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BTopoii oT60poUHDbIiA 3Tan

Paso-crabie Tpadsl (7 Kiaacce) /
Rado-inspired graphs (7th degree)

Pacemorpus nenyeroe Muoskectso Voroter o muoskectso B aunnfl, copqunsionuy iekoTopele |BosyMomk-
HO, HHKAKHE, A BOSMOMKHO, UTO Bee) Haphl sTHx Tovex. Lorjga Oyaes nasusars napy (V. E) rpadpon,
saexenTi V' —Bepmuaamu rpaa, a saesentu E — ero pébpammn.

Hac ne Gyayr nurepecosars reoserpuueckne csoficrsa rpafa; qumnn pefep, VIV Mesqy Hua,
HATHUHE HIH OTCY TCTELE TOUEK HX MePecetenis I T, — BAMKHEL TOJALKEO Habop BePIINH U TO, KAKHe 03
nux coeguuent pébpavn. Hanpasmenne pefpa nav rose ne Ovaer saskno, 1o ecth ganee Dyaes pac-
CMATPUBATE TOABKD Tak HashBaeble Heopientuposanie rpadin. pn stou gasallre yeaosnyes, 1o
Kaxaoe pedpo coe JMEAeT B PasINTHL e BepInitl (T.e. B rpade ner nereas), n mobue 1Be BepIUITHL
coe mientl e Dogee vesm ogpnm pefpoy (Te. B rpade ner kparuux piébep ) — Takue rpadn nasnBawT
npocrusn. Jatee Byes pacceMarpuBaTh TOALKO TPOCTHE TP adisl.

Eenn MEF AN TRV S0 B s BETIITHH Ay ]']!IH.[]_:IH MMOFKHO ][]!Ililln.'l'][ o ero ]!E;E—I]!IHZ\[ EINHHCTECHH BN CITO-
cofon |:][E" NPOXOIN HHE aKVIo BepITHHY ,'].ISE’I.}I-L_'].]:[:I, TO TaKoi ]']!IH.[I] HAashlBacTCH OepeBOn.

Honyerua, onpegenen rpay (V. E). Torpa ero nogrpadpom Oy gem nazuears takoll rpaly, koropniil
sosno noayunrs us rpada (V, E) yratennes nekoropux (sossosamo, nn ogpoll | sepmnn o seex Bui-
ROAMIHE 03 U pibep,

Mpenerasns, wro v nac ecrs aea rpada — (Vi Ey) n (Ve Ea). Byaest nasusars stn rpadinl #so-
MOP(IHEBIMH, £Cill MO0 VOTAHOBHTE TAKOE COOTREETCTEHE [ Mesc1y HX BepUIiLasi, 1To

s oy Kaseaoll sepmann vy £ V) flg) = w0 € Vo, n wacBopor, re. g gascoll sepmmnn ve € 15
wall geres rakan sepumna vy € Vi, wrofig ] = vy

® ecill BepIIMHE ¥y, 1 € V) coeaunenn pefpos, o n sepmunn vy = flu)), vy = [lvg) (vg. vy € Vy)
Tose coegunenn pebpos; o nacbopor, T.e. ecian sepmmnn vy, vy € Vi coegmmenn pebpou, To

r
wafl gyres rakne vy, ve € Vi, woropue tosce coegupenst pedpom, w0 s koropux vy = [,

vy = flvs).

Bynaes rosopurs, wro rpady (Vs £y) Baosen s rpady (V)L E)), econ rpady (Vi Ey) usomopdien nexoro-
pomy nogrpay rpadea (Vi By ).

Consider a non-empty set of points V' oand a set of lines E connecting some (possibly none, and
possibly all) of these pairs of points. Then we will eall the pair (V. E) agraph, the elements of V7 are
the vertices ol the graph, and the elements of E are its edges.

We will not be interested in geometric properties of the graph: the length of the edges, the angles
between them, the presence or absence of their intersection points, ete. — all that matters is the set
of vertices and which of them are connected by the edges. The direction of the edge will also not be
important to us, so [rom now on we will consider only so-called undirected graphs. Let's also agree that
each edge connects two different vertices (e there are no loops in the graph), and any two vertices
are connected by at most one edge (Le. there are no multi-edges in the graph) - such graphs are called
simple. From now on, we will consider only simple graphs.
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If between any two vertices of a graph one can walk along its edges in a unique way [without passing
any vertex twice |, then the graph is called a tree.

Lets consider some graph (1, E). Then we call its subgraph a graph that can be obtained from the
graph [V, E) by mmoving some [possibly none| vertices and all edges coming from them.

Lets consider that we have two graphs — (V). £y ) and (V5, £2). We will call these graphs isomorp hic
if we can establish a cormespondence f bhetween their vertices such that

o for each vertex vy € Vi fluy) = v € Vo, and vice versa, ie. for each vertex vy € 15 a vertex
ty € V] exists such that fluy) = ve;

o if the vertices wy,ve € V) are connected by an edge, then the vertices vy = i), vy = flg)
[tg. 2y € Vo) are also connected by an edge; and vice versa, Le. if the vertices wy, 0y £ Vo are

connected by an edge, then there are v, £ V) that are also connected by an edge, and they
satisfy vy = fleg), vy = flua) .

We will say that the graph (15, Ez)is embedded in the graph (V. E,) if the graph (V% Ez) is isomorphic
to some subgraph of the graph (Vi Ep).

3aga4ga 1. (15 points)
CKEJ.’[J:K(J CYIMecTBEYeT PA3IMYHE X |, J[II']['!EJ!I.[(:I]:IIIJJ[]:I XAPYT Apyry | J']J?'I.[I:ll::l:l!. COTLE PG AL I T 7l :I!l:']:lIII:II::II:-.:I

How many different [ie., non-isomorphic to each other] graphs with 5 vertices are there?”

Pemenne, E[][]ﬁ]”,l". BEHYHCICHHE KEOJHYECTEA ][f"][?f]l[f]]][l]][]:{x HpoCTH X ]']:IE'L[I:IUH C3AAHHEM KO-
JUNHECT BOA BEPIIH — 3 A0 ATa Ha ¥ IEIE HIE e HPOcTast. |Ioa tosy ais pemmmss ee yIopsioue s sl mepe -
Gopou, TeM Gogee UTo B Hammx rpadax Gv1eT Beero mo 3 BepHINA.

Mo HD cOCTaBEHT B % +Ged = 10 map w3 5 BepHIGH, T, AL AKC AL HOE BO3MOM HOE KoJIes TR e de
pasao 10, Ovyennamn, eors tommin oqim rpad o 0 peébep i 3 se poomasor:

Herwpe rpada o Sad pebpasi:

s

[Mecrn rpador ¢ d-us pebpa;

..

lr;-:'““l *

[Mecrs rpados ¢ S-10 pedpas

- . -
T e S—
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—
[] _;I-

-—a

I'padm ¢ Gao (0 Goaee | sepoIMHAMH Paccu aTPHEATE He HOTpeDyeTes, HoCKOALKY OHH II0JY Malore s 13
T.H. IoJaHOro Tpada (T.e. colepmaniero Bee BO3MOMHNE peipa, 5 Hanesm coayuae — 10 pefep| vaamenn-
eul pEGep, cooTBEeTCTEVIOMMY vake mepeqneiaeuiey rpadad . Tak, wanpisep, rpadoe o 2-us pedpan
CTOULED #e, chodbio rpahos o 10 — 2 = S m propam,

Hrak, wewosmoe uneqao pasio 201+ 142+ 4+ 6) + 6= 34

EKpurepHn oueHNBAHNY |
® OTEET HEBePHETT — 0 6 anios;

 OTEET BepHBI — 15 Da/uns.

