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9'" degree

Task 1.

1. Chacmuiicsa mocse KopabJieKpylieHus: KyIell, MomaB B OJIMKARIING MOPT, XKJIeT JeHeKHOil IoMo-
My OT JApy3eil. Y Hero ocranach JUMb OHA JPAaroleHHOCTbh — 30J0Tasd IMelb Ha Imee, U XO3duH
IroCTUHMUIBLI 3a CTOJI U KPOB 6epeT 110 O/THOMY 3B€HY HEIIOYKHU B JICHb (B n-i JAEHb Y XO3dUuHa A0JIZKHO
OBITH POBHO 1 3BEHBEB, KYCOUKH IIEIT MOXKHO MOJIy4aTh 0OpaTHO B BU/IE cgan/I). [Henb — mpous-
BeJeHne I0OBECJIMPHOT'O UCKYCCTBa, IMTO3TOMY KYIIel XO4YeT PaClluJUTh KakK MOX>KHO MEHBIITE 3BEHLEB,
YTOOBI JIOZKTATHCS MIOMOIIHU OT JIpy3eil, KoTopas MocTynuT He OoJiee deMm depe3 100 mgueii.

Kakoe HanMeHbIIIee 9UCI0 3BEHbEB IEN MPUAETCS PACIIINTD, YTOOBI TapAHTHPOBAHHO T0K/1aTh-
ca nomomu?! Cunraiite, yro aiuHa nenu — oosiee 1000 3BeHbEB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 100 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: 6

2. Cnacmuiics mocsie KopaOJaeKpyIleHus KyIIell, MonaB B OMuzKaimii mopT, K/JIeT JeHeKHOH MOMO-
1y OT Jipy3eil. Y Hero ocrajiach JiMilb OJHA JPArONEHHOCTb — 30J10Tasl Iellb Ha Iiee, U XO3sUuH
IOCTUHHUIIBI 3a CTOJI U KPOB 6epeT 110 OTHOMY 3B€HY HEIIOYKHU B JICHb (B n-i JAEHb Y XO3dUuHa J0JI2ZKHO
OBITH POBHO 1 3BEHBEB, KYCOUKH IIEITH MOXKHO MOJIydYaTh 0OpaTHO B BU/IE C;Latm). [Henb — mpouns-
BeJeHne IOBECJIMPHOTO NCKYCCTBaA, IMMO3TOMY KYIIel XO4YeT paClnuJUTh KakK MOX>KHO MEHBIIE 3BEHLEB,
YTOOBI JIOZKTATHCS IIOMOIIH OT JIpy3eil, KoTopasl MOCTYIUT He OoJiee dem depe3 60 jmHeii.

Kakoe HanMeHbIIIee 9HCI0 3BeHbEB IEeU MPUIETCS PACIIINTD, YTOOBI TapAHTHPOBAHHO T0K/IaTh-
ca nomomu?! CunraiiTe, uyro anuHa nenu — oosee 1000 3BeHbEB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 60 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: 5

3. Cnacmuiics mocsie KopabJaeKpyIleHus: KyIIell, MonaB B OMuzKaiIImit mopT, K/IeT JeHeKHOH MOMO-
1y or Jipy3eit. Y Hero ocraJiach JHUIIb OJIHA JIPArOIEHHOCTH — 30/10Tasl 1ellb Ha Iliee, U XO3AUH
IOCTUHHUIIBI 3a CTOJI U KPOB 6epeT 110 OTHOMY 3B€HY HEIIOYKHU B JI€HDb (B n-i JAEHDb ¥ XO3dWHa J0JI2ZKHO
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OBITH POBHO 7 3BEHbEB, KYCOUKH TIEIN MOYKHO TOJY4YaTh 00OpaTHO B Buje ciaqu). Llenb — npons-
BeaeHue IOBeJII/IpHOFO I/ICKyCCTBa7 HOSTOMy Kyneu xXo4yerT paCHI/I.HI/ITb KaK MOZKHO MEHBbIIIEe 3BeHbeB,
9TOOBI JOXKAATHCS MMOMOIIU OT JIpy3eii, KoTopasi mocTynuT He 6osiee dem depe3 200 jaHeil.

