Uudopmatuka 10 knacc

Pa36op

3apanue 1. (25 6annos) PaccmoTpum Bce napbl Lenbix umcen a u b, Takux 4to 1 <a < b < 2048. [Ins ckonbkux 13
HWX BbINOMHSAETCS crnefyollee HepaBeHCTBo: gcd(a, b) < a xor b?

° gcd(a, b) — HanbonbLumin 0bLWuit AenuTens yucen a u b

° HanomuHaem, YTo Xor ABYX YKcen BbluMCnseTCs cneayowmm obpasom: oba yncna nepeBoAsTCs B ABOUYHYIO
cUCTEMY, B Pe3ynbTUPYIOLLEM YUCTIe Ha i-Oi MO3vLMM B ABOWYHOM 3anuck CTouT 1 Torga W TONMbKO TOraa, Korda
3HayeHus i-bIX BUTOB ONEepaHAoB (TO eCTb TEX YNCEN, XOr KOTOPbIX Mbl CYATAEM) Pa3NnYaloTCS.

Hanpumep, 710xor 510 = 1112xor 1012 = 0102 = 210

Kputepuu oueHku

K coxaneHuio, B 3701 3afja4e COLePKMTCS onevaTka. M3HavanbHO nnaHMpoBanoch, YTO 3HaK B HEPABEHCTBE
ByaeT NPOTMBONONOXHbIN.

B nonyuusLencs gopmynnpoBke 3agaya ropasgo CroxHee.

Bce pewenns oueHnBanuck B 0 6annos.
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3apanue 2. (25 6annos) CoBpeMEHHOE WCKYCCTBO MOPON OYeHb HeobblyHast LWTyka. Tak M B 3TOT pas, nocellas
HOBYIO BbICTaBKy, Calla BCTPeTun o4eHb HeobblyHyto kapTuHy. OHa npeacTtasnsana cobomn Tabnunyky 13 n ctonbuos u
m CTPOK, NPK 3TOM B KaXon KNeTouke Tabnuubl HAX0ANUNOCh Kakoe-To Lenoe uncno. Mo nytu gomoi Calua, KOHeYHO
Xe, 3abbIN Kakne MMEHHO Yucna Bbinu B Kaxaon 13 knetok. 3ato Calla NoMHUI, YTO ANs Kakaoro Habopa KneTouyek,
obpasytoLero nonocky pasmepoM 1x3 (a Takke 3X1) KNeToYeK BbINOMHSANOCh, YTO CyMMa YUCEN B ATUX KIeTkax
paBHAnack 32.

Bonble coBpemeHHOro uckycctea Calla ntobuT TOMbKO CTpaHHbIE BOMPOCHI K ONMMNUAaZHbIM 3aaadam, No3TOMY OH
npocuT Bac BbIYNCIUTL CYMMY YUCES, HANUCaHHbIX B KNETKaX, HAXOASALUMXCS N0 NepUMETPY KapTuHbI. TO eCTb Takux
KNeToK, 4TO pacnonaraloTcs B NePBOM W NOCAEAHeM cTonbuax, 1 B NepBoiA, U NOCNEAHENR CTPOYKaX.

1) (3 6anna) Momorute Calle OTBETUTb Ha BONPOC 3agaum npun = 256 um = 1024.

2) (22 6anna) Momorute Calle 0TBETUTL Ha BONpOC 3agaun npun = 503 nm = 2024. Ho npu ycrnosuu, 410
OZVH U3 YronKoB, TO eCTb kBagpaTuk 1X 1, Bbipe3aH 13 KapTuHbI.