Solution (ENG). By the way, caleulating the number of non-isomorphic simple graphs with a
given number of vertices s a surprisingly diffienlt task. Therefore, we will solve it using an ordered
search, especially sinee our graphs will only have 5 vertices,

Yon can make EL, G4 = 10 pairs of 5 vertices, e, the maximum possible number of edges is 10,

Obviously, there is only one graph with 0edges and 5 vertices:

There is also only one graph (hereinafter — up to somorphism | with 1 edge:

Four graphs with 3 edges:

i

Six graphs with 4 edges:

=gs]

e
lr:---:'““l *
Six graphs with 5 edges:

T H"‘1 ]

—

L

Graphs with 6 [or more] vertices do not need to be considered, since they are obfained from the so-
called. a complete graph (e, containing all possible edges, in our case 10 edges| by wemoving the edges
corresponding to the ones from already lsted graphs. So, for example, there are as many graphs with
2 edges as there are with 100 — 2 = 8 edges.

By that, the reguired number is 2- (1+ 1+ 2+ 44+ 6) +6 =34,

Criteria:

o the given answer is incorrect — 0 points;

o the given answer is correct - 15 points.
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Answer: 3

Jagaua 2. (20 points)
[Tpuse qure npusep aepesa 7, KOTOPOe coje P HT BCe BOIMOMHLEe He H3oMopdiHMe 1Py ApyYry e pesLi
13 T EePHIHE B KAYeCTEE BIOKE HHH X,

Give an example of a tree 7 that contains all possible non-isomorphic trees of 7 vertices as its
embedded ones.

Pemenne,
Solution (ENG).

N

® HET PeIe s, JTHO0 oo Hepastoprmeo — 0 Ganios;

Epurepnn oue HNEAHNS !

® B IPHER ICHHO? JepeBD BJAOMKCHE HEKOTORHE JepeBELA Ha 7 ERPHINHAX — 3 DAJLIOE;
® B IPHER IPHHO? JepeBD BJAOMCHE MHOIHe JepeBLH Ha 7 ERpPHINHAY — 10 Baros;

® B IPHEeICHHOE JePEED BIOKEHE I0UTH Bee |38 He KO0 eHHe M 0JHOTO- 1EYX | AePpeELY Ha T Be PIiH-
Hax — 15 fanios;

* E IPHEEEHHOE JEPEEO BAOKEHH Boe Jepesss Ha T sepionnax — 20 Sannos;
Criteria:

¢ there is no solution or it is illegitle — 0 points;

o the given tree contains some trees with T vertices — 5 points;

¢ the given tree contains many frees with 7 vertices — 10 points;

¢ almost all [(with the exception of one or twao| trees on 7 vertices are embedded in the given tree -
15 points;

o the given tree contains all the trees on 7 vertices — 20 points;
3aga4ga 3. (25 points)

Kakoe namsMeHBNIee YHEI0 BePIIMH MOMET COJAepHRark Jdepeso (7, OlMCAHHOR B Ipe 16 Ay medl 3a1aue?
Orrer obocnyiiTe.

What is the smallest number of vertices that the tree ¢ from the previous task can contain? Explain
VOUT 8IS WeT,

Pemenne, C'_'n']ll,["["l']i'_'n'][]'l' 11 mmapHo ][E"H'i[]h[[]]][l]][]:{l AvpPeELeE Ha T-H BREPHIHHAX, cPeJH KOTORR X
BCTE CJIEAY HOIHE
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. . . .
{FJ 1 {FJ & - G~| -
e .
ﬂ'_l T—e {",'r._ — .

pnuep gepesa G ua 14 Bepoimuax TpHEe 480 B PeOIEHHH 3 a7 aun 2; 00 Taloch Q0K a3 Ak, "IT0 HHKaKoe
Aepeso Ha 13 BepIIHHAN He VIAOBJISTBOPSET VOJOBHID |0UeBHIHO, ecOH @My VIOBJICTEOPIET KAKDe-To
Aepeso o ko< 13 sepnmmauu, o gobasgennest ® owewy (15 — k) seponmm Ges pefep Takse 10000y mi
TRebvesoe e peEa) .,

Bo-mepeux, (¢ 008 HO cOQEPIKATL 108 Le (3] 03 T BEPINHH, 0 E TOMKE BEPEM cOIepHaTh Jepeso {7y,
B KOTOPOM 07Ha 13 B POIH COR THHEHA ¢ G-10 00 TATHHE M — IHaUHT, obIee THe 0 BepiiaH G He Mose T
OuTL senbie 11, BoT Bee BosMoskHue JepeBLd ¢ 11 Be pIiHHasit, B KoToPee BIosens ) 1 G

- - . - .- -

et . S . —

B aepe Epay o, (G 20 Th 0 2 BEPUINHE CTEIEHE HE MeHBITE 3 MPHUeM B (7 9TH BePUIHE o8 THHE HE
pebpou ., a B {7y — Her, moaroay K onbosy w3 gepesses Ty, Th. T weofxoqmao o0 asiTh SHHHAY A0 o 2
EEPITHHE K PATHWM BEPOIMHAM cTROeHE 2 — wroro B O He aedee 13 sepommd. B oro e spess B aepese
(73 BEPUIMHA CTEHEHM 3 COHHEHA ¢ QBEYASN eI, TpHTes Kadilas 13 97T Hx neiedl cocTolT s 1Bvy
EEPIIHH — JIETKD ITPOEE PHTL, TT0 HE 0JH0 03 VOOMIHYTHX JAepeELeE Ha 13 BepInuHax He colepaut oy
B Kawer TEe BIOHEHHOID, 4 3HaunT, Heolxomuo JofasnTh ene Kak aumnyyy 1o sepomny, te. 5 G He
smeHee 14 BepInHH, 1To B TpefoBEaIock J0KATATh.

Kpurepmm one HNBAHNT:
® HOT PEUIeHHE |E T.O0 BCJIH DPHES JeH TOJdLE0 oTEeT | — 0 Ha/1mE;
® JAHW OTEST W IpHaep — 108 arios;
® HPHERIEHA BepHas onenka — 15 0 anios;

* [PHEEICHE BEPHBE OIeHEA H IpHMep — 25 B0 .

Solution (ENG). There are 11 pairwise non-isomorphic trees on 7 vertices, among which are the
following ones:

. - . -
. . e -."*. - " e
{FJ 1 {FJ & - G~| -
s .
{",'_l T— ﬂl-’r e .

An example of G — the required tree on 14 vertices —is given in the solntion of task 2; it remains to
prove that no tree with 13 vertices satisfies the condition [obviously, if some tee with & < 13 vertices
satisfies it, then by adding (13 — k) vertices without edges to it we will also obtain the required tree].

First, & must contain a echains ¢, of 7 vertices, also it must contain a tree (s, in which one of
the vertices is connected to G others, which means that the total oumber of vertices s (¢ cannot be lesy
than 11. Heme are all possible trees with 11 vertices, which &) and &5 are embedded in:
L . L - . -

T -._-“ “w Ty w w T, r”A-

The trees Gy, &y each have 2 vertices of degree at least 3, and in &5 these vertices are connected
by an edge, but in 5 they are not, so to any of the trees T, 75, 75 it s necessary to add a minimum
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of 2 vertices to different vertices of degree 2 — by that, there are at least 13 vertices in €. At the same
time, in the tree &y, a vertex of degree 305 connected to two chaing with each of them consisting of two
vertices — it is easy to check that none of the mentioned trees with 13 vertices contains &y as embedded
one, 5o it 5 necessary to oadd at least 1 more vertex, e, there are at least 14 vertices in &, which is
what we needed to prove,

Criteria:
o there is no solution (or if only the answer is given| — 0 points;
o the answer and example are given — 10 points;
e the correct estimation is given — 15 points;

o the correct estimation and example are given — 25 points.

