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11 kaace

11.1. JTokazaTh, 4TO €CJIU JJI1 TPEX HEHYJIEBBIX YUCEN X, Y, Z BBHINOJHSAIOTCS PaBEHCTBA

x+%:y+%:z+%,mnn6o X=y=2z,mbo X’y’z*=1.

1 1

Joka3zaTenbcTso. [Ipeo6pasyeM paBeHCTBA B YCIOBHU. X+ — =Y+ = <> XYZ+2=Y°Z+Y,
Yy z

MoCJIeTHee SKBUBAICHTHO YZ(X —Y) =Y —Z. AHAJIOTHYHO, U3 BTOPOT'O PAaBEHCTBA MOTy9IaeM

1 1

ZX(y—2) =z —X u U3 paBeHCTBa X+ — =Z+— moiydaeM XY(X—2z)=Yy—X . IlepeMHOXHUM Bce
y X

Tpu paseHcTBa X Y°2% (X — Y)Y —2)(X—2) =(y—2)(z— X)(y — X) . Ecu xoT4 651 01Ha cKOOKa

paBHa HYIIO, HAPUMEP X = Y, TO U3 paBeHCTBa YZ(X—Y) =Y —Z clleayeT U Y = Z, B 3TOM

ciydae X =Y =z . Ecnu Hu o1Ha U3 ckoOOK He paBHa (), UX MOKHO COKPATUTh, TIOJYYUB BTOPYIO

BO3MOJKHOCTh X°Yy°z° =1.

Kpurtepuu nposepku. (o) Cnenano nmpeoOpazoBaHue X + 1 y+ 1 S yI(Xx—-y)=y-z:2
Yy Zz

Oasa (@) BeimoaHeHO epeMHOKeHHE TPEX paBeHCTB: 2 Gata. (@) [lomydeH mepBslii ciydait

X=y=2 :16am. (e) ITomyden Bropoii ciayuait X*y?z®> =1: 2 6amna.

11.2. JIBe okpykHOCTHU TepeceKkaroTcst B Toukax P u Q, nmpu sTrom nentp O, nepBoil OKPYyKHOCTH

JIEKUT BHE BTOPOH, a ieHTp O, BTOpOH OKpYXKHOCTU- BHE nepBoil. Ha mepBoil okpy:KHOCTH BHE
BTOpOHM BBIOpaHa MPOU3BOJbHAs Touka A, oriauuHas oT P u Q, uepe3 He€ NpPOBEACHHI JIBE
npssmeie AP u AQ, mepecekarorue BTOpOMl pa3 BTOPYK) OKPYKHOCTh B Toukax B m C
COOTBETCTBEHHO BHe nepBoil. Jlokaxkure, uto npsimpie AO, u BC nepneHuKyIspHBL.

Joxka3zareabcrBo. [lepnenmuxymnsapaocts npsameix AO, u BC cnemyer m3 Toro, 4ro cymma
BenmnuuH yrioB ACB u CAO, paBra 90°. [lokaxxem mnocneasee yreepikaeHue. O603HauuM
BTOPYIO TOUKY nepecedeHus npsmoir AO, ¢ mepBoit OKpYKHOCTBIO 32 T, OTMETHM, YTO OTPE30K
AT — nuamerp nepBoil OKpYXHOCTH M onuparomuiics Ha Hero yroa APT — npsmoii. Pazo6sém
ero B cymmy yrios APQ u QPT. Yrast QPT u QAT=CAQ, paBHBI, Kak BIMCAHHbIE B NIEPBYIO

OKPYXXHOCTB M Onuparomiuiics B Heil Ha oOmyro xopay TQ. Uersipéxyronsnuk PQCB Brnmcan Bo
BTOPYIO OKPY)KHOCTb, T03TOMY ero yroin QCB=ACB pasen 180° munyc yron QPB, To ectp
paBeH cMmexHoMy ¢ nocieanuMm yriy APQ. CnenoBarenbHo, cymma BenuuuH yriioB ACB u
CAQ, paBHa BenuunHe npsiMoro yriaa APT, o ects 90°, uTo U TpeGoBaIOCh 10Ka3aTh.



