOJHMIECTBO 3JeMEHTOB MHOKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

4. UN3BectHO, uTO ecThb poBHO 2'%! croco6oB BBHIOpATH W3 KOHEYHOIO MHOXKECTBA A IOIMHOXKECTBO,
cojiepzkaiee 4éTHoe (BO3MOYKHOE, HYJIEBOE) UUCJIO0 3JeMEHTOB. UeMy PaBHO KOJTMYECTBO JJI€MeH-
TOB MHOXKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemenne (RUS). (mpexacrapieno pemenne Bapuanta Nel, ocTaabHBIE PENIAIOTCS AHAJTOTHTHO)
Badukcupyem HeKOTOPLIiT d1eMeHT © MHOXKeCTBa, A. Termepb pa300beM Bce ero MOAMHOKECTBA HA MaPbI,
OTJIMYAIONIHECsT TOJIBKO HajgmaneM (amubo orcyrcrBuem) smementa r. OUeBHIHO, B KaxK/JI0il mape 0JHO
TIOJIMHOYKECTBO COJIEPKUT Y€THOE (BO3MOYKHO, HYJIEBOE) UHCJIO 9JIEMEHTOB, & JPYroe — HEYETHOE THCII0
s1eMeHTOB. TakuM 00pa30M, «I6THBIX» MOJAMHOMXKECTB CTOTBKO K€, CKOJbKO M «HEYETHBIX» — 3HAYHNT,
eCJIN MHOXKECTBO A COJEPKUT N 9JEMEHTOB U, KaK CJaeJcTBue, 2" MOIMHOKECTB (BKJI0Yast MyCToe), TO
KOJIMIECTBO «HEUETHBIX» HOAMHOZKeCTB pasHo 2" : 2 = 271 Tlo ycaoBuio 910 KomuecTso pasHo 22924,
oTKyta n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «evens» subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2"~!. By the task’s condition, the number is
22024 " thus n = 2025.

Task 4.
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1. Codbsa ormeTnia Ha KOOPAMHATHONW MpsSIMOil Bce TOUKH a,a + 3,a + 6,a + 9, ..., HAaUMHAS C HEKO-
toporo a < 0; CBera ormerusa Ha TOH ke mpamoit Touku b,b — 5,0 — 10,6 — 15,..., HaunHAS C
nekoroporo b > 100. Haiigure HamMenbiiiee BO3MOXKHOE KOJUIECTBO OTMEYEHHBIX TOYEK Ha OT-
peske [0; 100].

Sofia marked on the coordinate line all points a,a 4+ 3,a 4+ 6,a + 9, ..., starting from some a < 0;
Sveta marked on the same line points b,b —5,b—10,b— 15, ..., starting from some b > 100. Find
the smallest possible number of marked points on the segment [0; 100].

Answer: 46

2. Codps orMernia Ha KOOPAUHATHON PAMOR Bce TOYKU a,a + 3,a + 6,a + 9, ..., HaYnHAsI ¢ HEKO-
toporo a < 0; CBera ormern/ia Ha TOH ke mpsMoit Touku b,b — 5,0 — 10,b — 15, ..., naunnas c
nekoroporo b > 200. Haiiqure HamMeHnbiiiee BO3MOKHOE KOJUIECTBO OTMEYEHHBIX TOYEK Ha OT-

peske [0;200].

Sofia marked on the coordinate line all points a,a 4+ 3,a 4+ 6,a + 9, ..., starting from some a < 0;
Sveta marked on the same line points b,b —5,b— 10,0 — 15, ..., starting from some b > 200. Find
the smallest possible number of marked points on the segment [0;200].

Answer: 92

3. Codbs orMernaa Ha KOOPAUHATHON MPsAMO Bce TOYKU a,a + 3,a + 6,a + 9, ..., HaunHAasI ¢ HEKO-
toporo a < 0; CBera ormern/ia Ha TOH ke mpsamoit Touku b,b — 5,0 — 10,b — 15, ..., Haunnas c
Hekotoporo b > 50. Haiiqure HanmenbInee BO3MOKHOE KOJINIECTBO OTMEYEHHBIX TOUEK HA OTPE3Ke

[0; 50].