PeweHue

[na peleHns nepsoro nyHKTa AOCTATOMHO MOKasaTb, Kak MMEHHO pa3buBaeTCs NepuMeTp KapTWHbI Ha
nonockn 1x3. [Ing aT0ro pacnonoxum B Nepeo CTPOKe Henepecekarowmecs nonocku 1 X 3. Mocne aTtoro y Hac
OCTaHeTCs OfHa KreTka, Tak Kak 256 faéT octatok 1 npu peneHum Ha 3. Bocnonb3yemcs nyctoi KneTtkow,
OCTaBLUENCS NOCNe 3aMOLLEHNS, B NEPBOIA CTPOKE 1 3amMocTuM cTonbel,. B HEM aHanorMyHO OCTaHETCs ofHa nycTas
kneTka B KOHUe, Tak Kak 1024 gaét octatok 1 npu geneHun Ha 3. MoBTOpUM 3Ty onepauuio Ans HUKHEN CTPOKK U
ocTaBLuerocs ctonbuya — nonyyum pasbueHne nepumeTpa Ha nonockn 1 x 3.

Ocranocb nocynTaTthb KONMN4eCTBO TaK1X nomnocok B pasbueHnu:
255 = 3 x 2 4+ 1023 + 3 x 2 = 852. W gna nonyyeHns oTBeTa YMHOXMM 3TO YKCIO Ha 32, NOMNy4um
852 X 32 = 27264.

Bo BTOPOM NyHKTE MOKaXeM, 4TO JOCTWXMMA NPOU3BONbHAs CymMa. bynem cuutath, 4TO Bbipe3aH NpaBbii
HWKHMIA yronok. MokaxeM, YTo 451 NpOKU3BONBHOIO YKcra X CYLLECTBYET KapTiHa C Takoi CyMMOii Ha nepuMeTpe Ges
OJHOTO Yrorika.

0 0 32
X — 53824 0 53856 — X
53856 — X 32 X — 53856

3amocTiM BCHO TabnuLly Npu MOMOLLM MOKa3aHHOrO Bblle kBagpaTa 3 X 3, NPOCTO LMKNMWUYHO NoBTOpSs ero. Ans
[laHHOTO KBajpaTa MOXHO yOeanTbCsi, YTO BCE YCNOBMUS BbIMOMHAKTCS. OYeBMUAHO, YTO W NtOOOIA €ro LMKINYEeCKuit
CLBUI HE HapyLLAeT YCMOBMIA, @ 3HAYUT Mbl NONYYMM KOPPEKTHYIO C TOYKW 3pEHNst yCroBuiA packpacky. OcTaBum aTy
YacTb [/ JOKA3aTENbCTBA Y4aCTHUKaM.

Tenepb nocyMTaeM WUCXOAHYH cymmy. [ns 9TOro 3ameTuM, YTO MOMOCKW Ha nepumeTpe Be3 yronkos OyayT UMETH
ONWMHY, KpaTHylo 3, a 3HauiT pasbusatotcs Ha nomockn 1 X 3. Cymma B 9TWX MOMOCKax paBHa
(501 + 2022) + 3 X 2 x 32 = 53824. Takke 3aMeTUM, YTO WUCXOLS M3 MOCTPOEHUS B HIDKHEM NEBOM
yronke Bcen Tabnuubl OygeT CTOATb YMCNO, KOTOPOE PACMONOXEHO BO BTOPOM CTPOKe MepBoM cTonbue Hallern
Tabnuupbl 3 X 3, TaK Kak AnvHa CTOPOHbI AAET OCTATOK 2 Npyu AeneHun Ha 3. AHanormyHo B NPaBOM BEPXHEM Yriy
TabnMLbI CTOMT YNCIIO, KOTOPOE PACMONOXKEHO B NEPBOM CTPOKE BTOPOM cTonbLe Tabnuusl 3 X 3.

Torga BCs Cymma paBHa CyMMe Norocok 1 cymme yncen B yronkax: (0 + 0 + X — 53824) + 53824 = X.