Kpurepun nposepku. (®) 3amedeHo, 4To nepneHauKynsapHocTs npambix AO, u BC crnenyer u3
TOro, 4ro cymma BeianuuH yrinos ACB u CAQ, pasna 90°: 1 Gamn. (e) 3ameueno, uto AT —

JIMaMeTp TIEpBOM OKPYKHOCTH W omnuparomuiics Ha Hero yroia APT — mpsmoii: 1 Gamr. (e)
[Tokazano pasenctBo yrioB QPT u QAT=CAQ,: 1 6amn (e) Iloka3aHO PaBEeHCTBO YIIIOB

QCB=ACB u APQ: 2 6amna. (e) Iloka3ano, uto cymma BenmnuuH yriaoB ACB u CAO, paBHa
BenuuuHe npsmoro yria APT: 2 Ganna.

11.3. B TypHHpe TO OJUMIHICKON CHCTEME y4acTBYIOT 8 OOpIIOB OJMHAKOBOM CHIIBI, CpeIu
KOTOpbIX ecTb Bacs m Ilers. Mx ciydaiitHpiM oOpazom pa30mBarOT Ha 4 mapbl, IOCIE Yero
nobemuTeNell B KaX 0K Mape TaKkkKe CIyJaiHO pa30MBAIOT HA JBE Maphl, MOOCIUTEIIN KOTOPBIX
BcTpeuaroTcss B (uHane. B kaxIol cxBaTke Kaxaplii K3 OOpLOB MOOEKIAET IPYroro c

1
BEPOSITHOCTBIO POBHO 5 KakoBa BeposiTHOCTB TOTO, uTO Bacs u [lers BcTpersaTcs mexay coboit
B X0JIe TypHHUpa?
1
Otser. —.
4

Pemenne. 3anymepyeM OOpIOB Tak, YTOObI B (pHHANIE BCTPETUIIUCH MOOETUTENb Cpelu OOPLOB
1,2,3/4 u mobemutenb cpeau OopmoB 5,6,7,8, a B monmyduHane — mobOeaurens mapel 1,2 ¢
nobeaureneM mapel 3,4, u mobeautens mapel 5,6 ¢ mobdeauTenem mapsel 7,8. Beero mmeercs 8!
cillydaeB pacrpezeneHuss 8 00puoB mo 3TuM § HomepaM. PaccMoTpum Bce Tpu ciyyasi, Korja
Bacs u Iletst Taku MOTJIM BCTPETUTHCS B TYPHUPE.

1) Bacs u Ilerss BcTpeTwsMCh B MEPBOM CXBaTKe. JTO MOTJIO MPOM3OUTH, €CIIM OHU OBLIN
pacmipenenensl B oaHy u3 map HomepoB (1,2),(3,4),(5,6),(7,8), 4TO MOTJIO MPOUZOUTH
4.2-6!.ciocobamMu — KaIblii U3 HUX B OJTHOM M3 4 map ABYMs CIIOCOOaMH M OCTalbHBIE 6 TI0 6
OCTaBIIUMCSI HOMepaMm 6! criocobamu.

2) Bacsa u Ilerss BCTpeTUIMCh BO BTOPOM CXBaTKE. JTO MOIJIO MPOW3OMTH, €CIIM OHHM OBLIN
pacmpesenieHbl B pasHble mapbl HomepoB {1,2},{3,4} u3 mepsoit yerBépku (1,2,3,4) unm B
pasHble mapbl HOMEpoB {5,6},{7,8} u3 BTOpo# yeTBEpKHU (5,6,7,8) U 0b6a MOOEIUIN B CBOUX
MEpBBIX CXBaTKaXx. JTO MO0 mpousoitu 2-2-2-2-61=16-6lcnocobamu, 4YuciIo KOTOPBIX

11 1
HY)>XHO YMHOXXUTb Ha BEPOATHOCTH E : E = Z BbBIMI'PbIIIA 000HMMH CBOHX IICPBBIX CXBATOK, YTO B

urore maér 4-6!.

