
10 KIacC 

1 .  IHpO dyHKIIIO f 3BeCTHO, HTO JIII KaKJIOTO JIBy3HaHorO HcIa e~ 3HaeHHe paBHO OHO M3 

pp Toro He1a (HanpHMep, f(13) MOKeT 6IT paBHO 1 1 3). A TaKKe JUI1 JIO6IX Tp~Xx 

HeHyJIeBIx LIM]p a, b, C BepHO paBeHCTBO 

f ( b ) · f ( 5 c ) · f ( c @ )  = abc. 

Hai1Te 3HaeHHe CyMMI 

f ( 1 D ) + . . . + f ( 1 9 )  +f(21)  + . . . +  f(29) + . . . +  f(91) + . . . +  f(99).(20 6a110B) 

Peremne: /I mo6oi Heyeo MppI a BepHo f (a@) = a. Bo3EM~M pa3J1HHIe 1IM]pI 

a, b cocraBM ena ab,bb ba. Io yenoBHo f ( a b ) · f ( b b ) · f ( b a )  = ab, 3ar f(ab) ·  

f(ba) = ab. Oro BO3MOKHO TOJ1KO B eyHae, Kora f(ab) f (ba) pa8HI a M b B KaKOM-TO 

nOpIKe, eIeI0BaTe1Ho f(ab) + f(ba) = a  +  b. aMeTIM TOTIa, TO MCXOIIHa1 CyMMa pa8Ha 

CyMMe BCCX IIH]D, yMHOKeHHOf Ha IIOIOBHHy HX KOIMHeCTBa. Kan1a uHppa BcTpeaeTc 

pOBHO 18 pa3, 3HaMHT MCKOMa CyMMa paBHa 9(1 + 2 + . . . +  9) = 405. 

OrBer: 405. 

2. Ha Ten1eBH3HOHHOM IIIOy BeIVIII IIpeIUIOKH.JI VHaCTHHKy CITDaT B CIeIVIOIIIVIO HTpy. 

Be1yII BEIJIOKHII B DJ1 IITE MeIIIOHKOB, B KOTODIX JIOKMT 1, 2, 3, 4 5 3010TIX MOHeT, 

IIpHH~M H3BeCTHO, HTO B JIOBIX IBVX COCCIHHX MIIIOHKaX KOJIHHeCTBO 3OJI0TIX MOHeT 

oTHHaeTCH He 6oIee eM Ha 2. 3a OIHy IIOIIITKy VHaCTHHK MOKeT BI6paT JIOOOe KOJIMHeCTBO 

JIO6IX HMCOIIIMXCH MeIIIOHKOB M CIIDOCHT, CKOIKO B HHX CVMMADHO 3OJI0TIX MOHeT. Kax 3a 

JIBe IIOIIITKH VHaCTHHKy OIDJICJIHTB, B KaKOM H3 MIIIOHKOB JIOKaT IIHT 3OJI0TIX MOHeT? (20 

6an110B) 

Peuee: ECJI MeIIOeK C IHTIO MOHeTaMH JIOKHT He C KDaO, TO OH O63aH JIOKaT MOK/Iy 

MeIIIOHKaMH C TDeMI H HeTIDMI MOHeTMH. '3a JIBe IIOIIITKH CIIpaIIIHBaCM IIpO JIBa Kpa{HIX 

MeIIIOHKa. ECJI B OIHOM H3 HHX IIIT MOHeT, VHaCTHK IO6eIM1. Hae eCIH B OIHOM H3 

KpaHX MeIIIOHKOB 33 HJ1H 4 MOHeTI (IIpHH~M TO He MOKeT IIDOH3OTH OJIHOBDeMeHHO), TO 

HyKHI MeIIIOHeK COCeIHH C THM KpaHHM. EC Ke B Kpa~HIX MeIIOHKaX I 2 MOHeTI, TO 

HVKHIM MeIIIOHeK IOKHT B LICHTpe. 

