
11  Ka1acc 

1 .  IHpO dyHKIIIO f 3BeCTHO, HTO JUII KaKJIOTO JIBy3HaHorO MC1a e~ 3HaeHe paBHO 021HO 13 

pp Toro He1a (HanpHMep, f(13) MOKeT 6IT paBHO 1 1 3). A TaKKe JUI1 JIO6IX Tp~Xx 

HeHyJIeBIx LIM]p a, b, C BepHO paBeHCTBO 

f ( b ) · f ( 5 c ) · f ( c @ )  = abc. 

Hai1Te 3HaeHHe CyMMI 

f ( 1 D ) + . . . + f ( 1 9 )  +f(21)  + . . . +  f(29) + . . . +  f(91) + . . . +  f(99).(20 6a110B) 

Peremne: /I mo6oi Heyeo MppI a BepHo f (a@) = a. Bo3EM~M pa3J1HHIe 1IM]pI 

a, b cocraBM ena ab,bb ba. Io yenoBHo f ( a b ) · f ( b b ) · f ( b a )  = ab, 3ar f(ab) ·  

f(ba) = ab. Oro BO3MOKHO TOJ1KO B ceyHae, Kora f(ab) f (ba) pa8HI a M b B KaKOM-TO 

nOpIKe, eIeI0BaTe1Ho f(ab) + f(ba) = a  +  b. aMeTIM TOTIa, TO MCXOIIHa1 CyMMa pa8Ha 

CyMMe BCCX IIH]D, yMHOKeHHO Ha IIOIOBHHy HX KOIMHeCTBa. Kan1a uHppa BcTpeaeTc 

pOBHO 18 pa3, 3HaMHT MCKOMa cyMMa paBHa 9(1 + 2 + . . . +  9) = 405. 

OrBer: 405. 

2. Meixoi Ha3BIBeTCI KIeTHaTa1 (bIypa, KaKIaH KIeTKa KOTOp (HaHHa1 

co BTOpo) rpaMT c npeIIIyIe KIeTKO IO CTOpOHe. Ha pHCyHe 

IIpHBeI~H IIpMep 3Me~KM H3 10 KI&TOK C VKa3aHMeM HX IIOpIKa. /IMa 

MaKCHM HaIIIJIH KeTaToe IO1e pa3MepOM 2025 X  2025 KI&TOK H I1IO 

OepeIH pCyIOT Ha H~M 3MeeK JIIMHOi 8 KIeTOK. HaHaer /Ia. Hen131 
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pHCOBTE 3MOCK B KITKaX, KOTODIe OIIH MCI1OJI3OBHI JUII yKe HaDHCOBaHHIX 3MeCK. 

IHpOrpBIBaeT TOT, KTO 6OIIIIe He MOKeT HapHCOBaT 3Me~Ky. KTO M3 HIDOKOB BIHTpIBaeT 

He3aBMCHMO OT MIDI COIIeDHHKa? (20 6an11OB) 

Perrene: IHyCTE CBOHM IIeDBIM XO1OM /IMa OrpaHT 3Me~KO KOJILIO H3 BOCMH KIeTOK 

BOKDVT IIeHTDaJIHOM KJIeTKM IIOJIH, 6yJI€M Ha3IBT TaKyIO 3MeKy JeHmpCT6HIM KO16J0.M. B 

a.nHeIIIeM IIOCJIe JIO6OTO xOJ1a MaKCMa CnIeJIyOIIIM XOII /IMI 6yJIeT CHMMeTDHHeH 

OTHOCHTeJIHO TO IIeHTDaJIHOf KIeTKM. /[OKaeM, TO B Bo XOJI MaKCM He CMOKeT 

IpOBeCTH 3Me~Ky epe3 JIB IICHTDaIHO-CHMMeTDHHHIe KIeTKM. EC KJIeTK IIDHMIKaeT K 

IIeHTDaIHOMV KOJIBLIy, TO JI0 IICHTDaJIHO-CHMMeTDHHHO KITKH HyKHO IIpOTH XOT 6I 

IIOJIOBHHy IIeDMeTDa KOJIIIa, IIDHMBIKaOIIIeTO K IICHTDaIHOMV KOJILIy, TO eCT ~ IyT 



COCTOHT XOT 65I M3 8 KIeTOK, a caMa 3Me~Ka B TaKOM CJIyHae XOT1 651 H3 9 KI€TOK. /In Bcex 