3) Bacs u Ilers BCTpeTW/HMCh B TPEThEH CXBaTKe. DTO MOIJIO MPOM30MTH, €CIH OHH OBbLIN
pacnpezeneHsl B pa3ubie ueTBEépku {1,2,3,4} u {5,6,7,8} u 00a mobeamin B CBOUX MEPBBIX ABYX
CXBaTKaXx. JTO Morjo mnpomsoltu 2-4-4-6!=32-6lcnocobamu, 4YHUCIO KOTOPHIX HYKHO

1
YMHOKUTb Ha BEPOATHOCTH Z . Z = E BBIMI'PbIIIA 000uMH ABYX CBOHUX IICPBBIX CXBATOK, UYTO B

nrore maér 2-6.
Cymmy uucen OnarompusTHBIX HCXOJOB BO BCeX TPEX clydasx AeTUM Ha OOIIee YHCIo
8-6+4-6+2-6! 8+4+2 1

8! 7-8 4’
Kpurtepuu nposepku. (®).Paccmorpenue Tpéx cinydaes: 1 6a. (o) BepHast cxema
KOMOMHATOPHOTO MOJICYETa KOJTMYECTBA BO3MOKHBIX CIIydaeB B KOXJIOM U3 ciy4aes 1), 2), 3):

BOBMO)KHOCTCI\/‘I, MoJry4acM OTBCT:

no 1 6amty 3a kax/plii (@) BepHoe yMHOXKEHHE Ha 1 " 6 BO BTOPOM U TPETBEM CIIydasx: 1o 1

Oaity 3a kaxbid. (@). BepHoe neneHne cyMMBbI Yncel O1aronpusTHBIX HCXOJIOB BO BCEX TPEX
cllyyasix Ha o0l1iee yucio BO3MOXKHOCTe: 1 Gait.



11.4. Haiitu Bce HarypanbHble N Takue, uyto yncna 4N —3 u 9N +1 sBIsrOTCS KBajgpatamu

HATypaJIbHBIX YHCETI.
OtBer. N=7.

Pemenne 1. O6o3naunm 4N —3=x* u 9N +1=y?, Torma 4y® —9x* = (2y +3x)(2y —3x) = 31.
Yucno 31 pasnaraercs B INPOM3BENEHHME JBYX HATYPaIbHBIX MHOXKHUTEIEH €IMHCTBEHHBIM
criocoboM, mostomy 2y +3x=31, 2y—3x=1,otkyma Xx=5y=8 N=7.

Pemenne 2. O6o3naunm 4N —3=x> u 9N +1=y?, torma ON =y* —1=(y-1(y+1). O6a
gucia Y—1 u y+1 nenutbes Ha 3 OJHOBPEMEHHO HE MOTYT, [I0O3TOMY POBHO OJIHO M3 HHX
nenutcst Ha 3 U HA 9.

a) Ilyctre y-1 npemurcs wa 9, torma y=9t+1, a N=(9t+2)t. CruemoBareibHo.
x*=4N —3=4(%t+2)t —-3=36t> +8t —3>36t°. Ho cieayromuif 3a TOYHEIM KBaJPATOM
(6t)> =36t°> Toumsli kBampar (6t+1)° =36t° +12t+1 yxe Oymger OGomsmre 36t% +8t—3,
MIODTOMY TaKO€ HEBO3MOIKHO.

0) Ilyctb y+1 gemurcs wa 9, torma Yy=9t—-1, a N =(9t-2)t. CrnenoBarenbHo.
x> =4N —3=4(9t —2)t —3=36t> -8t —3< 36t>. IIpeaumecTBylomuii TOYHOMY KBajApATy
(6t)*> =36t* Toummlii kBampar (6t—1)> =36t> —12t+1 MoxkeT paBHAThC 36t —8t—3 mpm
t=1, uto maér pemenme N =7. A Bor kBagpar (6t—2)> =36t>—24t+4 yxke MeHbIIE
36t° — 8t — 3, mosTOMy GOJIBIIE PEIIEHHIT HET.

Kpurtepuu npoBepku. (@) Yraman npaBwibHbIi oTBeT N =7 1 Gam.

B pemennn 1 (o) ITomyueHo paBenctBo 4y° —9x* =31: 3 6amna. 1 () CaenaHo pa3loKeHHe
4y* —9x* = (2y +3x)(2y —3x) =31: 1 6amn. (e) [onydena cucrema 2y +3x=31, 2y —3x=1: 2
Oamna.