KaKOG HaMMEHbIICEC YMUCJIO 3BEHLEB IIECIIN HpI/I,ZLeTCﬂ paCHI/IﬂI/ITb, LITO6I>I FapaHTI/IpOBaHHO JOZKIATh-
cst momomu?! Cunraiite, uro aimHa nermu — oosiee 1000 3BeHbeB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 200 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: 7

4. Cnacmumiicst mocjie KopabJaeKpyIieHust KyTell, monas B OJuzKaiinmit mopT, K/JIeT JeHeKHOH MOMO-
U OT Jipy3eil. Y Hero ocTaJjach JUIIb OJHA JIPATOIeHHOCTH — 30JI0Tasd Ielb Ha Ilee, U XO3iWH
POCTHHHUIIBI 32 CTOJI B KPOB OEpeT 10 OJIHOMY 3BEHY IEIOYKH B JIeHb (B N-if IeHb Y X03gUHA JOJIZKHO
ObITh POBHO T 3BEHBEB, KYCOUKH LENU MOXKHO HOJIydaTh 06paTHo B Buje caaqu). Llenb — upous-
BeJleHre I0BEeJINPHOrO UCKYCCTBA, MOITOMY KYIIEI[ XO4eT PACIUJINTh KaK MOXKHO MeHBIe 3BEeHbEB,
9TOOBI JOXKAATHCS MMOMOIIM OT Jpy3eii, KoTopasi mocTynuT He 6oJiee dem depe3 300 aHeil.

KaKOG HaMMEHbIIIEEC YMUCJIO 3SBEHLEB IIEIIN HpI/I,ZLeTCﬂ paCHI/IIII/ITb, LITO6I>I FapaHTHpOBaHHO JOZKIaTh-
cst momomn? Cunraiite, uro miwHa mneru — oosiee 1000 3BeHbEB.

A merchant who has survived a shipwreck and arrived at the nearest port is waiting for financial
help from his friends. He has only one piece of jewelry left - a gold chain around his neck, and the
innkeeper takes one link of the chain a day for board and lodging (on the nth day the innkeeper
must have exactly n links, and links of the chain can be returned as change). The chain is a work
of jewelry art, so the merchant wants to saw off as few links as possible in order to wait for help
from his friends, which will arrive in no more than 300 days.

What is the smallest number of links of the chain that must be sawed to be guaranteed to wait
for help? Consider that the length of the chain is more than 1000 links.

Answer: &

Pemenne (RUS). (npeacrasieno pemenne Bapuamnrta N1, ocrajbHbIe PEHIAIOTCS aHAJOIHTIHO)
[Tocie mepporo pacmuia y Hac 1 (pacrnuyieHHOe) 3BeHO W ocTajibHas (pa3soOMKHyTasl) mernovka. Ecian B
HEePBbIii JIeHb Kyl He MOy Y JIeHeT, eMy HYZKHO PacluJInTh emié o/iHo 3BeHo. Ho rae? Eciu pacnuiuThb
KpaiiHee 3BeHO, OMJIATUTHL MOYKHO JIUIIL BTOPOil JeHb. MOYKHO OCTaBUTH C Kpalo /IBa 3BEHA, a TPEThe
pacuminTh. Torga OyjaeM uMerb TPy Kycouka JinHoi 1, 2 u 97, u Bropoii JileHb MOXKHO OILIATHTH JIBY M
criocobamu: 141 w2 (nosyuus 1 cadeii), a Bcero KycoukoB XBaTuT Jist omiarsl 4 nueil. Ho Beirognee
PaCIMINTh YeTBEPTOE OT Kpad 3BeHo: 1, 3, 1 — B 3TOM cjaydae ABYX PACIUJIOB XBATHUT JJIA OIJIATHI O
nueit. Jlamee, paccyzKaas Tak Ke, JejaeM TPeTUUl Paclusi, OCTaBJsdd OT Kpasd KyCcOdeK B 7 3BEHBEB: D
JTHE TOApST yzKe OITadeHo, 6-if OIIaTuM BCeMU MPeIbIIYIIUMA + TPeThbUM PACTUICHHBIM 3BEHOM, W
TaK Jlajee.
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B ciayuae menu pmmnoi 1000 3BeHBEB B HEOOXOAUMOCTH MPOXKUTH B TocTuHHUIE 10 100 qHEH nMeem
cJlejlyIonme 5 0C/Ie/10BaTe/IbHbIX PACIUJIOB U HOJIYYMBIIMECsT KYCOUKHU (LJe «;» — pa3jeure/ib pac-
muion): 15 3,1; 7,1; 15,1; 31,1, mocste 4ero ocraHercsi KycoK JInHOIN He MeHee 939 3BeHBbEB — 3HAUWT,
HeoOxouM 6-it pacnmii. Vrtak, npujgercs ciaenath 6 paciuios.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
After the first cut, we have 1 (sawn) link and the remaining (open) chain. If the merchant did not receive
money on the first day, he needs to saw another link. But where? If you saw the outermost link, you
can only pay for the second day. You can leave two links at the edge and saw the third. Then we will
have three pieces 1, 2 and 97 long, and the second day can be paid in two ways: 1 + 1 or 2 (receiving 1
in change), and in total there will be enough pieces to pay for 4 days. But it is more profitable to saw
the fourth link from the edge: 1, 3, 1 — in this case, two cuts will be enough to pay for 5 days. Then,
reasoning in the same way, we make a third cut, leaving a piece of 7 links from the edge: 5 days in a
row have already been paid, the 6th will be paid with all the previous ones + the third sawn link, and
SO on.