OCTaJTBHIX KIeTOK JIM6O BeC IIVT 6yIeT IIDOXOJIHT IIO IIOJIVIICDHMeTDy eIII~ 6OJ1IIIeTO 

KO.JILIa, J1HOO 3a1€CTBOBTB KIeTKM IIDCJIIJIVIII&TO KOJIIIa, HO TOTI MI MOKeM 3MeHHT 

TaKHe KIeTKM B IIVTH Ha KJIeTKH CJIeIVOIIIOTO KOJILIa M IIVTE 6yJIeT TKO Ke JUIHHI. 3Ha'HT 

J[Ma BCerJIa CMOKeT CJIeIaT CHMMeTDHHHI XOII H He CMOKeT IIpOHTpaT. Hrpa 3aKOHHHTCH, 

KOT JIa KTO-TO He CMOKeT CJIeIaT XOJI, H TO MOKeT 6BITE TOJIKO MaKCHM. 3HaHT IO6eIaeT 

JMa. 

OrBer: /IMa. 

3. JlocKa pa3MepoM 8 X 8 pa36MTa Ha eJIIHHHHIe KBaIpaTI. Kaxoe HaMeHIIee 

KOJIHHeCTBO IIHTHKIeTOHHIX KDCCTOB (CM. DHCVHOK) MOKHO BIpe3TL 3 TO0 

JIOCKH TaK, HTO6EI H3 OTaBIIeCH HaCTH He131 6II0 BIpe3aT eIII~ OIIH TaK0 

KpecT? (20 6a11OB) 

Pemee: BIJIIHM KDCCTI, KaK IIOKa3aHO Ha DHCVHKe «OIeHKa». aMeTHM, TO J1060 

BIpe3aHHI KpeCT nIepeceKaeT He 6OIee OIHOTO BIJIeIeHHOTO KpecTa. HaT IOCIe 

BIDe3aHHI TD~X M MeHee KpeCTOB BCTIa MOKHO 6yJIT BIpe3aT HeTB~pTI, HaIIDHMeD, B 

OJIHOM H3 BEIJIeJICHHIX MeCT. Ha pCyHKe «IIpMep» MOKHO VBHJIeT HeTIDe BBIDe3aHHIX 

KpeCTa 6e3 BO3MOKHOCTM BIpe3aT I1TH. 

OTBer: 4. 

Pc. OueHKa Puc. T1pep 

4. BIICaHHa OKpyKHOCT DaBHOCTODOHHeTO TDeFOJIHHKa ABC KacaeTCI er0 CTOpOH AB,AC 

BC B TOKaX D, E F coOTBeTCTBeHHO. Ha pyre DE, He co1epxame TOKy F, OTMeTHJIH TO'Ky 

P. Hepe3 TO'Ky P npOBeIH IIBe B3aHMHO IIepIIeHJIHKyJIHpHIe IpMe l, l .  IHpMa l, 

IIepeCeK1a CTOpOH5I AB M AC B TOHKaX K L COOTBeTCTBeHHO, a IpIMy10 BC - B  TO'Ke S. 



IlpMa l IepeCeKn1a CTOpOH5I AB AC B TOKax M N cOOTBeTCTBeHHO, a Ip1My0 BC B 

TOKe T. OKa3a10CB, To BS = CT. J[oKaxTe, To MK + LN = ST.(20 6a110B) 

Pemee: HOCKOIKy TDeTOJIHHK ABC -paBHOCTODOHHH, TOKM D , E  F CepeIHI 

CTOpOH AB,AC BC, 3HaHT SF = FT. B pMOyTOJIHOM TpeyTOIHMKe PST oTpe3ORK PF 

MeaHa, 3ar PF = FS = FT. yCT ZDPK = a,ZFSP = ~,TOrJa ZSPF = ~,ZFPD = 

LFTP = 90° - ~  ZDPM = 90° - a .  O603HaM epe3 I IIeHTD BIIHCaHHO OKpyKHOC TM 

ABC. eTIp~XyFOJIHHK DIFB BnCaHHI, 3HaHT ZDIF = 120° .  Tora a + ~  =  LDPF = 

- zDIE = 60° .  B TpeyrOHMKe BMT MeeM: 
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ZBMT = 180° - ZFTP -- LMBT = 90° - a  =  ZDPM. 

3Har DPM paBHo6epeHI M ZMKP = 90° --ZKMP = a = LDPK, oTCOIa KD = DP = 

DM. AHaIOTHHHO JI0Ka3IBaeTCI, TO EN = PE = EL. Tor/Ia paBeHCTBO, KOTOpOe He06xOJ1IMO 

T 

B 

JI0Ka3aT, DaBHOCHJI6HO PD + PE = PF. JU BIIMCaHHOTO eTIDXVTOJIHHKa PEFD IpHMeHHM 

TeopeMy HroneMe: 

D P · E F  +  D F · E P  =  D E · P F ,  

a  IOCKOIKy TDeVTOJIHHK DEF paBHOCTOpOHHHi, no1yHaeM TpeOyeMoe. 