B pemenun 2 (o) ITokasano, uro (y—1)(y+1) memutcs na 9: 1 6amn. (e) IlokasaHo, 4To 0JHO
u3 uucen Y—1 u y+1 na 9: 1 6amn. (@) ITokazano, uto N =(9t£2)t: 1 6amn. (@) [IpaBunbHOE
paccMOTpeHHe KakJI0ro U3 MyHKTOB a) U 0): mo 2 Oana.

11.5. Kaxxpoe u3 HaTypalbHBIX 4yHcel OT | A0 N OKpacwiu B KpPacHBIA WM CHUHHM IBET U
MOACYUTANIN CpellHee apu(MeTHUYecKOe KPAaCHBIX YHUCEN U cpelHee apu(PMeTHYecKOoe CHHHX
gucen. [locie 3Toro oHO U3 KPACHBIX YMCEN MEPEKPACUIN B CHHUN I[BET, [IOCJIE YEro CpeHee
apumMeTryecKoe KpacHBIX 4YHCET U CpeaHee apu(PMETHUeCKOe CHHUX YHUCENl OJHOBPEMEHHO
YBEJIMYMIIMCH Ha OJIHO U TO K€ ynuciio X . HaliTu MmakcumanbHOE 3HaUYeHue X .

OTBer. l .
2

Pemenne. O0Oo3HauuM 3a au [ cpeanue apu(MeTHUYECKHE KPACHBIX M CHHHUX YHCENI 0
IEPEKPacKH COOTBETCTBEHHO, 3a { - IEpEKpallICHHOE YUCIIO, U 3a K - KOJMYECTBO KPAaCHBIX
yucen cHavana. [lo ycmosuioo, ok —t=(a+Xx)(k—-1), otkynma t=a—x(k—-1). Anamoruuso,
Ah=K)+t=(L+x)(n—-k+1), OTKyJa t=x(n—-k+1)+ /. [TpupaBHUBaeM

a—x(k-1)=x(n-k+1)+ f, nonyuaem X= #. IMpu ¢ukcupoBaHHOM K MakcuMmaibHOE

cpenHee apudMeTHIecKoe 3HaYeHUE JTO0bIX K umcen u3 mHTEpBaia oT 1 10 N HE MPEBOCXOAUT
cpenHero apudmernueckoro K  MakcumambHeix umcen N—K+1.,n-1n, T0 ecTh

n—-k+1+...+4n-1+n 2n-k+1
a< = . AHanorudHo, npu (GUKCHUPOBAHHOM K MHHHUMAJBHOE

k 2
cpcaHee apI/I(I)MCTI/I‘-ICCKOC 3HaueHue T0bIX N—K uymcen u3 HHTCPBAJIa OT 1 J0 N HE MEHbIIE




cpeaHero  apudmermueckoro  N—K  MuUHMManbHbIX  umcen  12,..n—-K, TO  ecTh
1+2+..+n-k n-k+1 a-p_12n-k+1 n-k+1l, 1

P < . CrieoBarenpHO, X = <=( )==.
k 2 n n 2 2 2
IMpumep. Ecnu B kpacHbIil 1BeT nokpamensl yucna N—K+1,..,n—1n, a B cuHuii — uncna
2n—-k+1
12,..,n—k, T0 10 mepekpacku ux cpegHue apuhMeTHICCKUE PaBHIUCh @ = ———— U

2
k+1

n— .
p= — cooTBeTcTBeHHO. [locne mepekpacku uncia N—K +1 B CHHUH IBET, 3TU CPEIHUE

CTaiyT pasHBl o = 2n—(k-)+1 2n-k+2 Cat 1 s n—(k-1)+1 n-k+2 _ B+ 1
7 2 2 2 2 2 2’
1
COOTBETCTBEHHO, 00a yBeIMYaTCs Ha 5
Kpurtepuu npoBepku. (o) [TpuBenéH npaBmiibHBINA OTBET M IPUMED, HA KOTOPOM OH
a-f
nocturaetcs: 2 6aa. (@) BeluucieHus OIIEHKH J0BEICHBI TOJBKO JI0 BRIPKEHUS X = 12
n

Oasa. (@) /lokazaHo, 9To

a-p
n

1
< > : 3 6ayuta. (@) OTcyTcTBYeT MpoBEpKa MpUMepa: MUHYC |

OaJut.