In the case of a chain 1000 links long and the need to stay in a hotel for up to 100 days, we have the
following 5 consecutive cuts and the resulting pieces (where «;» is the cut separator): 1; 3,1; 7,1; 15,1;
31,1, after which there will be a piece no less than 939 links long which means a 6th cut is needed. So,
the merchant will have to make 6 cuts.

Task 2.

1. PaccmMoTpum peKypcuBHYIO (DYHKIIHIO:

(n) = n—>o, ecam n > 2024
| F(F(n+6)), ecmmn <2024

CKOJIbKO KODHEil B HATypaJbHbIX (MOJOXKHTEJIBHBIX IEJbIX) YHCIax uMmeer ypasHenuwe F(n) =
20207 Ecim oHO He mMeer KOpHei, ubO KOpHeH 0ecKOHEeYHO MHOTO, TO BBemauTe () B moje st
OTBeTA.

Consider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or
there are infinitely many roots, then enter 0 as your answer.
Answer: 2025
2. PaccmorpuM pekypcuBHYIO (DYHKIUIO:

(n) = n — b, ecau n > 2025
| F(F(n+6)), ecann < 2025

CKOJIbKO KOpHeil B HATYDPATbHBIX (IIOJOKHTEJBHBIX IEIbIX) YHCIaX HMeeT ypasaenne [(n) =
20207 Ecmu oHO He mMeeT KOpHeil, ubO0 KopHeil 6eCKOHeYHO MHOTO, TO BBegauTe () B moje s
oTBeTA.
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Consider the recursive function:

(n) = n—>o, if n > 2025
| F(F(n+6)), ifn<2025

How many roots (in positive integers) does the equation F'(n) = 2020 have? If it has no roots, or

there are infinitely many roots, then enter 0 as your answer.

Answer: 2026

3. PaccmorpuM pekypcuBHYIO (DYHKITHIO:

(n) = n—>o, ecam n > 2024
| F(F(n+6)), ecmmn <2024

Haiijiure cymMMy BCeX HOJIOKUTEIbHBIX HEJIbIX KOpHeil ypaBHenus F'(n) = 2025. Eciu oHo He ume-
eT KopHei, Jinbo KopHeit 6ecKoOHEYHO MHOTO, TO BBeauTe () B 1oJie i OTBETA.

Consider the recursive function:

(m) = n—>5, if n > 2024
| F(F(n+6)), ifn<2024

Find the sum of all positive integer roots of the equation F'(n) = 2025. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2030

4. PaccmorpuM pekypcuBHYIO (DyHKIUIO:

(n) = n — b, ecau n > 2024
F(F(n+6)), ecmn <2024
Haiiure cymMMy Beex MOJIOKUTEIBHBIX MEJbIX KOpHeil ypasaenust F'(n) = 2024. Ecan oHo He nme-
eT KOpHeii, 1n00 KOpHeil 6eCKOHeYHO MHOTO, TO BBeauTe () B moJsie Jjis OTBeTA.

Counsider the recursive function:

(n) = n—o, if n > 2024
| F(F(n+6)), ifn <2024
Find the sum of alll positive integer roots of the equation F(n) = 2024. If it has no roots, or there
are infinitely many roots, then enter 0 as your answer.