3. BeCKOHeHaI IIOCIeJIOBaTeJIHOCT HaTypaIHIx HceI a , , 0 , 3 ,  . . .  OIIpeIeJIH€TC CIeJIVOIIIHM 

o6pa3oM.: a, = 1 , a  =  Z, a K a r  CnIeIyIOIIM JIeH IIOCJIeIOBaTeJIHOCTH C,, IO6HpaeTCH 



TaK, TO a,, + 0,,-1 COCTaBHOe HHCIO, IpHH~M ,, HaMeHIee, He BCTpeHaBIIeee paHee, 

HaTyVDaJHOe HHCJIO. ][OKaHTe, HTO B TO IIOCIeJIOBaTeJIHOCTH BCTDeTITCI BCe HaTyVDaJIHIe 

HcJ1a. (20 6an11OB) 

Petree: BO3BM~M IIOCIeJIOBaTeJIHOCTB, yJIOBJIeTBODIOIIIVIO VCIOBHIM 3aIaH, M 

IpeIIOIOKHM, HTO eCT HaTVDaJIHOe HHCJIO, KOTOpOe B He He BCTDeTHIOCE. EC TaKHx Ce.JI 

HeCKOJIKO, BO3M~M CDe/II HHX MHHHMaJIHOe H Ha3OB~M €TO X. PaCCMOTpHM HHIeK k TaK0, 

TO CpeII JIeHOB IIOCJIeIOBaTOIHOCTM OT a, II0 a BcTpeaoTc BCe ca OT 1 710 x - 1 .  

ECJ a H X OIMHaKOBO H~THOCTH, TO aa1 = x. HHae BCe IeHI IIOCIeJIOBaTeJIHOCTM, 

HaHHa1 C a, OJIHO ~THOCTM, OTJIM'HO OT H~THOCTH X. IHOCKOJIKy JIO C, BBIIIMCaHO 

KOHeHHOe KOJIHHeCTBO HHCeJI KaKIOf H~THOCTM, TO HaHHaI C HCKOTODOTO HOMepa BCe HCIa 

TO Ke ~THOCTM eIII~ He BCTDeHaIHC B IIOCJIeIOBaTeJIHOCTH. IHyCT TaKOe HHCJIO ,,, TOT,Ia 

1 = ,,  + 2Z ,m t  = 0 ,,  + 4 .  Hen1a a,,,m+1,4 HMCOT Da3HI OCTaTKM IIDH JIeIeHHH 

Ha TpH, a 3HaHT KaKOe-TO M3 HHX B CVMMe C X JI&IMTCI Ha TDH, IIpHH~M X MeHIIIe KaKIOTO H3 

HMX IIDOTHBOpeHHe. CIeIOBaTeIBHO, KaKJIOe HaTVDaJIHOe HHCIO B IIOCJIeIOBaTCJIHOCTH 

eCT. 

4. BmMCaHHa OKpyKHOCT DaBHOCTODOHHeTO TDeVTOJIHHKa ABC KacaeTC erO CTOpOH AB, AC 

BC B TOKax D, E F COOTBeTCTBeHHO. Ha yre DE, He coepxaue TOKy F, OTMeTHJIH TO'Ky 

P. Hepe3 TO'Ky P npOBeIH IIBe B3aHMHO IIepIIeHJIHKyJIHpHIe IpMe l, l .  IHpMa l, 

IIepeCeK1a CTOpOH5I AB AC B TOKaX K L COOTBeTCTBeHHo. IHpMa la IepeCeK1a CTOpOH 

AB AC B TO'HKaX M N COOTBeTCTBeHHO. 

OKa3an10CE, TO AM = BK. J[OKaKTe, TO 

AL = CN. (20 6a11OB) 

Perenne: HOCKOJIKy TDeVTOJIHHK ABC 

paBHOCTOpOHH, TOKM D E ­ 

CepeIHI CTOpOH AB AC, 3HaMT MD = 

DK. B IpIMOyrOJIHOM TDeVTOJIHHKe 

PMK OTpe3ORK PD MeJIIaHa, 3HaHT 

PD = MD = DK.IlycT ZPKD = a, 

Tora ZDPK = a,ZPDM = 2a, ZPMD = 

90° -- a. O603aHM epe3 I IeHTp 

BIIHCaHHOf OKpyKHOCTH ABC. 



HeTIp~xyrOJ1HHK ADIE BmcaHr, 3HaMT ZDIE = 120° .  Tora ZADP + ZAEP = =  LDIE 
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ZAEP = 60° -- 2 a .  BIMCJIHM TO PLE epe3 CyMMy yTJIOB ALPM: 

ZPLE = 180° -- ZPLA = 180° - (360° -- 60° - 120° - ZPMA) = 60° + a. 

B TpeyrOJ1HHKe PLE MeeM ZLPE = 180° -- ZPLE -- ZLEP = 60° + a = LPLE. 3Har 

PE = EL, anoCKOKy TpeyTOJIHHK LPN -IIpIMOyrO1HI, TO 

ZEPN = 90° -- ZLPE = 90° -- ZPLE = ZENP, 

OTKyJIa EN = EP, To eCT E -cepeHa OTpe3Ka LN. Ho oHa e cepeIa orpe3Ka AC, a 

3Ha'HT AL = CN. 