Sofia marked on the coordinate line all points a,a + 3,a 4+ 6,a + 9, ..., starting from some a < 0;
Sveta marked on the same line points b,b — 5,b — 10,b — 15, .. ., starting from some b > 50. Find
the smallest possible number of marked points on the segment [0; 50].

Answer: 22

4. Codbst oTMeTn/Ia Ha KOOPJAMHATHO MPSIMOi BCe TOYKU a,a + 3,a+ 6,a + 9, ..., HaUMHAS ¢ HEKO-
toporo a < 0; CBera ormernia Ha TOi ke mpsamoit Touku b,b — 5,0 — 10,b — 15, ..., Haunnas c
Hekoroporo b > 150. Haiiure HamMeHblee BO3MOXKHOE KOJHYECTBO OTMEYEHHBIX TOYEK Ha OT-
peske [0; 150].

Sofia marked on the coordinate line all points a,a + 3,a+6,a+ 9, ..., starting from some a < 0;
Sveta marked on the same line points b,b —5,b—10,b— 15, ..., starting from some b > 150. Find
the smallest possible number of marked points on the segment [0; 150].

Answer: 70

Permenne (RUS). (npencrasieno pemenne papuanta N1, ocragbHble DEINAIOTCS aHAJIOTHTHO)
qTO6bI 61)1.)10 KaK MO2KHO MEHbIIIe OTMEYEHHbIX TOYEK, KaK MO?KHO 66JIbﬂlee nX 9UCJIO JOJIZKHO COBIIACTb.



Innopolis Open 2024 /25 in Mathematics 1%t qualifying round

flcHo, uTo KaxKaag naras Touka Codbi MOXKET COBIACTD C KazK 10l TpeTheit Toukoit CBeThI — 9TO 3HAYUT,
9TO HA KayKJIOM HOJIyuHTepBase [r;x + 15) Moxker ObITh HE MeHee 7 OTMEeYaHHBIX TOYEK:

r=y, v+3, y+5, x+6, x+9, y+ 10, z + 12,

rie Touku = + 3k ormeuana Codws, y + 5t ormeuana Ceera (k,t € {0,1,2,...}).
Nexopnbiit orpe3ok umeer jyinny 100, mosromy B HeM ymeniaercs 6 YIIOMSAHYTBIX 1101y UHTEPBAJIOB,
T.e. OTMedYeHHBIX ToueK Ha orpeske [0; 100] Oyger ne menee 7 -6 = 42:

z, x+3, x+5,..., x+5-154+12

Ocrarores nonyuarepsas [0; x) u orpe3ok [+ 90; 100] ¢ cymmapuoit jpunoit 10. Jlerko npoBepuTh, 4T0
B HUX He MeHee 4 OTMEUYeHHBIX TOYEeK (HAlpuMep, JUid T = 2) — TakuM 0Opa3oM, obIIee KOJMYECTBO
OTMEYeHHBIX TOYEK He MOyKeT ObITh MeHbIiine 42 + 4 = 46.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
In order to have as few marked points as possible, as many of them as possible must coincide. It is clear
that every fifth point marked by Sofia can coincide with every third point marked by Sveta — by that,
on each half-interval [x;x + 15) there will be at least 7 marked points:

r=y, x+3, y+5, z+6, t+9, y+10, x4+ 12,

where points = + 3k were marked by Sofia, and y + 5t were marked by Sveta (k,t € {0,1,2,...}).
The original segment has a length of 100, so it can accommodate 6 of the mentioned half-intervals,
i.e. there will be at least 7 -6 = 42 marked points on the segment [0; 100]:

r, x+3, x+5,..., x+5-154+12

There remains the half-interval [0; z) and the segment [x + 90; 100] with a total length of 10. It is easy
to check that they contain at least 4 marked points (for example, for © = 2) — thus, the total number
of marked points cannot be less than 42 + 4 = 46.