Answer: 2029

Pemenue (RUS). (mpeacrasieno pemenne papuanta N1, ocraabHble DEINAOTCS aHAJIOTHTHO)
Jng moboro n > 2025 oueBnano 6e3 BcAkoil pekypcun, uro F(n) = n — 5. Borancaum F(n) maa
HecKOJIbKUX N < 2024:
F(2024) = F(F(2030)) = F(2025) = 2020
F(2023) = F(F(2029)) = F(2024) = 2020
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F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Jokaxkem nnaykimeii o k ciaegyiomee yreepxaenne: F(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 mob6oro k € {1,2,3,...,2019}. Baza unayknum yxke J0Ka3aHa B
IIPEMepax BBIIIe.
[Tycrs pist nekoroporo k > 0 Beimoneno F'(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) =
F(2020 — k) = 2020. Torna nmeem:

F(2024 — (k4 1)) = F(2023 — k) = 2020 1o npeanoioKeHuI0 WHILYKIIH;
F(2023 — (k+ 1)) = F(2022 — k) = 2020 10 mpeoI0KeHIIO HHIYKIH;
F(2022 — (k+ 1)) = F(2021 — k) = 2020 110 mpemoI0KEeHHIO HHIYKITH;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 10 UpeaioI0KeHuI0 HHY KIIUH;
F(2020 — (k +1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F(2025 — k)) = F(F(2024 — (k — 1)) =

F(2020) = 2020.
Takum oOpa3oM, yTBep:K/IeHHE JTOKA3aHO.
Urak, F(n) = 2020 pys Bcex HarypaabHbix n < 2025 — rakux posao 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
For any n > 2025 it is obvious without any recursion that F'(n) = n — 5. Lets calculate F'(n) for several
n < 2024:

F(2024) = F(F(2030)) = F(2025) = 2020

F(2023) = F(F(2029)) = F(2024) = 2020
F(2022) = F(F(2038)) = F(2023) = 2020
F(2021) = F(F(2027)) = F(2022) = 2020
F(2020) = F(F(2026)) = F(2021) = 2020

Lets prove the following statement by induction on k: F'(2024 — k) = F(2023 — k) = F(2022 — k) =
F(2021 — k) = F(2020 — k) = 2020 for any k € {1,2,3,...,2019}. The induction base has already been
proved in the examples above.

Let F(2024 — k) = F(2023 — k) = F(2022 — k) = F(2021 — k) = F(2020 — k) = 2020 be satisfied for
some k > 0. Then we have:
F(2024 — (k4 1)) = F(2023 — k) = 2020 by induction hypothesis;

F(2023 — (k + 1)) = F(2022 — k) = 2020 by induction hypothesis;
F(2022 — (k + 1)) = F(2021 — k) = 2020 by induction hypothesis;
F(2021 — (k+ 1)) = F(2020 — k) = 2020 by induction hypothesis;
F(2020 — (k + 1)) = F(2019 — k) = F(F(2019 — k + 6) = F(F(2025 — k)) = F(F(2024 — (k — 1))) =

F(2020) = 2020.
By that, the statement is proven.
So, F'(n) = 2020 for all positive integers n < 2025 — there are exactly 2025 of them.

Task 3.

1. Ussectro, uto ecth posHo 2202 ¢110c06OB BHIOpATH M3 KOHEUHOTO MHOXKECTBA A IOJIMHOMKECTBO,

cojiepzKalee HeIETHOE YUCIO0 IJIeMEHTOB. UeMy paBHO KOJHIECTBO dJeMEHTOB MHOKecTBa A7

There are exactly 22°?* ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 2025
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2. N3BecTHO, 9TO ecTh poBHO 220%* cHOCOGOB BHIOPATH M3 KOHETHOI'O MHOXKECTBa A IMOIMHOXKECTBO,

cojiepKaiiee 4€THOe (BO3MOXKHOE, HYJIEBOE) YHC/IO 9JEMEHTOB. UeMy pPaBHO KOJMYECTBO JIEMEH-
TOB MHOZKecTBa A7

There are exactly 22°2* ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. UssectHo, uTo ecth posHo 2% cmocoboB BHIGpPATL M3 KOHEYHOrO MHOMKECTBa A MOIMHOMXKECTBO,

cojiepzKalee HeIETHOE YUCTIO0 IJTeMEHTOB. UeMy paBHO KOJHMIECTBO 3JeMEHTOB MHOKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