Answer: 14

Sana4ua 4. (40 points)
Orpamicienie mo gpesenis: 1 cekviga
Orpannaenne mo navsri: 256 E

Y Hurnrw Gu0ao0 AEa 0JHHAKOEW X HeOPHEHTHROE AHHEY rpadha 13 1 sepiiud 1o pefep, Be pINHHE
rpafios IPOHYMePOEAHK PASTIHUHBEAMNE Heaua i dueaasyu ot 1 o n. Tak e H3BecTHD, ITO CTeleHk
K 0dl Be pIIHHE He HpeBocxon 2,

Hasnypy ne noHpasmock, Gro rpadiel QHHAROER e, 0 OH He]e HYAMePO BT HOME DA Be[aliH 100 [ 0ro
rpaa npousEoARHMM obpazou. B pesvinraTe mepenyvaiepanii, HOMepa BepILHH Iepeoro rpadoa gee
BIME STEJSO0 TS DA IHWHE MH TETBAH THeTaMu o 1 o .

Bau aanw wrorosue asa rpada. Tpefiveres npoeepHThL, MOTJIH JIH 3TH rpabel D0ay THTLCH B pe-
AVALTATE 1ePEHY e Pali, W IePpeHy Me0BEaTh BepIIniE nepsoro rpada obpario, 1rods 1oy e
OMHAKOEM e Tpadid.

Input file: -

[Nepsas cTpoKa cOJAREKHT JEA UeaMY duedan wm |1 < n < & 0 < m < m{“l — KOUHMEC TEO Be PIIHH
u pedep rpadoB cOOTER TC TE: HHO,

Ias as u3 caedy o e cT PO COOepaHT B Hedau X umeaa wp 0wy |1 = < v = o) — pelipa
nepeoro rpadoa,

Coe ayviou e e cTpoE 3aganT Bropof rpad B dopaare, apanor HHoa e peoyy rpafy,

Capanrupyercs, wro v Ko 1oro 13 aeyy rpados gee pelpa DOMAPHO PasiadiE 0 CcTeHe b Kas 1oil
EEPUIMHE He HpeBocxoiur 2,

Output file;

Ecan rpadu #e moram moayinTeeS B PesyILTATe Hepe VA epanul, BEMEe JuTe ¢ N

Muaue, & neprofi crpoke BMEe uTe &% ESs.

Ha caeaywomedl cTpoke BHESANTE 7 PALTHIHEE NedHX MHCeT i oT 1 40 i, 03HaTao ius, 1To Be p-
HIMHA ¢ HOMepox @ epioro rpada 1oamna moayanTe nosep p;. B pesyasrare Takoil me peny de paiun
J0UTHCHEL 0TV IHTLCS 0JHHAKOEWM e Tpadi

B oo BHEOIHTE KAHAYVI0 OVKEY B OO0 perHcTpe [cTpo Ty i wan saraaenyio|. Hanpuaep,
CcTpOKH ey Ese avess, eYese w Y ESe GvavT npuHare Kak TOJI0KHTEILHE T 0T BT,

Kpurepmn oneHHBaHHS, 2 Danoa 38 Kk Wil npodiae aneii tecr, Omee KOJHIeCTED TECTOE —
210,
Example;
Input:
32

i D
(=L e
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23
Chut put:
Y ES
132
B npuseps Hy#HHO TepeHAMe HOEATh BePIUIMHY © HoMepod 2 5 3 0 BepInuHy © Hodepou 3 6 2, aroiu
T THTE HHAROEMe TPadi .

Time limit: 1 second
Memory usage limit: 256 MB

Mikita had two identical undirected graphs of n vertices and m edges; the vertices of the graphs
were mumbered by different integers from 1t n. It &5 also known that the degree of each vertex does
not exceed 2

Ilnur didn't like that the graphs were the same, and he renumbered the numbers of the vertices of
the first graph in an arbitrary way. As a mesult of remumbering, the vertex numbers of the first graph
are still distinet integers from 1 to n

You are given the final two columns. It is required to check whether these graphs could have been
obtained as aresult of renumbering, and to rennmber the vertices of the Brst graph back so that identical
graphs are obtained.

Input file: _

The first line contains two integers n oand m [1 < <8 0 < m < E%HI — number of vertices and
graph edges, espectively.

Each of the next m lines contains two integers w; and w; (1 < w; < v < n| — edges of the first graph.

The next s lines define the second graph in a format similar to the first graph.

It is guaranteed that each of the two graphs has all edges that are pairwise distinet and that the
degree of each vertex does not exeesd 2.

Output file:

If the graphs could not be obtained as a resnlt of renumbering, output « NOs,

Otherwise, print &Y ES# on the first line.

I the next line print n different integers g from 1 to n, meaning that vertex number ¢ of the first
graph shonld be numbered p;. As a result of such renumbering, identical graphs should be obt ained.

You ecan display each letter in any case [lowercase or nppercase|. For example, the strings «v Ess,
avess, evess and « Y ES» will be accepted as a positive response.

Criteria: 2 points for passing of each test. The total number of tests @5 200
Example:
Input:
32
12
23
13
23
Chut put:
Y ES
132
Inthe example you need to rename verfex number 2 to 3, and vertex mumber 3 to 2 to get identical
graphs.
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Pajo-ctabie rpadin (8-9 knacesr) [/
Rado-inspired graphs (8-9 degree)

Paceyor puy Henyeroe siHoec TEO VT ouel 1 s Homee TEO E JTHHR, co e MHMI0NINE HeKOTO PR e | BOS A0 -
HO, HHEAKHE, A BO3MOM M0, 1T Bee| naps stux rodes. Torga Gyaes waswsars napy (V. F) rpadpoa,
ageseHTH V' — BepmmHAMT rpaa. a saeueHTe E - ero péGpan.

Hac we GyayT unrepecoBarh reoMeTpiieckie cBoficTsa rpafal THHE PEDep, VI Mes 1Y HHMI,
HADMHE HJH OTCYTe TEHE TOURE HX 18 Pecede KIS 0 T.0. — BAsHH TOJALKD HaDOP BEPHINH 0 TO, KaKHe 13
HUX coegunens pefpaviu. Hanpasienme pefipa oas toske He DVIET BAXHO, TO €0ThL Jadee Oy1es pac-
CAMATPHEATL TOJLKO TAK HAZWMEACME e HeOPHeHT HpoBanise rpader, TIpn sros jas affre v eoos nses, 1o
K o0 pedpo coe e T QB¢ PARIHYHE e BepIIHHE [T.e. B rpade HeT HeTean|, 1 anbue 1Be GePUinin
CofTHHEHE He GOJ8e el oJHus peopos [ T.e. B rpade #er kparHux pébep| — takme rpadis nasusanoT
npocTHM . Lates GyieM pace MaTpHE aTh TOJILKD TpocTHe rpadis.