3aMeane 1 :  TeopeMa IlroneMeH IpHMaeTC 6e3 210Ka3aTe1CTBa. 

aMeanne 2: Een Ha pyre AB, He COIIpKaIIe TOKy C, OIHCaHHO OKpyKHOCTH 

paBHOCTOpOHHeTO TpeyIFOJIHHKa ABC B3AT TOKy P, To PA + PB = PC. J[a paKT 

Ha3BIBaeTc meopeMo~ IHOMneo, KOTOpa TaKKe IIDHHHMaeTC 6e3 J10Ka3aTeIBTBa. 



5. Jlar Ia MHoecTBa: A = (0 ;1)  U  ( 2 ; 3 ) U ( 4 ; 5 ) B  =  ( 1 ; 2 ) U ( 3 ; 4 )  U ( 5 ; 6 ) .  Haire Bce 

3HaeH1 apaMeTpa k, Ip KOTOpIx ypaBHeHMe (k -- 2)r + (k -- 1)x + k  =  0  MeeT Ia 

KOpH X,,¥ TaKHe, TO X, € A x € B. (20  6a1OB) 

Perene: Ecm k = 2 ,  TO ypaBHeHHe 6yJIeT JIHHeHIM: X + 2 = O y HeTO TOJIKO OIMH KOpeH. 

PaccMOTpM byHK1IMO f(x) = (k -- 2)x + (k -- 1)x + k, IpapKOM KOTOpo BI1IeTe1 

napa6ona, 3aMeTIM, To f(x) = ((k - 2 ) x  + 1)(x + k). 

IlycTE k > 2, TOTIa BeTBH IIapa601I HaIIpaBJIeHI BBepX. Ee x, € A M x  €  B, To cpem cen 

0, 1 , 2 , 3 , 4 ,  5, 6 60JILIIIe X, H~THOe KOJIHHeCTBO H MHIIIe HeTO He~THOe, 6o1IIIe X He~THOe 

KOJIHHeCTBO M MCHIIIe HeTO ~THOe. HOTOMy Ha OTpe3Ke C KOHIIaMH X, H X, HaXOJIITCH 

He~rHOe Ko1HHeCTBO Ce1 CpeIM 0, 1 , 2 , 3 , 4 ,  5 ,6 ,  a  BHe TOTO OTpe3Ka ~rHoe. Bo Bcex 

TOKaX OTpe3Ka C KOHIIaMH X, Xx dyHKUII f (X) IIpHHHMaeT OTpHIIaTeJIBHIe 3HaHeHHI, a BHe 

OTpe3Ka IIOJIOKHTeJIHIe. EC k < 2, TO HaOOpOT. 33HaIT 

( k - 2 ) · f ( 0 ) · f ( ) · f ( 2 ) · f ( 3 ) · f ( 9 ) · f ( 5 ) · f ( 6 )  <  0. 

IIp TOM B TO'HKaX C a6CIMcCaM 0 M 6 3HaK byHKIIHH JIOJTKH COBIIaJIT CO 3HaKOM k - 2 ,  

3HaHHT 

(k - 2) · f ( 0 ) >  0 , ( k -  2) · f(6) > 0. 

BIO6aBOK, a6CIMCCa BepIHI Iapa6OJI IIOJDKHa JIOKaT B MHTepBane (0 ;6)  M II1H 

CyIIIeCTBOBaHHI JIBVX D31HHHIX KODHef JIMCKDHMHHaHT JIODKeH 6BITE IIOJIOKHTeJIHIM. B 

MTOTe IIOJIVHHM CHCTeMy 

( k -  2) · f(0) f (1) · f (2) · f (3) · f ( 4) · f(5) f(6) < 0 

( k -  2) · f ( 0 ) >  0  
( k -  2) · f ( 6 ) >  0  

(k - 1) 

O < - 2 ( k - 2 )  <  6  

( k -  1) - 4k(k - 2) > 0 

H3 erB~pTOrO HepaBeHCTBa cIeIyeT, To k - 2  <  0. Tora !bl 6cneyer (k -- 1 )  <  
2(2-k) 

1 2 ( 2 -  k), TO ecT k + 10k -- 23 < 0. PemeeM epaBecTBa B1Te» --4/3 -- 5  < k  <  

4 /3 - 5 .  