4. UN3BectHO, uTO ecThb poBHO 2'%! croco6oB BBHIOpATH W3 KOHEYHOIO MHOXKECTBA A IOIMHOXKECTBO,
cojiepzkaiee 4éTHoe (BO3MOYKHOE, HYJIEBOE) UUCJIO0 3JeMEHTOB. UeMy PaBHO KOJTMYECTBO JJI€MeH-
TOB MHOXKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemenne (RUS). (mpexacrapieno pemenne Bapuanta Nel, ocTaabHBIE PENIAIOTCS AHAJTOTHTHO)
Badukcupyem HeKOTOPLIiT d1eMeHT © MHOXKeCTBa, A. Termepb pa300beM Bce ero MOAMHOKECTBA HA MaPbI,
OTJIMYAIONIHECsT TOJIBKO HajgmaneM (amubo orcyrcrBuem) smementa r. OUeBHIHO, B KaxK/JI0il mape 0JHO
TIOJIMHOYKECTBO COJIEPKUT Y€THOE (BO3MOYKHO, HYJIEBOE) UHCJIO 9JIEMEHTOB, & JPYroe — HEYETHOE THCII0
s1eMeHTOB. TakuM 00pa30M, «I6THBIX» MOJAMHOMXKECTB CTOTBKO K€, CKOJbKO M «HEYETHBIX» — 3HAYHNT,
eCJIN MHOXKECTBO A COJEPKUT N 9JEMEHTOB U, KaK CJaeJcTBue, 2" MOIMHOKECTB (BKJI0Yast MyCToe), TO
KOJIMIECTBO «HEUETHBIX» HOAMHOZKeCTB pasHo 2" : 2 = 271 Tlo ycaoBuio 910 KomuecTso pasHo 22924,
oTKyta n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «evens» subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2"~!. By the task’s condition, the number is
22024 " thus n = 2025.

Task 4.
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1. Hekoropas GeckoHedHas MOCIeI0BATETLHOCTD HATYPAJbHBIX YHCET 0013 aeT CJIeIYIOIIIM CBOii-
CTBOM: JIjIsi JIOOOI'O EJIOro HOJIOKUTE/ILHOIO N cpejHee apudMeTndecKoe MmepBbiX n + 1 4jIeHOB
9TOM IMOC/Ie/I0BATEILHOCTH OTJINIAETCS OT CPpeaHero apudpMeTrndeckoro ee mepBbIX 7. UJI€HOB Ha,
OJTHO W TO YKe TIeJIOe TOJIOKUTEJIHbHOe YHCI0. TaKkyKe M3BECTHO, YTO HEKOTOPHIN YjIeH 3TOi mocie-
JIOBATEJTbHOCTH PaBeH CyMMe BCEeX IMpeblIyIIuX 1JIEHOB.

CKOJIbKO CYIIEeCTBYeT pa3IUdHbIX IOCJeI0BATEIbHOCTEN, YAOBIETBOPSIONIUX OIMCAHHBIM BBIIIE
YCJIOBHSIM U cojiepzKamiux ducyo 20247

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.

How many different sequences are there that satisfy the conditions described above and contain
the number 20247

Answer: 12

2. Hekoropasi GeckoHevdHasT TIOC/I€/I0BATE/IHHOCTh HATYPAJIbHBIX YHCEJ 00JIa/1aeT CJIEIYIONUM CBO¥i-
CTBOM: JIJIsl JIIOOOTO IEJIOTO MOJOKUTETBHOIO N cpejHee apudMeTudecKoe MepBuIX 1 + 1 4IeHOB
9TOIl TOC/IeI0BATETBHOCTH OTJHIAETCSI OT CpeJHero apudMeTHIECKOro ee IepBbIX 7 UJIeHOB Ha
OJIHO U TO K€ IIeJI0€ MOJIOKUTEIbHOE YUCI0. TakKe U3BeCTHO, YTO HEKOTOPbIH 4/I€H 9TOH 10C/Ie-
JIOBATEJILHOCTH PaBeH CyMMe BCEX MPeblIYIUuX YJIEHOB.

CKOJIBKO CYIIMEeCTBYET Pa3IUYHBIX IOCJIEI0BATEIbHOCTEH, YAOBAETBOPSIONINX OIMUCAHHBIM BbIIIE
YCJIOBHSIM U cofepzKamux dncygao 20257

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.

How many different sequences are there that satisfy the conditions described above and contain
the number 20257

Answer: 0

3. Hekoropas GeckoHedHasi 1MOC/I€/I0BATE/IbHOCTD HATYPAJIbHbIX dKces 00J1a/laeT CJie/ly0muM CBO-
CTBOM: JIjIsl JIFOOOI'O IEJIOro MOJIOYKUTE/ILHOIO N cpejHee apudMeTndecKoe MepBbiX n + 1 4JIeHOB
9TOM IOC/Ie/I0BATEILHOCTH OTJINIAETCS OT CPeaHero apudpMeTrndeckoro ee mepBbIX 7 UJIEHOB Ha,
OJTHO W TO YKe IIeJIOe TOJOKUTEJIHbHOe YUCI0. TaKkyKe M3BECTHO, YTO HEKOTOPHIN dYjIeH 3TOi mocie-
JOBATEeJIbHOCTHA PaBEH CYMMeE BCEX MPEeIbIIYINX YJIEHOB.