Kputepuu oueHku
PelueHus, KOTopble A0Ka3bIBaNN HEOLHO3HAYHOCTb CYMMbI OLeHUBanuch 13 18 6annos.
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3apanue 3. (25 6annos) OaunH 13 cnocoboB 3agaBaTh NepecTaHoBKy YMcen oT 1 40 n — 3T0 OPUEHTUPOBAHHLIN rpad,
roe M3 BEpLUMHbl C HOMEPOM i BbIXOAUT OpUEHTUPOBaHHOEe pebpo B BeplunMHy ¢ HomepoM f (i), roe f(i) — aTo
3HayeHne, KoTopoe pacronaraeTtcs Ha nosuuyun i. O4eBWAHO, YTO B TakoM rpade MoryT ObiTb LMKNbl. Bygem
3aaBaTb LWKMbl Kak MHOXECTBO HOMEPOB BEPLLMH, KOTOPbIE B HET0 BXOASAT. MMyCTb (hyHKLMS

sxX) =Y 2"

x€X
roe X - LUMKN, NpeacTaBrneHHbIn cnocobom, onncanHbIM Boiwe. [yctb C(P) — MHOXECTBO BCEX LMKMOB NepecTaHOBKM
P. 3apapum dyHkumo g(P), rae P — 310 nepectaHoBka yucen ot 1 4o n. [Ans Bblumcnenns qyHKUn g (P) HyXHO OT
kaxgoro anemeHta C(P) nocuntatb OYHKUMIO S, @ 3aTeM B3ATb X071 MONYYMBLLNXCA 3HaYeHuN. iHave roBops

g(P) = xor _. (P)s(x).
Bam e HyXHO nocuntaTb 3HaYeHWe, KOTOPOe MOMYYUTCH, eCrM B3ATb XxOr 3HAYEHW (OYHKUMWM g MO BCEM
nepectaHoBkam yucen ot 1 oo n.

Pewexue

[nsa Havana nokaxem, 4To TakoW rpad npeactaBnsetr u3 cebs Habop HenepecekarlLMXCA LMKIIOB.
OyeBMAHO, YTO M3 KXKOOM BEPLUMHBI BEIXOAUT POBHO OAHO pebpo No NOCTPOEHWH. Tak xe Nerko 3aMeTuTb, YTo Tak
kak Bce f(i) pas3nuyHbl M3-3a TOro, YTO 3TO MEpPecTaHoBKa, U Kaxpoe 3HayeHne oT 1 [0 m BCTpeyaeTcs cpeau
3HaveHni £ (i), To 1 BxogsLas CTeneHb Kaxaomn BepLUnHbI paBHa 1.

PaccmoTpim npon3BonbHYt0 BEPLIMHY rpadha. bygem asuratbes no pébpam 3Toro rpada, HaumHas ¢ 3Tou
BEPLUMHbI, MOKa Mbl MOXEM MPOZOIMKUTL NYThb, HE 3aX04A B MOCELLEHHbIE BEPLUMHBI. TaK Kak BbIxoasiuee pebpo y Hac
BCeraa ecTb, TO paCCMOTPUM, KyAa OHO MOXET BECTU:

1) HOBas BepLUMHa
2) noCeLLeHHas BepLUKHa, OTIMYHAA OT UCXOQHON
3) ucxogHas BepluMHa

[pu 3TOM BTOPOi Cny4vail HEBO3MOXEH, TaK KaK TOrda Mbl MOSTy4aeM, YTo y NOCELLEHHOW BEPLUMHBI BXOAALLAS
cteneHb Gonblue 1. A B NepBOM Cnyvae Mbl BCErAa MOXEM MOBTOPUTH Lar, Tak Kak ucxogsilee pebpo n3 Heé Toxe
€CTb. 3HauWT, TaK KaK rpad) KOHEYEH, TO Mbl BCErAa OKaXXEMCS B UCXOLHOW BEPLUMHE, TO ecTb rpad pasbusaeTcs Ha
LMKIbL.

OcTtanocb 3amMeTUTb, YTO Takue LWKMbl He nepecekawTcs. [ns 3Toro JOCTAaTOYHO COCNaThCs Ha TO, YTO
BXOZSLLME W UCXOASLLME CTENeHN BepLUMH paBHbl 1, 4TO HEBO3MOXHO MPU NepeceyveHnm LIMKIOoB.

[Monyyaem, YTO Kaxaas BepLUMHa NEXMT B KAKOM-TO LUMKIIE, 1 MPU TOM POBHO B OLHOM.