Jdomye i, onpe qeaen rpad [V, E). Toraa ero mogrpadeos 6vaes nasusars Tagoil rpad, xoropuii
MOMHO TOayauTs w3 rpafa (V) E) yaaaenmes mekoTopey [BOsMoXsio, K oo dl| Bepiran 1 Beex Bu-
EOSITHE W5 HEK PEbep.

Mpeaerasus, uro ¥ mae ecth aga rpada — (Vi Ey) w (Ve, E2). Braew nasusars a1n rpade n3o-
MOpP (PHBIME, £CJIH MOMHD VOTAHOEHTE TAKDE CODTEETCTEHE [ MeH Y WX Be PULHHAMI, "IT0

waitgeres Takan sepinna vy £ VY, o flog ) = v

o s Kask Aot sepmmns v € V) fleg) = o € Vy, nonacbopor, e, aam kamaoil sepmmns v € Vi

® ol BEPHIMHEL vy, vy © V) coegumens pefpos, o o sepurmne vy = flog), vy = flue) vy, vy € V3
TOGKE CORJHHEHE PEOpo; H HaofopoT, Te. ecal Bepiiuis vy, vy € Vh coepiens pefipos, To

][i-:lﬂ,ll.:-"lll:'ﬂ TAKHE @9, i & 1"‘3 KoTopee ToXe coelHHeHB ]:Il"ﬁ]:ll::l:!.[. H JJd#H KOTODHX g = f‘[r.'LJ.
Uy = _f['i‘z}

Eyaew ropopurs, uro rpad (V5. E;) Bunosen & rpad (V) B\ ), ecoan rpads (Va, Es) nzouopden nexoro-
pouy noarpaby rpada [V, E ).

Consider a non-empty set of points ¥V oand a set of lines E connecting some | possibly none, and
possibly all] of these pairs of points. Then we will call the pair (V. E) a graph, the elements of 17 are
the vertices of the graph, and the elements of E are its edges.

We will not be interested in geometric properties of the graph: the length of the edges, the angles
between them, the presence or absence of their intersection points, ete. — all that matters is the set
of vertices and which of them are connected by the edzes. The direction of the edge will also not be
important tous, so fom now on we will consider only so-called undirected graphs. Let's also agree that
each edge connects two different vertices (e, there are no loops in the graph|, and any two vertices
are connected by at most one edge (e, there are no multi-edges in the graph| — such graphs are called
simple. From now on, we will consider only simple graphs.

Lets consider some graph (V. E). Then we call its subgraph a graph that can be obtained from the
graph (V, £} by removing some |possibly none| vertices and all edges coming from them.

Lets consider that we have two graphs — (Vi, Ey) and {Va, Eg). We will call these graphs isomorp hic
if we can establish a cormespondence § hetween their vertices such that

o for each vertex vy € V) flyy) = vy € V5, and vice versa, e, for each vertex v € 15 a vertex
ty € V] exists such that file) = v
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o if the vertices o, 09 € V) are connected by an edge, then the vertices vy = flwy), vy = fles)
|trg, 2y € Vo) are also connected by an edge; and viee versa, e, if the vertices vy, vy £ V5 are
connected by an edge, then there are vy ey £ V) that are also connected by an edze, and they
satisfy vy = fleg), vy = filv) .

We will say that the graph (15, E;)is embedded in the graph (Vy, E,) if the graph (V5, £2) is isomorphic
to some subgraph of the graph (V7 E).

Jagaqa 1. (10 points)
CKOJIBKO CYNECTEYET PA3MIHE X | 1.8, Hensomopguux apyr apyry | rpados, coge paan ux no 5 se pumn?

Hew many different [f.e., non-isomorphic to each other] graphs with 5 vertices are there?

Pemenne., Boobme, EuHeIe HHE KOJHUIECT B ][I."]['SIIZI:;[IIII]IIEIZI][]:[}L HpocTHX ]']]':'l[l]lf]]i C S3alaHHEA K-
JUMECTEOM BePIIHH — 3ajJa'a Ha VIHETe HHE He TTROCT ail. m]"fl'l'l:]l[,‘-' ME PENTHM 68 VIIOPHIOMEHHE M e -
ﬁEJ]JU}.[. Tear BoJee YT B OHALIHY ]']J':'LIIIJ':'L\L ﬁ,‘-'.'l.lf"'l' BCETD IO 0 B2 PIIHH,

Mo Ho cocTagHTh 5 -5 -4 = 10 ap U3 5 BePIIHH, T2, 50 AKE UM ATL HOP BO MO HOe KOJTHYer TEO ]fﬁf"]l

]
pasuo 10, Ouyepniamn, ecTh TOMLKED oJun rpad o 0 pidep o 3 Be pIomHam;

Tawme CYIeCTEVET JTHITE OJQHH ]']1':1['] [3A8CE W JaTee — ¢ TOYHOC TR 10 ]['3(]1[[]]3(']]['31[ al o 1 ]]I."'ﬁ]][]:n[i

Herwpe rpada ¢ Jun pedpanm:

——

Hlecrn rpadios ¢ d-ua pedpasm:

— b= [ —

r-}r);“‘l :

Hlecrs rpadior ¢ G- peo pasim;

e [ < S

—

I'padm ¢ G (1 Gooee | sepiiHiasy paces aTPHEATE He OTPeGve Tes, 100 KOALEY OHH IOV TaKTe st 13
TH. noaHoro rpadia (Te. cofgepiamern Bee BO3MoGKHEe peOpa, B Hawes coyuae — 10 pefep| voaatenn-
eul PEQeD, COOTEETCTEVIOUHY vie mepeniee nuuy rpaday . Tak, nanpusep, rpados ¢ 2o pébpauu
CTOULED e, KoLK rpados ¢ 10 — 2 = & pédpan.

Hrak, nerosmoe aneao pasio 214+ 1+ 2+ 446) + 6= 34

Epurepnn oueHNEAHNS !

® OTEET HeBepHRT — 06 Aok
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# OTEET BepHEE — 10 Gammos.

Solution (ENG), By the way, calculating the number of non-isomorphic simple graphs with a
given number of vertices is a surprsingly difficult task. Therefore, we will solve it using an ordered
search, especially since onr graphs will only have 5 vertices,

You can make _L, +0 -4 = 10 pairs of 5 vertices, Le. the maximum possible number of edges 5 10
Obvionsly, there is only one graph with 0edges and 5 vertices:

There is also only one graph [hereinafter — up to Somorphism | with 1 edge:

Four graphs with 3 edzes:

8 s 8 L] ’II’ - L] .R:—' L
A -
Six graphs with 4 edges:
= - . |-:I—l . I/-H'“:I -
w
- . .
Six graphs with 5 edges:

g ~

I_."'\-\._
L] .___';I
—
Graphs with 6 [or more] vertices do not need to be considered, sinee they are obtained from the so-
called. a complete graph [fe. containing all possible edges, in our case 10 edges | by removing the edges
corresponding to the ones from already listed graphs. So, for example, there are a8 many graphs with
2 edges as there amwe with 10 — 2 = 2 edges.
By that, the required number is 2- (1 + 14+ 2+ 4+ 6) + 6 = 34

Criter ia:
o the given answer is incormect — 0 points;
o the given answer is correct - 10 points.

Answer: 34

3agaqa 2. (15 points)
[Tpuee qure npuvep rpada &, KOTOPRL coQe EHT BeR BOSMOM HHE HEH3OMOPGHE e APYT Apyry rpadu
"3 4 BePHIMH B KaUecTEe BJOHE HHH X,

Give an example of a graph & that contains all possible non-isomorphic graphs of 4 vertices as its
embedded ones.