CKOJIbKO CYIIEeCTBYeT pa3IUdHBIX IOCJeI0BATETbHOCTEH, YAOBIETBOPSIONINX OIUCAHHBIM BBIIIE
YCJIOBHSM U cojiepzKamux uucao 1007

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.



Innopolis Open 2024 /25 in Mathematics 1%t qualifying round

How many different sequences are there that satisfy the conditions described above and contain
the number 1007

Answer: 6

4. Hekoropas GeckoHeuHasl MOCJIEI0BATEIHLHOCTh HATYPAIbHBIX YHCET 001a1aeT CJIEIYIONINUM CBOii-
CTBOM: JIjIsi JIOOOI'O HEJIOro HOJIOKHUTE/ILHOIO N cpejHee apudMeTndecKoe 1epBbiX n + 1 4jIeHOB
9TOM IOC/I€/I0BATEILHOCTH OTJINIAETCS OT CPeaHero apudpMerndyeckoro ee mepBbIX 7 UJIEHOB Ha,
OJTHO W TO YKe TeJIOe TOJIOKUTEJIHbHOe YHUCI0. TaKkyKe M3BECTHO, YTO HEKOTOPHIN dYjIeH 3TOi mocie-
JIOBATEJTbHOCTH PaBeH CyMMe BCeX IpeblIyIuX 1JIEHOB.

CKOJIbKO CYIINEeCTBYeT pa3UdHbIX IOCJIeI0BATEIbHOCTEN, YAOBIETBOPSIONIUX OIUCAHHBIM BBIIIE
YCJIOBHSIM H COJIEpZKAINUX duc0 997

Some infinite sequence of positive integers has the following property: for any n, the arithmetic
mean of the first n + 1 terms of this sequence differs from the arithmetic mean of its first n terms
by the same positive integer. It is also known that some term of this sequence is equal to the sum
of all previous terms.

How many different sequences are there that satisfy the conditions described above and contain
the number 997

Answer: (

Pemenne (RUS). (npeacrasieno pemenne Bapuanta N1, ocrajibHbIe PEHIAIOTCS aHAJOIHIHO)
ITycts ay,as,as, ... — npoussosbuas (BUKCHPOBAHHASL) MOC/IEI0BATEIBHOCTD, O0JIAJAIONAS CBOHCTBA-
MU, ONMMMCAHHBIX B YCJIOBUSX 3aJIa9W; JIJI YIIPOIIEHUsT 0003HAYECHWH 0003HAYUM TEPBbBIN 3JIeMEHT ITOi
IOC/Ie0BATENBHOCTH ¢ (TO ecTb a1 = a). s m060ro HATypaIbHOro n 0603HaInM S, CYMMY HePBBIX
N YIEHOB MOCTeTOBATEILHOCTH; B YaCTHOCTH, S = a1 = a.

S

S
[To ycaioButo 3a1a4u, jijis JiF0OOro HATYPAJILHOIO 1 UMEEM #Jrf — 22 — 9TO HEKOTOPAd MOJIOKUTE/IbHAS
1eJiasi KOHCTaHTa, 0003HAYUNM ee depe3 d; cjaea0BaTe/IbLHO, %, %, %, ... — HeJovYncJIeHHas apudMeTude-

ckas mporpeccust: 22 = a4 (n — 1)d u S, = na + n(n — 1)d. IlostoMmy A5 MOGOrO HATYPATBLHOTO N
nosydaeM api1 = Spp1— Sp = ((n+1)a+ (n+1)nd) — (na+n(n—1)d) = a+2nd u a, = a+2(n—1)d.
[To ycsioButo 3a1a4u, /11 HEKOTOPOTO HATYPAJILHOIO K BBITIOJHEHO Sy = G4 1, TO €cTh ka+k(k—1)d =
a+ 2kd win (k — 1)a = k(3 — k)d; Tak Kak a u d — 1eJble TMOJOKHUTEJNbHbIE YUCIA, TO k = 2, OTKYIa
a = 2d, u jyist TF060r0 HATYPAJIBHOTO N moaydaeM a, = a+ 2(n — 1)d =a+ (n — 1)a = na.
B rakoMm ciaydae, a,, = 2024 (171 HEKOTOPOTO HATYPATBHOIO M) O3HAYAET, 4T0 ma = 2md = 2024.
CiieioBaTe/IbHO, YUCI0 BO3BMOXKHBIX 3HAYCHUIT 1 DPABHO KOJIMYECTBY HATYDAJIBHBIX JeIUTeNel duc/ia