5. CKOJIKHMH CIIOCO6aMH MOKHO IIOCTaBHT B KIeTKM JI0CKH 2n X 2Zn JIaIIO M CJIOHa TaK, TO6EI 

HH OIIHa H3 pIyp He 6HJ1a IIDyIyIO? HanOMHHM, HTO JIaJIH 6~T BCe KIeTKM IIO TODH3OHTaI M 

BepTHKa.JIM, a CJIOH 6LT BCe KITKM IIO O6MM JIMaTOHa1IM. (20 6a11OB) 

Perrene: byJIeM CTaBHT JIaJIIO B KaKVO-TO KIeTKV H JUII KaIOf IIOCTaBJIeHHO J1aJIH 

BIHHCJIHT KOJIMHeCTBO KIeTOK, B KOTODIe HeJI3I IIOCTaBHT CJIOHa. TO 6yJIyVT BCe KIeTKH, 

HaxoIMeeH Ia~ B OIHOf TOpH3OHTaJIH H BeDTHKaJIM (TO6BI III He 6Ia CIOHa), a 

TaKKe BCe KITKM, HaxoImIMeI c IaJI~ B TeX Ke JIMaOHaJIHX (TO6EI CIOH He 6HJ1 JI1aIIO). 

Pa3eJIM JIOCKy Ha «paMK» H3 KIeTOK. IlepBa paMKa COCTOHT H3 TDaHHHHIX KJIeTOK 

KBa/IpaTa, a KaJIa1 CJIeIVOIIIaI H3 TDaHHII KBaIpaTa Ha Z KIeTKM MeHIIeTO pa3Mepa (CM. 

pHCyHOK). IlyCT JIaJII CTOHT B BepxHei-nIeBO KIeTKe KaKO-TO DaMKH. CIBHHyB JIaJIO Ha 

OIIHVy KIeTKy BI1paBO, JUIHHa op1HO 3 IMaroHaIe, coIepKame JIIIO, yMeHITc Ha 1, a 

IprO yBeIHHHTC Ha 1, TaKHM O6pa30M HHCJIO 3I1p€III~HHIX KIeTOK I1 Jae 6yJIeT 

OJIMHaKOBIM. AHaJIOTHHHO JUIH BCeX KJIeTOK BepxHe CTOpOHI paMKH. ]lo11 JI0 I1paBOrO­ 

BeDXHeTO VFJIa, IIpOJIeIaeM aHaJIOTHHHIe DaCCyKJICHHI JUII CJIeIVOIIe CTODOHI DaMKH, H TaK 

IOKa He O60~M BeC KOHTVD. HaIT HHCJIO 3aIIp€III~HHIX IIO3II JUI1 KJITOK Ka/I0 H3 

DaMOK TaKOe Ke, KaK H JUI BepxHe-JIeBO KIeTKH DaMKH. IHpOHyMepyeM paMKH HHCJ1a OT 1 210 

, HaHa1 c caMo 6011IO. HHCIO KIeTOK B IepBOH paMKe paBH0 8n - 4 ,  a  B  Ka10 

cIeIyoIIIe Ha 8 KIeTOK MCHIIIe, 3HaHHT B DaMKe C HOMepOM k Ber0 8(n -- k  +  1) - 4  =  

8( - k) + 4 KI&TOK. 'HHCnIO 3aIpeI~HHIX IO3MLIM IIO BCDTHKaJIH TODH3OHTa.JIM JI1I Bex 

KIeTOK IOCKH OIHHaKOBOe M paBH0 4n -- 1. HCIO 3aIpeI~HHBIX IIO3HIIH IIO JIMaTOHaJIHM JUIH 

KIeTOK epBOH DaMKH paBH0 2Zn - 1  (TaK KaK CaMy KIeTKy MI CHHTaJIH B BCDTKaJIHIX H 

TOpH3OHTaJTBHIX), a JU11 KaKI0 cnIeIyoIe DaMKM Ha Z 60IIIIe, 3HaMT JIIH KIeTOK B 

paMKe c HoMepoM k Bcero 4n - 1  + 2 ( n  + k  -- 1 ) - 1  = 6 n  + 2 k  --  4  3ampeut~x no3Mi. 