Pemenne,
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Solution (ENG).

Kpurepm oneHHBAHNS !
® HET pelne s, JHio oHo Hepastopso — O Ganos;
® L IpHEe AeHHE§ rpad soomens wexoTopue rpade Ha 4 sepmnnax — § DALIoE;

* EnpuEe fenns il rpad saome e moTH Bee |38 HeRII0 MeHEe s 01007 0- 157 X rpadi na 4 sepummax
— 10 HaTIoE;

o BpuEe feHHE i rpad goomens gee rpadi va 4 pepiomnax — 15 Danios;

Criter ia:
o there is no solution or it is illegibie — 0 points;
o the given graph confains some graphs with 4 vertices — 5 points;

¢ almost all [with the exception of one or twao | graphs on 4 vertices are embedded in the given graph
— 10 points;

o all graphs on 4 vertices are embedded in the given one — 15 points;

3agaqga 1. (25 points)
Kakoe HamMeHblIee MHeA0 BEPIITHH MOMEeT colepmarb rpad & onucannuit s npeawaymeit sagaqe?
Orrser obocyiiTe.

What is the smallest number of vertices that the graph & from the previons task can contain?
Explain vour answer.

Pemenne, Cymecrsvior 11 nonapio sensosmopduux rpados ma 4% BepimmHax [cu. penexme
sagatn 1 1 4-X BEPUIME H MaKeHM aTLHOTO KoJMuecTBa pébep, pasuoro O = 6. [puuep rpaba G
Ha 8§ BePHIMHAY NIPHESIEH B DEILEHHR 381898 2; ocTATOCh JOKA3aTh, UTo HHKakodl rpad na 7 sepumnax
HE VAOEJIETEOPSIET VeJoBHIO |OUeEHARO, ecid @My VI0BIeTEopie T Kakoli-ro rpad o b < 7 seprimnasm,
To gobastennes K nemy (7 — k) sepumn Ges pefep rakse noayaus rpedyesuil rpady ).

Cravata saMerTs, 1o noganuit rpad na 4-x Bepimmnax qoasen GuTe moarpadoy ) npr sToM B
HETO HE BAOGKEH IHET H3 4 BepIHH, DoaToMy HeolxoAnsMo 1o0aBnTh enle He MeHee 2-X BepIIHH K Ve
HALEIO T HACH!

Hrobu moayauTh enveroiis (He cogepaanuil pebep| rpad n3 w30l pameHHOr o BHIE, TOTPeOYeTes J0-
QABNTL He MeHee 2-X BePIIH, IT0 Ae/a8 T obnies UHeI0 BepIinH PaBHEM 5,

Ecom 61 upsa aauue 4 maes Beero odHy o0y BepIuiey ¢ HoaHeEs rpadoss ga 4-x seplimsax, 1o
BEMECTE OHM HAMe I OW T BePIOHH, WU BJGS eHHOe TH Tve toro rpada mouagofiinoes 6w 100 aBnTh e e
Kak s yar 1 sepumny. JJoKasaredbeTEo 3 ase PIeto.

Kpurepm oue HNBEAHNE
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® HET DENEHES (B TOL ecJil DPHES 1eH ToJOBKD oTEeT| — 0 Gaiios,
® JaHE OTEET 0 Hpiaep — 106 anmos;
* NPHESICHA BepHad onenka — 15 6 arnos;

® [[PHESIEHE BepPHHE OleHKa M IIpHMep — 25 OAI0E .

Solution (ENG ), There are 11 pairwise non-isomorphic graphs on 4 vertices [see the solution of
task 1 for 4 vertices and the maximum mumber of edges equal to {;] = 6G). An example of the required
graph ¢ on & vertices is given in the solution of task 2; it remains to prove that no graph on 7 vertices
satisfies the condition [obviously, if some graph with & < 7 vertices satisfies it, then by adding (7 — &)
vertices without edges to it we will also obiain the required graph).

First, note that a complete graph on 4 vertices must be a subgraph of ¢, and it does not contain a
cyele of 4 vertices as its embedded one | so it is necessary to add at least 2 more vertices to the existing
OIes

To get an cempiys (Le. with no edges| graph from the one shown above, you will need to add at least
2 vertices, which makes the total number of vertices squal to &

If a cyele of length 4 had only one common vertex with a complete graph of 4 vertices, then together
they would have T vertices, and it would be necessary to add at least 1 more vertex to get the empty
graph as embedded one. The proof is complete.

Criteria:
¢ there is no solution (or if enly the answer is given| — 0 points;
o the answer and example are given — 10 points;
o the correct estimation is given — 15 points;

o the correct estimation and example are given — 25 points,

Answer: &

3agaua 4. (50 points)
Orpanmaenue 1o spesean: 1 cexviia
Orpannuenye o massru 256 Mo

Y Humre OuI0 QEa 0QHHAKOEW X Heo PHEHTHPOE AHHE Y TPpadia 13 0 Be PO 0 oor Pe0e), Be PO
rpadioi TpoHY e POEAHK PATIHUTHE ALK TEJI A HeTaan or 1 a0 .

asuypy He DOHPABIOCL, TT0 TPafi OUHAKDEME, W OH IePEHYMEPOEAT HOMePa BePITHH 118 PEOro
rpada uponzEoarHEy obpazou. B opesvikrarTe nmepeHyMepanui, HoMepa BepIiHH nepsoro rpadga gee
EIE SEJHIOTCH PATJIHTHEME NeJHMH THeas i o1 1o .

Bau aanw wroroswe aga rpadga. Tpedveres OpoBepiTh:, MOTJIH JOH 9TH Fpafel IOV UHTLCH B pe-
IVARTATE e PEHYMePAHE, H e peHy Me[0EaTL BepInHiE nepioro rpada obparno, arofs Doy imines
oAHHAaKoBERe Tpadin,

Input file:

[epeas cTpoka coje e T a5 a neauy aueaa e wm [1 < n < 8 0 < m < ﬂ%ﬂl — KOJH'eC TED Ee PHIH
o pedep rpadol cooTEeTC TEE HHO.

Kasaasm ua coedyionuy m o7 pok coJepanT AEa Ueauy ameta w 0oy |1 < w < v < n) — pelipa

nepEoro rpafa.
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Coe aviomue e o TpoK 3aganT sropoil rpad & duopuare, aparor wrHos e pEosy rpady.

Fapantupyercs, 1o ¥ Kamaoro w3 Ay y rpados see pedpa o mapHo pas I R .

Output file:

Ecomm rpads He Mor/ Doy iTEel B pesyiLTare Depe HyAepanun, BMEe JuTe « N,

HMuaue, 5 nepeoil crpoke BMee ure <Y ESs.

Ha caeayiomed crpoke BHEe JHTE 1 PAUITHE Y DEIHX THCET o o7 1 10 0, 03Hamaoms, 1o Bep-
HIMHA ¢ HOMEPOM § mepeoro rpada qosgna moay s mosep p. B opesyisrare vakofl e pemny ae paiim
J0UTA HEL TT0JTY THTRCH OHHAKOER e Ipadi,

Brl mooiere BMEQINTL KA Vi OVEEY B JI000M PperdcTpe [oTpoiHy o wian 3artasnyio|. Hanpusep,
cTpokH &y Ese, eyvess, aYese o YW ESs DyayT npHHSTH KAK DOJI0AHTE ILHE T 07 BeT.