2024/2 =2%-11-23, 1e. 3-2-2 =12,

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let a1, as, as, ... be an arbitrary (fixed) sequence with the properties described in the task’s formulation;
to simplify the notation, we denote the first element of the sequence by a (by that, a; = a). For any
positive integer n we denote by S,, the sum of the first n terms of the sequence; in particular, S; = a; = a.

For any positive integer n we have i”—ﬁ — % — this is some positive integer constant, we denote it by
d; therefore, %, %, %, ... 1Is an integer arithmetic progression: 22 = a+(n—1)d and S,, = na+n(n—1)d.

Therefore, for any positive integer n we obtain a,41 = Sp41 — Sp = ((n+ 1)a + (n + 1)nd) — (na +
n(n—1)d) = a+ 2nd and a, = a + 2(n — 1)d.
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For some positive integer k we have Sy = ay41, thus ka+k(k—1)d = a+2kd or (k—1)a = k(3—k)d;
since a and d are positive integers, then k = 2, whence a = 2d, and for any positive integer n we obtain
an=a+2n—1)d=a+ (n—1)a = na.

In this case, a,, = 2024 (for some natural m) means that ma = 2md = 2024. By that, the number
of possible values of m is equal to the number of positive integer divisors of 2024/2 = 22 .11 - 23 which
is3-2-2=12.

Task 5. Bepubl Jjiu ciiejytonue yrBepzKjietust s J000ro Maorodieda P(z) ¢ BeniecrBeHHbIME KOI(h-
punmenramu?

1. Ecsn muorousien P(z) uMeer BemecTBeHHbIH KOpeHb, TO 1 MHOrowIieH P(P(x)) uMeer BerecTBeH-
HbI KOPEHb.

2. Ecau muorowien P(P(x)) nmeer BemecTBeHHbI KOPeHb, TO 1 MHOrOWIeH P(x) nveer BerecTBeH-
HbI KOPEHb.

ObochyiiTe ¢BOit OTBET.

Are the following statements true for any polynomial P(z) with real coefficients?
1. If the polynomial P(z) has a real root, then the polynomial P(P(x)) has a real root.
2. If the polynomial P(P(z)) has a real root, then the polynomial P(x) has a real root.

Explain your answer.

Pemenue (RUS). JlokaxkeM /7151 Jir060ro MHEOTOWIeHA P () ¢ BemecTBeHHBIMI KO3DbUImenTamu,
aro ecau P(P(z)) uMeeT BelecTBeHHbI KOPEHb, TO U MHOrOWIeH P(x) uMeeT BeleCTBeHHbIH KOPeHb.
HeiicrBuresnbho, ecimm a € R — Bemecrsennstii kopeub P(P(z)), r.e. P(P(a)) = 0, 10 cymecrByer Takoe
b= P(a) € R, uro P(P(a)) = P(b) =0, To ectb b — BemecTBenusiii Kopeub P(x).

[Tpusesem npumvep muOrowieHa P(x) ¢ BermecTBeHHBIME KO3(DduImenTaMu, KOTOPBIl HMeeT Belie-
CTBEHHBIH KOpPEHb, HO TP 3TOM MHOrouIeH P(P(z)) He mMeeT HI OJHOTO BEMIECTBEHHOIO KOPHS: MyCTh
P(z) = 22 4+ 32 + 2 — 9TOT MHOTOYJIEH HMMeeT [Ba BEMIeCTBEHHLIX KOPHS: —2 U —1, TOTOMY KODHH
P(P(x)) - 310 kOpHU ypauennii 22 + 3z + 2 = —2 u 2% + 3z + 2 = —1, ABAAIONHECT KOMILTCKCHBIME
IHUCJIAMHL.