MTOrO BapHaHTOB DaCCTaHOBK JIaJIH M CJIOHa, B KOTODIX OJIHa 3 bIyp 6~T JIpyIyIO, paBHO 

n n 

) ( a G - + 9 - ( 6 n  + 2 k - 9 = )  n -  ( 2 + 8 n -  16 + 4 o « - 1 6 ) =  
k=1 k=1 

n n n 

-om- m a ) e--1)e - ) - o n ­  
k=1 k=1 k=1 

n(n + l)(2n + 1) = 48n° - 1 6 n (  +  1) - 8n? - 1 6  ·  6  +  20n(n + 1) - 16n = 
80n3 

- 36n2 + 4n 
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3J1eCB MEI BOCIIOJI3OBaJIHC (popMyIo CyMMBI KBaIpaTOB IIepBIx 7 HaTypaIHXx HceI, a 

HMCHHO 

2 2 2 _ n (  +  l)(2n + 1) 
1 + 2  +  . . . + n'  =  6  .  

BcerO MCJIO CIIOCO6OB IIOCTaBHT JIaJIIO H CJIOHa Ha JIOCKy paBHo 4n ·4n = 16n (MI 

yHHTIBaeM BapHaHT C COBIIaJIaOIIIMMH KJIeTKaMH, IIOCKOIKV JIO TOTO yVHMTIBaJIH eTO B 

IIOIC~Te nap 3aIpeII~HHIX IO3Mi). A 3HaHHT HHCJIO HHTCDeCVOIIIHX HaC CI10CO6OB paBHO 

4 
80n3 - 36n2 + 4n 48n -- 80n° + 36n2 - 4n 16n - -------- 

3 3 
0 48n-80n+36n 4n 

TBeT: 3 -. 

KpHTep npoBepK 

anaa 1 

HoHOe peIIeHe 20 6an110B 

JIOKa3aHO, TO CyIIIeCTByeT TOJI5KO IBe pyHKIIHM, yJIOBIeTBOpOLIIMe 15 6a12108 

yCIOBHO 3/Ia1H 

B BepHOM DeIIIeHHH C IIpaBHJIHIM OTBeTOM OTCVTCTByeT 10 6an1n10B 

I0Ka3aTeICTBO Toro, To f (ab) + f(ba) = a + b I  aHaOrHo c 
Tpoxoi pyKL 

JloKa3ao, To f(ab) + f(ba) = a + b 5 6a1108 

HpBeI~H IIpHMeD IIOIIXOJUIIIe byHKIIHI H IIOJIVHeH BepH OTBeT 3 6an11a 

ApHpMeTHHeCKaH OIIII6Ka B BDHOM DCIIIeHHH -2 6a11a 

3a1aa 2 

BepHIf aTOpTM IIOHCKa MeIIIOHKa C 2I0Ka3aTeJ1CT8OM 20 6an110B 

IHp poKa3arencTBe aropTMa ynyIeH I c1ya, He B1OLM Ha 17 6a1110B 
pa60Ty aIrOpTMa 
BepHIf arOpTM IIOHCKa 6e3 O6OCHOBaHHI, JIM6O C HeIIOIHIM 8 6an110B 
O60CHOBaHHeM, COJICDKaIIIeM OI1IM6KM 



] HeBepHI arOpTM IIOHCKa MeIIIOHKa 

aaa 3 

] 0 6 a n 1 o p  

IloHoe peIIeHe 20 6an110B 
J[OKa3aHO, TO B KaeCTBe CIJIVOIIIeTO HJIeHa IIOCJIeJIOBaTeJIBHOCTH 3 6an11a 
IIOJIO1~T JIO6Oe HHCJIO TO Ke H~THOCTM, HTO M IIDCJIIIyIII HJIeH 

] Il o n o e  pemee ] 2 0  6an11oB 

BepHo COCTaBnIeHa (pOpMyJIa B He3aMKHVTOM BHIe JUIH OCH~Ta 8 6an110B 
Tpe6yex nap 
BepHO IOCHTaHO HHCJIO IIOJIXOIIIIIMX IIaD B CIV'Hae, KOTJIa JIaJII CTOHT C 3 6an11a 
KDaO JIOCKH 

a1aa CBeIIeHa K paCCTaHoBKe Ha I0cKe Iyx pep3ei. aMeeHo, TO 3 6an11a 
KOJIHHeCTBO KIeTOK, KOTOpIe 6~T dep35, KOHCTaHTa B Ka10 
KBaIpaTHOf paMKe H VBeJIHHHBaeTCI Ha 2 IpH IepCXOIIe K MeHIe paMKe 