KPHTEPHH OUEHHIBAHM AT 3a Kai AV MOA3a0a ey Ha'lTHOJ DA TCH TOJORKO B cJayiac, oo JiH
ECR TeCTH JLIH 2 Tofl 1003 a1aUi 1 He 000 HAMK X 1013871 a1 VORI HD TRaii e b .

Jomo THRTE IEHBIE Heobxogumeie | FMadopymanna
Iogzagaua | Bannw A paran
OrpPaHHYE HHE Moa%a JaMH 0 NpoBEPKE
il 0 TeeTw H3 yeaosus TICLTH A

rpad SEAsETCS 10 PEE L,
1 G CTEIEHE KA 10f Be POIHHE e pEas olHhKa
HE HpeBoexoaur 2

Erpafe Her DHKI0E,
2 11 CTeIeHE Ka Joi Be plIiHeN 1 e PEAST OITHOK A
HE MPeEoCN0InT 2

FAPAHTHPYE TCH, "ITO A0M HO
3 16 HNepeHy e POEATL POEHO 1B 1e PEas OmHbE a
BEPHIMHE T2 PEOro ]']Ji‘L[I]':I

4 17 HeT 11— 3 e PEAS OITHOK a

Example 1:
Input:
32
12
23
13
23
Ouatpat:
Y ES
132

Example 2:
Input:
44
12
3

o

e
L )

[
e

14
Ouatpat:



u YHUBEPCHUTET MexayHapogHas onumnuaga «lnnopolis Open»
I MHHOMONUC no npocunto «VICKyCCTBEHHbIN UHTEMMNEKT,
2023/2024 y4. o

NO

B nepsos mpHaepe HY#HO Tepe HMe HOEATE BepIMHHY ¢ HoMeposl 2 5 3, B BePUIMHY © HoMepos 3 5 2,
W oBE 0T UHTE OQHEAKoERe Tpadiu.

Bo gropoy npmdepe mepEi rpad — nuEa JauHd 4, a BTopoil — UHESD AOHHE 3, K KOTODOMY 1101-
EelIeHa 0HA BePUIHHA, [T037T0MY HETR3 5 10000y THTh BTopoll rpad 15 e peoro mepe iy epa e i Bepuri.

Time limit: 1 second
Memory usage limit: 256 MB

Nikita had two identical imdirected graphs of n vertices and m edges; the vertices of the graphs
were numbered by different integers from 1 to n.

Ilnur didn't like that the graphs were the same, and he renumbered the numbers of the vertices of
the first graph in an arbitrary way. As a result of renumbering, the vertex numbers of the first graph
are still distinet integers from 1 to n

You are given the final two columns. [t is required to check whether these graphs could have heen
obtained as aresult of rennmbering, and to renumber the vertices of the first graph back so that identical
graphs are obtained.

Input file:

The first line contains two integers noand m |1 < n <8 0 < m < %I — number of vertices and
graph edges, wespectively,

Each of the next m lines contains two integers w; and o |1 < w; < vy <5 i) — edges of the first graph.

The next m lines define the second graph in a format similar to the first graph.

It is guaranteed that each of the two graphs has all edges that are pairwise distinet.

Output file;

If the graphs could not be obtained as a result of renmumbering, output « NOs,

Otherwise, print «Y ESs» on the first line,

On the next line print n different integers p; from 1 to n, meaning that vertex number ¢ of the first
graph should be numbered p,. As a result of such renumbering, klentical graphs should be obt ained.

You can display each letter in any case [lowemase or uppercase|. For example, the strings <y Ess,
svese, «¥ess and «YVESs will be accepted as a positive response.

Criteria; points for each subtask am awarded only if all tests for that subtask and the required
subtasks are successfully passed.

. Infor mation
Subtask | Points Add}tlclmal Necessary about
restrictions subtasks .
che cking
i i Tests from condition complete

the graph is a tree, the
1 i degree of each vertex does first error
not exceed 2

there are no eyeles in the
11 graph, the degree of each 1 first error
vertex does not exceed 2

(2]

it is guaranteed that

3 16 exactly two vertices of the

first graph can be
renumbered

first error

4 17 10 1 — 3 first error
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Example 1:
Input:
32
12
3
3

[ ]

3

Ot pant:
Y ES
132

Example 2:
Input:

e
=

-
[ e

14
Clutput:
N

In the first example, you need to rename vertex oumber 2 to 3, and vertex number 3 to 2 to get
identical graphs.

In the second example, the first graph 5 a cvele of length 4, and the second 5 a cvele of length
3, to which one vertex is suspended, so it 15 impossible to obtain the second graph from the first by
renumbering the vertices.
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Yeranetit anaanTuk (10-11 kanacesr) |/
Tired analyst (10-11 grades)

PUECHPOEAHA TPAMOYTOLHAS CHCTEM A KoopAuHAarT. Byies HasMBaTh TOMKY © KoopAHHaramu [z, y)
e poil, ecan o,y = .

B HeKOTOPHX eI X TOTKAX CTOHT MAMUKH, 8 B HEKOTOPH X — JaTTHRN [B KA 00 1egodl Touke — He
foJee 0JHOTO YeTpofic TEa J000ro THITA|, M 38 BCEM 3THM 00 CTOPOHE HaDmw1aeT agaanr s, Kok juii
MASIOK KAV 0 MHEYTY cOoBIaeT ECeM JaTUHEAaM IDI0CKOCTH ROl soopannars. Jaraukn, B csomo
OUEPE Ak, CHOCOGHE TPHHATE KOOPIHHATH ECEX Masg'TKOE H 3HAT CEON KOOPANHATH B M0G0il MoMeHT
EPEMEHI,

[k AYI0 MHEy Ty Kas AWl JaT iR $ToJ0cyer s, 7.0, coobIiaeT aHaliTHKY KoopauHaTs Oamsafinero K
cefie MATIKA [ee/I TAKHY MASTKOE HECKOJIBKO , JaTHK conbIiarT KoOpIHHATH OQHOTO U3 HHX, BHMOpaH-
HOTD ey aiino.

B wamc sl 1aring Ber PORHE C e 1Y 00He gy HEIHH BR e TeHI S Pace TOSHIS Meay toakan Az, i)

u Az(xz, 42 ):

o esxmgosa; dy{A;As) = f(z) — 22)* + (11 — )

) ol n n
o cynep-eskaosa; d, (A, Ax) = ‘C.'" j#y — To| + |pn — ga| Ans saganHors AHATHTHEOM HATypaih-
HOTO iy

o yanxarrencram dp( A ds) = |r1 - _1'2| + |:i‘,r:| - y;;l;
o pastosepHat do (A A;) —1mm{|_¢', — r?|. |m — y»_.|}.

[ VAMOITAHHKY HEITOARI YETCH eRKJIH0E a EI]}'][K]L}{}[. HO AHATHTHRE MOGKET Hepe KO0 aTrkh aToT HapaseTp
¥ BOEX JAaT"MHEOE OJHOBEPeMEHHO.