Kpurepuu orieHuBaHuA:
® [PHUBEICH KOHTPHIPHUMED B II.1: +2 HepBUYHBIX DaJLIa;
® IIPHUBEJIEHO BEPHOE JI0KA3aTeIbCTBO B I.2: +3 MEePBUYHBIX OaJlia;
e He MMOKa3aHo, oYeMy KOHTPIPHUMEp B II.1 ABJsgeTCsS TaKOBBIM: -1 IepBUIHBII OaJLT;

e 1e 0003HAYEH KOPEHb MHOTOYJIEHA B 11.2: -1 TepBUYHbBIH OaJLII.

Solution (ENG). Lets prove for any polynomial P(x) with real coefficients that if P(P(x)) has
a real root, then the polynomial P(z) also has a real root. Indeed, if a € R is a real root of P(P(x)),
i.e. P(P(a)) =0, then there exists b = P(a) € R such that P(P(a)) = P(b) =0, i.e. b is a real root of
P(z).

Lets give an example of a polynomial P(z) with real coefficients that has a real root, but the
polynomial P(P(z)) does not have any real roots: let P(z) = x® + 3z + 2 — this polynomial has two
real roots: —2 and —1, therefore the roots of P(P(z)) are the roots of the equations x? + 3x + 2 = —2
and 2% + 3x + 2 = —1, which are complex numbers.

Criteria:
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e a counterexample is given in p.1: +2 pre-points;

e a correct proof is given in p.2: +3 pre-points;

it is not shown why the counterexample in p.1 is a counterexample: -1 pre-point;

the root of the polynomial in p.2 is not indicated: -1 pre-point.

Task 6. an gersipexyronbaunk ABC' D. VI3BecTHO, 9TO CyIIECTBYET OKPYKHOCTD, KACAIOIIASICS CTOPOH
yriia BAD w npononxkennii cropon BC' u C'D. Haitmure AD, ecnu AB =7, BC =8, CD = 5. Oboc-
HYyHTe CBOI OTBET.

Given a quadrilateral ABCD. It is known that there is a circle tangent to the sides of angle BAD
and the extensions of sides BC' and C'D. Find AD while AB =7, BC' = 8, C'D = 5. Explain your answer.

Answer: 10

Pemenue (RUS). Bo3moxkubl yeThipe B3auMHbIX pactosiokenns ABC D w yloMsiHyTOH OKpPY K-
HOCTH (CM. pUCYHKH HuzKe). OTMETHM, YTO BapHaHThl 3 U 4 (HA KAPTHHKAX HUZKe) HEBO3MOXKHBI, T.K.
nogcuer AD B srux caydagx npusoaut K AD < 0. Ocranoch paccMorpers ciaydan 1 u 2 (BepxHue
KapTHHKH ).

CoruracHo CBOWCTBY KacaTeIbHBIX K OKpyzKHOCTH, osiyauMm BM = BK u AB+BM = AK = AN =
AD + DL, re.
AB+ BC+CM = AD+ DC +CL

YunreiBag CL = CM, nonydaem AB + BC = AD + DC, orkyna AD = 10. BTopoii BO3MOXKHBII
ciydail paccMaTpUBACTCS AHAJIOTHYHO.

Kpurepuu onmeHuBaHUg:
e J1aH BepHLIIl 0TBeT — 1 mepBUYHBII OasL;
® pPacCMOTPeH HEeBO3MOXKHBIN CJIydaii, ¥ JJOKa3aHO MPOTHUBOPEYNe YCAOBHIO — 2 TIePBUYHBIX DaJLIa;

® DPAacCMOTPEeH BO3MOXKHBIN CJIy4ail, /IaH BEPHbIA OTBET — 3 NEePBUYHBIX OaJLia;

PacCMOTpPEHbI BCe BapUAHTHI, JIaH BEPHBIN OTBET — 5 IMEePBUYHBLIX OAJIIOB.
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Solution (ENG). There are four possible mutual arrangements of ABC' D and the circle mentioned
(see the pictures above). Note that options 3 and 4 (the two lower pictures) are impossible, since
calculating AD in these cases leads to AD < 0. It remains to consider cases 1 and 2 (the upper
pictures).
According to the property of tangents to a circle, we get BM = BK and AB+ BM = AK = AN =
AD+ DL, i.e.
AB+ BC+CM = AD+ DC+CL

Considering CL = CM, we get AB + BC = AD + DC, and by that AD = 10. The second possible
case is considered similarly.

Criteria:
e the correct answer is given — 1 pre-point;
e one impossible arrangement is considered and its incosnistence is proven— 2 pre-points;
e one possible arrangement is considered, the correct answer is given — 3 pre-points;

e all arrangements are considered, the correct answer is given — 5 pre-points.