Task 5. Créna xkynua 11 TUPOXKHBIX U Pelna mojenuTbca umu ¢ Ilereit — nig storo Créma moxker
paspesarb OJHO M3 HHPOXKHBIX Ha JBe dactu. Beerga qinm Créna MoxKer J0OHTHCS TOro, 9T00bI €My U
[Tere mocramuch 0 6 MUPOKHBIX (IEJBIX WM HET) PABHON COBOKYIHON MAaCChl, €CJH U3HAYAJILHO BCE
11 mupokabIx nMen pasubie Maccbi! Q0OCHYlTE CBOiT OTBeT.

Stephen bought 11 cakes and decided to share them with Peter — to do so, he can cut one of the
cakes into two parts. Can Stephen ensure that both he and Peter will get 6 cakes (uncut or not) of
equal total mass, if initially all 11 cakes had different masses? Explain your answer.

Pemrenne (RUS). /la, moxker. YOpsa0unM MHPOKHbBIE O BO3PACTAHUIO WX MAcC: a1 < dy <
... < aqy. fcHo, 9TO

a1 +as+as+ar+ag < as+ag+ag+ag+ag < az+as+ay+ag+a; <ay+as+as+ayr+ag+ ag

Buaqurt, camoe 6ouibinoe (11-e) mupozkHOE Beerja MOXKHO pa3pe3arh Ha TaKHe J(Be 4acTu T,y (T+y = a11),
qT0 L+ Q1 + a3 +as + a7+ ag = Yy + as + a4 + ag + ag + aig.

Kpurepuu oneHnBanus:
® YKa3aHO, YTO HAJIO pa3pe3aTh caMoe DOJIbIoe TUPOoKHOe — 1 mepBUYIHBII OasL;

e OMHUMO pa3pe3aHus 11-ro MUPOKHOTO, YKAa3aHO, KaK pacrupeneanTh mepsble 10 MUpoKHBIX — 2
HEePBUYHBIX OaJLia;
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® KpOMe BBITEONICAHHOTO, MMOKA3aHO, 9YTO PA3HUIA MACC MEXKTY YeTHBIMU U HeYeTHBIMH MTHPOZKHBI-
MM MeHbIIIe MacChl 11-r0 MUPOKHOIO — 3 HEPBUUYHBIX DaJLIa;

® BepHOE pellleHne, HO ¢ MEJKUMH HejgoueTaMu — 4 MepBUUHBIX OasLia;

® TI0JIHOCTHIO BEPHOE pelleHne — H MepBUUHBIX OAJIIOB.

Solution (ENG). Yes, he can. Lets arrange the cakes in ascending order of their masses: a; <
as < ... < aq. It is clear that

a1 taz+as+ar+ag < ag+as+as+ag+apg <az+as+ay+ag+apn <ap+as+as+ar+ag+ ag
By that, the largest (11th) cake can always be cut into two parts x,y (z +y = a11) such that z + a; +

az +as +ar +ag =y + as + a4 + ag + ag + ajp-

Criteria:
e it is shown that the largest cake should be cut — 1 pre-point;
e in addition to cutting the 11th cake, it is shown how to distribute the first 10 cakes — 2 pre-points;

e in addition, it is shown that the difference in mass between the even and odd cakes is less than
the mass of the 11th cake — 3 pre-points;

e correct solution, but with minor flaws — 4 pre-points;

e completely correct solution — 5 pre-points.

Task 6. Muntens nmeer popmy npasuabaoro 30-yroabHuka (Bce ero CTOPOHBI M BCE €10 YIJIbl — PaBHBI),
BEPIIUHBI KOTOPOI'O0 MPOHYMEPOBaHbI 10 4YacoBoit crpenke: 1,2 3,...,30 — 3meit ['opbIHbIY MBICTIEHHO
HOCTPOUJI TPeYTOJbHUK, BePIIMHAMH KOTOPOTO SBJSIOTCS TPHU U3 9TUX TOoUeK, u ckazana lleamy lla-
pesnuy: «Eciau monuients ¢Boo CTpesly BHYTPb 3araJJAaHHOrO MHON TPeyroJibHUKa (HO He HA CTOPOHY
TpeyroJibHuKal), To oTiyiLy Tebsd ¢ MUPOM, & €CJIU HET — ChEeM».