AHAJIHTHE, ﬁ}','l.:-"[]-{ VOTABHIHAL, He MOGeT CJOeJHThL 5348 confne HEHME 0T BeeX i JaT HEOR, a K IV
MHHYTY ]3]:{5}{]'.:":1!."1' H3 HHX ][ﬂﬁﬂ]’,‘l us k IWTYK H SATHCHEACT KOOPJIHHATH , 58 KOTOREE 000000 OF 800 &
OOMLITHHCTBO JATUHEOE M3 3 TOr 0 ]['il.ﬁ[]]l'il | IPH paBeHe TEE FoJoCoR aHaIHT HK ]‘i]:[ﬁ]-{]l'il.lf"'l' J0E R E Koo H-
HATH , ]['rlﬁ]il'r]Ji]I[]-{lf" HAHOOALIIEE THE IO € TOJ0C0ES | — TAK aHATHTHE MOJTY "TaeT TOYKY P; na MY "IeHHRE X
TaKHM Eilfl-l]il':'l.'il::I:'.[ TOMCK CTPROHTCH IMOCJaedoBare / ThHOCTL P].Pg. vaa C'I'H]JEIJ[E']: OHTh fil."IZ'][]JHE"I']:IEI.I:"I'][]:{:'.[.
}'E"I'EIJS]I[]-{H AHATHTHE Kok AV MHHY TV ]3]:[5]-{]]':1["'1' ]['r.'l.ﬁ[]]] Hi & J1aTUHEOE, KOTOPR A HMeeT Kak MoHHoD
MEHRIDECE HepeceeHHe © IPe IR VI HM ][EII’IIE:I]JIIII).[. HPH 3TOM HOJHOCTRE D NOBETOPRHT L ][ﬂﬁi]]l]:{ FEATTTE T HO

The cartesian coordinate system is fixed. We will call a point with coordinates (. y) infeger point
ifz.yek

Some integer points have beacons, and some have sensors [at each whole point there i no more
than one device of any type |, and an analyst watches all this from the outside. Each beacon reports its
coordinates to all sensors every minute. The sensors ame able to receive the coordinates of all be acons
and know their coordinates at any time,
Every minute each sensor evotess, Le. informs the analyst of the eoordinates of the beacon elosest to
itself [if there are several such beacons, then the sensor reports the coordinates of one of them, chosen
at random]|.

Each sensor has the following funetions for calenlating the distance hetween points Az, y) and

Azl y2):
o euclidean: da(AyAz) = /(21 — 22)* + (1 — w)*

. { L )
o ssuper-cuclideans: da{Asdz) = {I.-' |r1 - J“3|" + |y1 - :i-.r9_|IE for a positive integer i determined by
the analyst;
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e manhattan: d,{4,4;) = |.i.'] — .1'2| =+ |3.r; — y2|;
o uniform: d(A;Ay) = max{|x; — za|. |y — |}

By defanlt, the Enclidean funetion is used, but the analyst can switch this parameter for all sensors at
oace.

The analyst, while being tired, cannot monitor messages from all n sensors, but every minute he
selects aset of bof them and writes down the coordinates for which the majortty of sensors from this
set evoted = [if the votes amre equal, the analyst selects any coordinates that received the largest nmmber
of ¢votess] — this is how the analyst gets point P; from the points obtained by this way, the sequence
P Paoocts construeted, Tryving to be impartial, a tired analyst every minute selects aset of & sensors
that has as little overlap as possible with the previous set, and complete repetition of sets is prohibited.

3ana4ua 1. (10 points)
Ivaxoe wanfioannmee THe 0 MHHYT Yerais il aHa i TR calomeT Jerath coio pabory T Ha muoekoeTi pac-
Hoaose HE 12 AT KOs, 3 KOTOPH X AHATHTHE Kas V10 MHHY TY BHOupaeT 7.

What is the greatest number of minntes that a tired analyst can do his job? There are 12 sensors
on the plane, from which the analyst selects Tevery minute.

o M n=12nu

Pemenne, Koanuecrso cnocofos suipars k jaraukos w3 n pasao OF =
k=7 noayaus O, = 792

Kpurepmn oneHNEAHNS !
* OTEET HeBRpPHEI — 00 anios;

® OTEET BepHEI — 10 Hanme.

Solution (ENG). There are (]} ways to choose ksensors from n given. Thus, the required number
is {’5':"} = T92.
Criteria:
o the given answer is incorrect — 0 points;

o the given answer is correct - 10 points.

Answer: T2

3agaqa 2, (20 points)
Aee dynnun pace tostms . f2 HA3H B AIOT 03 9 KEUEATE HTHE M, eeai cymectsyor a, b = 00 a- (A4, As) <
FelApds) < b filApAs) ana modux roues Ay, A,

CIeE Mo | TaK HAZWM BACM AL &0V HeP-2 BKIMA0EAS (hy K Pace TOSHIH, BCTPORHHAS B AT DK, TPH
o= 1CoBNajarT ¢ MamaTTeEHCKO, a npi n = 2 —¢ esRanoBoil. Lag kakux nap (m,n) @y ugunn d,,, d,
akBHBATe HTHE 7 [IpH KaKHX HaTYpadbHe X n SEID0Tes aKEEa enTHe i pvaknun o, wd 7 Do was-
Aodl mapH IKEHEATE HTHH X iy HENHIT YEasuTe cooTEe TeTBY omue (a.b), npi neolxo usocT i OKpyTJInE
Hx Ao coTHx, Orser obocHyire.

Two fanciions [(for caleulating distances| fi, fz are said to be equivalent if there are some a. b = 0
such that a- fi{A;dz) € fold14:) <6 fi(AyAs) for any points 4, As.

Obwiounsly, the so-called ssuper-enclideans distance funetion coineides with the manhatt an function
for =1, and with the enclidean function for » = 20 For what pairs of positive integers (m,n) are the
functions o, d, equivalent? For what positive integers noare the functions &, and o equivalent? For
each pair of equivalent functions, determine the coresponding pair (a,b), ronnding them to 2 decimal
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places, if necessary, Explain vour answer,

Pemerne, Cuauana cpasaus o, w oo,

dn = 3|21 — o] + |t — ol < t/:-‘!- (max{|r, — za|, |y — wo})" = V2 - o

[Tpu arom

do = max{ |z, — xz|, | — 1|} = {f’l{ max{ |z, — xa|, |th — yzl]}n < Yz — 2" + | — " = dy
Hrak, aas ooforo HATYPaILHOTO 1 BHI0IHEHD
do < dy < V2 d,
re. dyaknun d wod, SKEHBATEHTHE 108 00070 HATY PATEHOTO 1, 1 COOTEETCT VIO ad napa (a, b) =
(1, +/2). 15 sroro caeayer, wro

d.l ;!

S d‘:ﬂ S ‘f.lli'

&=

OTEY1a

dﬂt n

¥

= = 'rfﬂ = V'(E" dnt

V2
AJI BeeX Iap I{Tilt. I‘:} HaTYPalbhHE X THeeT, T.e, iy Wi, BCETA SKENE ATEHT HEL, W CO0TES TCTEY 10111 asd Hapa

_ 1

(a,b) = (<5, ¥2).

Epurepun ome HUBAHNE
o HafiieHe aKEMBATeHTHMe o . d, — 2 Danna;
® LB HATIEHHE Y 9KEHE ATPHTHH X dyy,, o, Halliens coorsere TEY wonme nape {a, i) — 2 Gamaa;

® L HAAeHHE Y SKBHBATCHTHH X o d, 0 cooTseTeTBY0mus nap (o, b) npuse oo seproe oboe-

HOBAHHE — | G 0 ALI0E;
® HaileHW sKEWEATeHTHHe o, d.. — 2 Hanrna;
o L HATLIe HHE X IKEHE ATeHTHE X oy, d. Hafliene cooTEeTe TEY oiHe naps {a, b} — 2 Gamua;

# L HAlJPHHE Y 9KEHE ATEHTHR X dn.ﬂ‘x H COOTEETCTEY IONTHX ITap {rl‘.'l:. El]' NPHES JeHD Be PHO? oo -
HOBAHWE — G 0 A7100E;

Solution (ENG), First, lets compare o, and . :

dn = V|70 — T2l* + |1 — wa|" < i‘f'f?' (max{|r, — za|, [y — wo})" = V2 o

Alsn

do = max{|z) — zaf, [ — wal} = {f’( max{|z, — zal. [y —wel})" < Ve — 22" + 1 — a]* =
By that, for any positive integer n we have
'rfx = I)f:n. = ﬁ ! dﬁc

thus the funetions d.. and &, are equivalent for any positive integer n, and the corresponding pair

{a.b) = (1, +/2). It follows that
d.lli

E dﬂt E d.lli'

b
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where
dﬂt

for all paims (me, n) of positive integers, e, d,, and d, are always equivalent, and the corresponding pair

(a.b) = (5. ¥2).