Ilroe HepaBeHcTBO 3anIeTC B BHJe (k - 2 k  +  1) 4(k? - 2 k )  >  0. IlycT t = k ?  2k, 

TOTI1a OHO IpHMeT BHJI (t + 1) -- 4 t  >  0, TO paBHOCHIHo (t -- 1) > 0, oTKyIa t # 1. 3HaIT 

k? - 2 k - 1 ± 0 k  2 ± V2.  Ho k < 2, 3ark + 2 - W2. 

Tenep CCTeMa yIIpOCTHTCI II0 BHIa 



f (1) · f (2) · f (3) · f ( 4) · f (5) > 0 

f(0) < 0  

f(6) < 0 

- 4 3 - 5 < k < 4 N3 - 5  

k 2 - 2  

Bropoe TpeTe HepaBeHCTBa 3aIIIIVTCM KaK k < 0 (6k -- 11)(k + 6) < 0. PeeHeM TaKo 

CHCTeMI 6yJIeT -6 < k < 0. 

IlepBOe HepaBeHCTBO IICDIIHIIIeTCI B BHJIe 

(k - 1)(k + 1) · (2k - 3)(k + 2) · ( 3 k  -  5)k + 3) · (4k -7 ) ( k  + 4) · ( 5 k  - 9 ) k + 5 ) >  0. 

PeIB HeDaBeHCTBO MTOJIOM MHTeDBaIOB, IIOMHI, HTO -6 < k < 0, IIOJIVHHM 

k E (-6;-5)  U  ( - 4 - 3 ) U  (-2 ;-1) .  

IlocKo/1Ky -4/3 -- 5  <  6,4/3 -- 5 >  - 1 2 -- V2  >  0  HKaxx pee e npona~Tr. 

OrBer: k € ( - 6 ; - 5 ) U ( - 4 ; - 3 ) u ( - 2 ; - 1 ) .  

3aeane: HeKOTOpIe HCDaBeHCTBa B CHCTeMe B IDOIIeCCC DCIIIeHHI OK3aIHC <JIHIIIHHMH», 

OJIHaKO B O6IIeM CJIyHae IIOJIO6HO 3a1aH HeO6XOJIMMO VHHTIBAT HX BCeX. 

KpHTep npoBepK 

anaa 1 

HoHOe peIIeHe 20 

6a1J10B 

JIOKa3aHO, TO CyIIIeCTByeT TOJI5KO IBe pyHKIIHM, yJIOBIeTBOpOLIIMe 15 

VCJIOBHO 3a1H 6a1J10B 

B BepHOM DeIIIeHHH C IIpaBHI6HIM OTBeTOM OTCVTCTBVeT JI0Ka3aTe.JI6CTBO 10 

TOTO, To f(ab) + f (ba) = a + b aanorHo c Tpomxoi dyHK1Hi 6a1J10B 

JloKa3ao, To f(ab) + f(ba) = a + b 5 6a1108 

HpBeI~H IIpHMeD IIOIIXOJUIIIe byHKIIHH H IIOJIVHeH BepH OTBeT 3 6an11a 

ApHpMeTHHeCKaI OIIII6Ka B BDHOM DCIIIeHHH -2 6a11a 

3a1aa 2 

Bepa CTparer1 3a /IMy c O6OCHOBaHHeM 20 

6a1J10B 

BepHar cTpaTerHI 3a /IMy 6e3 O60CHOBaHHH 8 6an110B 
Jlo6a cTpaTerH 3a MaxcMa 0 6an110B 

aaa 3 

HoHOe peIIeHe 20 

6a1J10B 

OueHKa 6e3 mpMepa 12 

6a1J10B 

Bep IpHMep 5 6a1108 



aaa 4 

] C n e u a p M x_ @ p r e p e s  er 

HoHOe peIIeHe 20 

6a1J10B 
IHp nepe6ope BapaHTOB paCnOnOeHHI KOpHe IIOJIyeH BepHI OTBeT, 10 

HO IIOTCDHHI CJIVHaH, KOTJIa KOD€HE H3 MHOKeCTBa B MeHIIIe KOpHI H3 6a1J10B 
MHOKecTBa A 

HaIeHBI KODHH VDaBHeHHI HIM IIOJIVHeHO Da3JI0K€HHe KBaJIDaTHOTO 7 6a11108 
TD~xIeHa Ha JIHHHHBIe MHOKHTe.JIM 
JIOKa3aHo, TO k < 2 (He CyMMHDVeTCI C JIpVTHMH KDHTeDHHMH) 3 6an11a 
JIoKa3ao, To k < O (He CyMMHDyeTCI C JIDVTHMH KDHTeDHIMH) 5 6a1108 