Bmeit [opbrabra vHe 3uas1, aro MBan [lapeBud — ouensh MeTKuil cTpesiok w3 JiyKa: BCerja Momaj aeT B
TY TOYKY MHUIIEHU, B KOTOPYIO meJiuTcs. Kakoe HanMeHbliee KOJIMYECTBO BBHICTPEJIOB €My MOTpedyeTcs,
4TOOBI rapaHTHPOBATHL cebe cBOOO Iy ?

The target is in the shape of a regular 30-gon (all its sides and all its angles are equal), the vertices
of which are numbered clockwise: 1,2,3,...,30 — The Dragon mentally constructed a triangle whose
vertices are three of these points, and said to Ivan: «If you send your arrow inside the triangle I have
in mind (but not on its side!), I will let you go in peace, and if not, I will eat you.»

The Dragon did not know that Ivan is a very accurate archer: he always hits the point of the target
which he aims at. What is the least number of shots that he needs to guarantee his freedom?

Answer: 28

Kpurepun onennBanms:
e OIleHKA MpHuBeaeHa Oe3 o0bscHeHn — 1 mepBUYHBIN OaJLT;
® IIpHBEJEeHA OIEHKA ¢ HEMOJHBIM J0KA3aTeJIhCTBOM — 3 TIEPBUYHBIX DAJIIa;
e OleHKa 0DOCHOBaHA, HO PUMEDP He NMPUBEAEH MO0 HEKOPPEKTEH — 4 IMepBUYHBIX DAJLIa;

e IpuBejieHa U 0OOCHOBaHA OIEHKA, IIPUBE/IEH KOPPEKTHBIN MpuMep — 5 MepBUYHBIX OAJLIOB.
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Pemenue (RUS). /luaronaiu, BBIXOJAIINE W3 BEPIIHHBI BBIMYKJIONO (B YACTHOCTH, TPABHIb-
HOI'0) M-yTOJIbHUKA, JEJIAT ero Ha N — 2 TPEyroJIbHUKA, 109TOMY 1 — 3 BbicTpesioB Bany moxer He
xBaruTh. [Tokazkem, 910 n — 2 BBICTpPESIOB OyeT goctatodno (B HameMm ciaydae n = 30): Ha pUCYHKe
MMOKAa3aHO COOTBETCTBYIOIEE PACTIONOKEHNe TPEYTOJBHUKOB (B KarK/Iblil N3 KOTOpHIX VBaHy mocraTod-
HO BBICTDEJUTH MO OJHOMY pa3y) i 8-yroJbHUKA. BHYTpPH KazKJI0TO TPEeyroJbHUKA C BEPIITHHAME B
BepIINHAX UCXOIHOTO MPAaBUILHOTO MHOTOYTOJMBHUKA BCET/Ia COMEPYKUTCS TPEYTOTbHUK, OKPAIIeHHbII B
CUHUH LBET.

Nrak, MBany Oyaer a0CTaTOYHO CjesaTh 28 BBICTPEJIOB, HO MEHBITHM YHCJIOM OOONTHCH HEIb3s:
TOrJa cracenue He Oy/ieT rapaHTUPOBAHO.

Solution (ENG). The diagonals going out of the vertex of a convex (in particular, regular) n-gon
divide it into n — 2 triangles, so n — 3 shots may not be enough for Ivan. Lets show that n — 2 shots
will be enough (in our case n = 30): the picture shows the corresponding arrangement of triangles (Ivan
only needs to shoot once at each) for an 8-gon. Inside each triangle with vertices at the vertices of the
original regular polygon there is always a triangle painted blue.

So, it will be enough for Ivan to make 28 shots, but he cannot get by with a smaller number: then
salvation will not be guaranteed.

Criteria:

the estimation is given without explanation — 1 pre-point;

the estimation is given with incomplete proof — 3 pre-points;

the estimation is proven, but the example is not given or is incorrect — 4 pre-points;

the estimation is proven, a correct example is given — 5 pre-points.