PaccmoTpum 3HadeHne s(X). 9Ta dyHKUMA NpocTo cTaBuT 1 B BUTOBOM 3anMCcK YMCra Ha 3rnemeHTax C
HOMepaMu, paBHbIMM HOMEpPaM BEpLUMH B LMKNe. Tak Kak Mbl MOMYYUNK, YTO Kaxaas BEpLUMHA i NEXWUT POBHO B
OZHOM LMKne, TO Npu BbluucneHnn g(P) HanaETCs TONbKO OANH IEMEHT W3 YNIEHOB BbIPaXeHMs, AN KOTOPOro i-blid
OuT paBeH 1. A 3HauuT B pesynbTate Mbl MOMYYMM 4YKUCNO, B OUTOBOI 3anucu KOTOpOro ¢ 1 no n-bin GUT CTOAT

n+1
€AMHULbI — TaKoe Y1cno 2 - 2.
Mol nonyumnu, 4to 3HaveHue g(P) He 3aBUCUT OT NepecTaHOBKY, a TOMNBKO OT €€ AINHBI.
Toraa UCKkoMbIi OTBET PaBEH X0 OT 1! OANHAKOBLIX 3NEMEHTOB.

Tenepb ocTanocb 3amMeTUTb, YTO MPU n = 1 y HAc CYLECTBYET POBHO OfHA Takas nepecTaHoBKa U OTBET
OyneTt paBseH 2.

Mpn n > 1, KOMMYECTBO OAMHAKOBbLIX 3reMeHTOB OyaeT YeTHbIM, W MOMb3ysiCb CBOWCTBOM  xor (
x xor x = 0) nony4aem, 4To MCKOMOE 3Ha4eHne paBHo 0.
Kputepum oueHku

[loka3atenbCTBO TOro, YTO rpad) MMeeT Takom BUA OLiEHMBANoCh 13 8 6annos.

[okasaTenbCTBo (hakTa, YTo g(P) He 3aBWUCUT OT NepecTaHOBKM OLeHNBanoch 13 8 6annos.
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3apanue 4. (25 6annos) 3gecb Morno 6bl bbITb AIMHHOE, KPAaCUBOE M 3anyTaHHOE YCMOBWe 3adayn, HO aBTOpbI 3aaad
ycTanu, noatomy BOT Bam (hyHKLMS OT ABYX NEPEMEHHbIX

F(n, k) = Y gcd(i,i + k)
i=1
roe ged(a, b) — Hanbonblmnin bW fenuTens yucen a v b.
1) (1 6ann) Hangute F(7, 7)
2) (24 6anna) Hanpute F(1024, 1024)

PewieHue
B nepBoM nognyHKTe MOXHO 6bIN0 akkypaTHO NOCYNTAaTh UCXOLHYH (hYHKLMIO pykamu U NonyyuTb oTeeT 13.

[Mepeiaém Ko BTOPOMY MyHKTY.
[ns Hayana 3ameTtum, yto ged(i, i + k) = gcd(i, k). 370 cneacTsue anroputMa Esknuga.
Torga Bo BTOopoM nyHkTe HO[l MOXET NpuHUMaTh 3HaYeHus paBHble aenutensm 1024, To ecTb CTeneHsm 4BOWKM OT 1
no 1024.

Haingém, ckonbko uncen pawt 3Hadyenne gced(i, 1024) = 2", HeTpyoHo 3aMeTWTb, YTO MOAXOAST BCE YMCTa,
+1 W
KoTopble AensiTcsi Ha 2°, Ho He Aensest Ha 2° . OCTanoch 3aMeTUTb, YTO ANS MOACHETA KOMMYECTBA Yncen,

10 10
KOTOpble AenaTcs Ha 2° pgoctatoyHo nogenutb 1024 Ha 2°. Torga nonyyaem gopmyny [ 2 ]— [2—] roe [x] -

Za 2a+1

AeneHne C OKpyrreHnem BHU3.

1,10
2

Mpu a < 10 BKnag Takux yucen B cymmy byaet paseH x 2" = 512. Mpn a = 10 Bknag paseH 1024.

Monyyaem otBeT 512 X 10 + 1024 = 6144.

a+1l
2
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