':_-':'rfn E: ﬁ'dm

Criteria;

o found equivalent o, d, — 2 points;

o for the found equivalent o, d, the corresponding pairs (a,b) are found — 2 points;

o for the found equivalent d,, d, and corresponding pairs (a,b) the comrect solution is given — —0G
poinis;

o found equivalent o, d.. — 2 points;

o for the found equivalent o, d.. the corresponding pairs (a,b) were found — 2 points;

o for the found equivalent d,, d.. and comesponding pairs {a, b) the correct solution is given — —0G
points;

Saga4ga 3. (20 points)
Ha eaeaywomuil 1eHL aHATHTHE GHJ OT0KHY BUIMAE T AIHHYT D0JPH] passep BMOHPasyoro Ha Habopa
ORI paged o0NIeMY KOOHUeCTEY JaT UHKOE, M VOJIOEHE &He HOBTOPSTE Habo i » AHATHTHE, KOHe U Ho, He
cobmogad, o dyurno pacerosmns we denstn Takse H3gecTHO, 970 B TeMeHHe 3THX § MHHYT 0JHH 13
AASUTHOB KA VIO AMHYTY [epe qeurases Ha 1 amdo sgepe, aubo BHHE, JH00 BIPaBo, b0 BIeBo | Hae s
BEOGACGHOC Th M EHATE HAITPARIE HHE K Ad Y 10 MEHYTY |

Jlas Kam qoro Hary parkHOro § IIpHE e IHTE TRPHAE D PACIIoIoe HIT MastiEoR, JaTOHKO R 1 IO J0EL-
TEJIWHOCTH 1B HAEHIS 0JHOT 0 U3 MANTKOE, TPH KOT0 PR 00V U HHAS AHATHTHEOM 10008 108 A TeILHOCTh
F.PR. ..., Fiococrosaa w3 monapio pazanmsy rodek, Lo kaknx oo gosaomio? SaEHcHT JH 0T BeT
o7 subopa hvakuun paceromins? OObae HuTe ceoll oTEeT.

The next day the analyst was rested: for ¢ minutes in a row, the size of the set he selected was
eoual to the total number of sensor, and the analvst did not comply with the condition «do not repe at
getas, also he did not change distance function. It 5 also known that during these £ minntes one of the
beacons moved 1 either in right, left, up or down direction (having the ability to change direction every
minute].

For each positive integer ¢, give an example of the locations of beacons, sensors and the sequence of
movement of one of the beacons, in which the sequence Py P F; obitained by the analyst consisted
of pairwise different points. For what £ 15 this possible? Does the answer depend on the choice of distance
function? Explain vour answer,

Pemenue. 3aduscupyes KoOMYecTEO JaTMHKOE & B UIHTeILHOCTE Habmotenus £ Iyers m -
HEKOTOPOR HATY PATRHOE THEA0, He MeHbies 70 f - BROpanas anamnr mos dy BRI pace Tostmus.
Pacnogomny Bee JaTdHkd B KBajgpare S) co cTOpoHOf m 0 NeHTPoM B HeKoTopodl (He ofgsaTeis oo
nedaoft| Touke O NoIBHAHWEE MASTOK e peMelas el 0o e PHMETPY KEajpaTa Sp ¢ TeM e 1eHTpoM
u croponoil a = max{[#/4],m + 1} | [z] ofosnatast HauMeHBIIES MEJ0E MHCA0, HE MeHBLee I|; Boe
HEMOAEHKHEE MASTKH PacIio o UM CHAPYH KEaipara S; ¢ Tes e uenrpou O u croponoft b =
2o+ 3m+ 1 [CTOPOHE BeeX TPEX YHOMSHYTHX KEaJAPaToE HapalieibHE KoOIHHATHHM ocis |, TIyeTs
r— HaboJIBIIee BOIMOGHHOE PAcCcTOSHHE OT JaTUHKa 0 NOJIBMMHOTO Maidka, a B — Hanuenninee
pacc TOAHHE OT JATIHEA 10 HeI0EHAHOT0 M ASKa.
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T R ¥

Sy

[Tpa sa 1 aHHBR MOJ0HE HILEN MasIROE 0 JATIHEGE B Kk Wi MoMent speate i S0ss affims § onobouy
JAATUHEY OVIeT DOABHMHE MAaNoR, KOOPIHHATH KOTOPoro OVAVT MeHSTLCH KadiIvio MHEHYTY 1 He
HOBETORATES Ho Kpaiinefl dMepe 3a nepsde £ MHEYT Habawo1enuil — takiy ofpaios, moce 10EaTelL  HoCTh
PP, ..., Fi fivaeT cojlepialt DOHapHO PaziiiEe Touk.

Herpyano BHAeTE, UT0 IDKAIAHHMEE Ha PHCYHKE v 0 A SBISIOTCH COOTES TCTESHHD HauDOILIII |
HAMMEHE I W3 BOSMOMHEY — 3HAUMMT, OCTAJ0CL JoKazalh, uro f = r o awboll suipannoi [
R = *"T'“ M, COMMACHO A0KA3aHHOMY B Pelledms sajatn 2, r < 2. 2 53 sroro coaeayer, UTo s

R = rorpefyvercaa+m < 52 re. b= 20+ 3m, 9T0 cOOTEETCTEYET BHOPAHHMM Pa3iepad KEAIPaTOE.

Mraw, g mobux i f naliie res Tagad pace TAHOBK A J1aT THEOE 0 MaIEos, o roukn P, Py, F
BVAYT HOMAPHO DAt e Hes agme Hyo o1 subopa f.

Kpurepun omeHHBAHNE

o BepHO Haligenw Tpedyesue sHauenus - 0 Danna;

® JlaH BepHMID oTEeT Ha Bonpoc npo sMbop £ — 03 Gamna;

® IPHECIEHA BePHAS CTPATeris 40 Jotoro o qe Ja8 moboii f - 0§ Garios;
® IPHECIEHA BEPHAS CT paTeriss 40 antodl f,owo xe awboro £ — 05 Baios ;

® IPHEEIEHA BePHAS o7 paTerist s poowx ¢ f — 0 14 Ganios.

Solution (ENG). Lets fix the mumber of sensors nand the observation time ¢ Let m be some
positive integer not less than /% f is the distance function chosen by the analyst.

Lets place all sensors into a square 5 with its side s oand its center at some (not necessarily integer)
point € a movable beacon moves along the perimeter of a square 5% with the same center and side
a = max{[t/4].m + 1} ([#] denotes the smallest integer that is not less than x|, we place all fixed
beacons outside the square S5 with the same center ¢ and side b = Za + 3m + 1 [the sides of all three
mentioned squares are parallel to the coondinate axes). Let r be the